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BOOK III. 


DEFINITIONS. 


i. Equalcircles are those the diameters of which are 
equal, or the radit of which are equal. 


2. A straight line is said to touch a circle which, 
meeting the circle and being produced, does not cut the 
circle. 


3. Circles are said to touch one another which, 
meeting one another, do:not cut one another, 


4. In a circle straight lines are said to be equally 
distant from the centre when the perpendiculars drawn 
to them from the centre are equal. 


5. And that straight line is said to be at a greater 
distance on which the greater perpendicular falls. 


6. A segment of a circle is the figure contained by a 
straight line and a circumference of a circle, 


7. An angle of a segment is that contained by a 
straight line and a circumference of a circle. 


8. An angle in a segment is the angle which, when 
a point is taken on the circumference of the segment and 
straight lines are joined from it to the extremities of the 
straight line which is the base of the segment, is contained 
by the straight lines so joined. 


9. And, when the straight lines containing the angle cut 
off a circumference, the angle is said to stand upon that 
circumference. 


H. EF. II. D I 


2 » > A BOOK III [1. DEFF. 


LG, uA sector of a circle is the figure which, when an 
angle 1$-constructed at the centre of the circle, is contained by 


the straight lines containing the angle and die circumference 
cut off by them. 


". 1r Similar segments of circles are those which 
‘.admit equal angles, or in which the angles are equal to one 
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Many editors have held that this should not have been included among 
definitions. Some, e.g. Tartaglia, would call it a postulate; others, e.g. Borelli 
and Playfair, wou!d call it an axiom ; others again, as Billingsley and Clavius, 
while admitting it as a definition, add explanations based on the mode of 
constructing a circle; Simson and Pfleiderer hold that it is a /Aeorem. I 
think however that Euclid would have maintained that it is a definition in 
the proper sense of the term ; and certainly it satisfies Aristotle's requirement 
that a “definitional statement" (apiorcxds Aóyos) should not only state the 
fact (tò or) but should indicate the cause as well (De anima it. 2, 413 a 
13) The equality of circles with equal radii can of course be proved by 
superposition, but, as we have seen, Euclid avoided this method wherever he 
could, and there is nothing technically wrong in saying “ By egual arcles I 
mean circles with equal radii." No flaw is thereby introduced into the system 
of the E/emen/s ; for the definition could only be objected to if it could be 
proved that the equality predicated of the two circles in the definition was 
not the same thing as the equality predicated of other equal figures in the 
Elements on the basis of the Congruence-Axiom, and, needless to say, this 
cannot be proved because it is not true. The existence of equal circles (in 
the sense of the definition) follows from the existence of equal straight lines 
and 1. Post. 3. 

The Greeks had no distinct word for radrus, which is with them, as here, 
the (straight line drawn) from the centre xj èx tod kévrpov (evfeta); and so 
definitely was the expression appropriated to the radius that é« ro? xévrpov 
was used without the article as a predicate, just as if it were one word. Thus, 
€g, in Ill. I éx xévrpov ydp means “for they are radii”: cf. Archimedes, On 
the Sphere and Cylinder 1. 2, 3j BE éx tot kérrpov dori ro... kvxAov, BE i$ a 
radius of the circle. 


DEFINITION 2. 


Evecia xixAov éarreaÓac A€yerat, yrs árropéry ToU kvxAov xai éxBadrAopévyn 
od Téuve tov kvkÀov. 

Euclid’s phraseology here shows the regular distinction between drreo6at 
and its compound é¢arrecOa, the former meaning “to meet” and the latter 
“to zouch” The distinction was generally observed by Greek geometers 
from Euclid onwards. There are however exceptions so far as amteoĝa: is 
concerned ; thus it means “to zouch” in Eucl. iv. Def. 5 and sometimes in 
Archimedes. On the other hand, é$ászreaÓac is used by Aristotle in certain 
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cases where the orthodox geometrical term would be drrerĝan Thus in 
Meteorologica 1m. 5 (376 b 9) he says a certain circle zei// pass through all the 
angles (araa ov épawerar trav yovióv), and (376 a 6) M wiil lie on a given 
(circular) circumference (6«80pévis. mepibepeías éayjera. tò M). We shall find 
arreaOa used in these senses in Book iv. Deff. 2, 6 and Deff. 1, 3 respectively. 
The latter of the two expressions quoted from Aristotle means that //e locus 
of M is a given circle, just as in Pappus dyerac ro onpetov Ócaec dSedopevys 
evGeias means that //e /ecus of the point is a straight line given in position. 


DEFINITION 3. 


KvixÀo: éparresOa áAXgAov Aéyovrat ocrwes árrópevoc dAAGAwY ob Téavovauw 
aAAnAovs. 

Todhunter remarks that different opinions have been held as to what is, 
or should be, included in this definition, one opinion being that it only nieans 
that the circles do not cut in the neighbourhood of the point of contact, 
and that it must be shown that they do not cut elsewhere, while another 
opinion is that the definition means that the circles do not cut at all. 
Todhunter thinks the latter opinion correct. I do not think this is proved ; 
and I prefer to read the definition as meaning simply that the circles meet 
at a point but do not cut af /Aa/ point. I think this interpretation 
preferable for the reason that, although Euclid does practically assume in 
HI. 11—13, without stating, the theorem that circles touching at one point 
do not intersect anywhere else, he has given us, before reaching that 
point in the Book, means for proving for ourselves the truth of that 
statement. In particular, he has given us the propositions 111. 7, 8 which, 
taken as a whole, give us more information as to the general nature of a 
circle than any other propositions that have preceded, and which can be used, 
as will be seen in the sequel, to solve any doubts arising out of Euclid's 
unproved assumptions. Now, as a matter of fact, the propositions are not used 
in any of the genuine proofs of the theorems in Book nt. ; 11. 8 is required 
for the second proof of 111. 9 which Simson selected in preference to the first 
proof, but the first proof only is regarded by Heiberg as genuine. Hence it 
would not be easy to account for the appearance of 111. 7, 8 at all unless as 
affording means of answering possible odjections (cf. Proclus’ explanation of 
Euclid's reason for inserting the second part of 1. 5). 

External and internal contact are not distinguished in Euclid until 11. 
11, 12, though the figure of 1. 6 (not the enunciation in the original text) 
represents the case of internal contact only. But the definition of touching 
circles here given must be taken to imply so much about ¿sternal and external 
contact respectively as that (a) a circle touching another internally must, 
immediately before “meeting” it, have passed through points eithin the 
circle that it touches, and (4) a circle touching another externally must, 
immediately before meeting it, have passed through points outside the circle 
which it touches. These facts must indeed be admitted if internal and 
external are to have any meaning at all in this connexion, and they constitute 
a minimum admission necessary to the proof of t1. 6. 


DEFINITION 4. 


. ’ v > , roa ^ [4 » ^ , -* e Ua S ^ 
Ev xvxA« iov áméxew aro ToU kévrpov «tÜeiat A€yovtat, Orav ai azo ToU 
* a + * , * 
xévrpov ir abrüs xaGeror ayopuevat (gat wor. 
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DEFINITION 5. 


Meifoy dé awexerv Aeyerai, èp’ jv N) ueiCov xaDeros mirte 


DEFINITION 6. 


- Ld * a a , ~ £ , » , a , 
Tupa xvxÀov écri TÓ Tepiexoperov oxnpa vro te evOeias xai xUkAov 
mepipepeias. 


DEFINITION 7. 


Tpyparos 9€ yovia éariv 9j mepiexopévy vro re ebÜeias xal kUxAov mepipepeias. 

This definition is only interesting historically. The angle of a segment, 
being the “angle” formed by a straight line and a “circumference,” is of the 
kind described by Proclus as “ mixed.” A particular “angle” of this sort is 
the “angle of a semicircle,” which we meet with again in 11. 16, along with 
the so-called “horn-like angle" (xeparoedys), the supposed “angle ” between 
a tangent to a circle and the circle itself. The “angle of a semicircle” occurs 
once in Pappus (vii. p. 670, 19), but it there means scarcely more than the 
corner of a semicircle regarded as a point to which a straight line is directed. 
Heron does not give the definition of the angle of a segment, and we may 
conclude that the mention of it and of the angle of a semicircle in Euclid is a 
survival from earlier text-books rather than an indication that Euclid considered 
either to be of importance in elementary geometry (cf. the note on 11. 16 
below). 

We have however, in the note on 1. 5 above (Vol. 1. pp. 252— 3), seen evi- 
dence that the angle of a segment had played some part in geometrical proofs up 
to Euclid's time. It would appear from the passage of Aristotle there quoted 
(Anal. Prior. 1. 24, 41 b 13 sqq.) that the theorem of 1. 5 was, in the text-books 
immediately preceding. Euchd, proved by means of the equality of the two 
“angles of" any one segment. ‘This latter property must therefore have been 
regarded as more elementary (for whatever reason) than the theorem of 1. 5; 
indeed the definition as given by Euclid practically implies the same thing, 
since it speaks of only ove “angle of a segment,” namely “the angle contained 
by a straight line and a circumference of a circle.” Euclid abandoned the 
actual use of the “angle” in question, but no doubt thought it unnecessary 
to break with tradition so far as to strike the definition out also. 


DEFINITION 8. 
"Ev THN OTE ôt yovía dari, orav éri THS Tepipepeias TOU TuýpaTos Àn$6j ri 


, 
onpeiov xai am. avrov éri ta Tépara THs eddeias, 5 €are Paois Tov Tunparos, 
emery baow «tO cai, 7 TrEPLEXOMEV yer ta vTro TOV éri(evxÜcio ay etÜcwov. 


DEFINITION 9. 


"Orav 8& ai meptexovoat THY ywviav ehedat ámoAaplávoat twa mepiépeav, 
e 
én’ exeivys Aéyerai BeSnxevar 7) yovia. 
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DEFINITION IO. 


Topers è xvxAov eoriv, Grav mpós TO KévTpw Tov kvxÀov vorab ywvia, 
TO WEplexOpevov Gyfjua VTO Te Tav THY ywviav Tepexovedy EvOawy Kal THs 
azoÀauflavonevgs vr abrav mwepipepeias. 

A scholiast says that it was the shoemaker’s knife, akvrorogwós topers, 
which suggested the name topes for a sector of a circle. "The derivation of 
the name from a resemblance of shape is parallel to the use of apfjyAos (also 
a shoemaker's knife) to denote the well known figure of the Book of Lemmas 
partly attributed to Archimedes. 

A wider definition of a sector than that given by Euclid is found in a 
Greek scholiast ( Heiberg's Euclid, Vol. v. p. 260) and in an-Nairizi (ed. Curtze, 
p. 112). " There are two varieties of sectors; the one kind have the angular 
vertices at the centres, the other at the circumferences. Those others which 
have their vertices neither at the circumferences nor at the centres, but at 
some other points, are for that reason not called sectors but sector-like 
figures (rouo«Ó7 oxýpara).” The exact agreement between the scholiast and 
an-Nairizi suggests that Heron was the authority for this explanation. 

The sector-like figure bounded by an arc of a circle and two lines drawn 
from its extremities to meet at any point actually appears in Euclid's book Oz 
divisions (mepi dcatpeoewv) discovered in an Arabic Ms. and edited by 
Woepcke (cf. Vol. 1. pp. 8—10 above). "This treatise, alluded to by Proclus, 
had for its object the division. of figures such as triangles, trapezia, 
quadrilaterals and circles, by means of straight lines, into parts equal or 
in given ratios. One proposition e.g. is, To divide a triangle into two equal 
parts by a straight line passing through a given point on one side. The 
proposition (28) in which the guasi-sector occurs is, 7o divide such a figure by a 
straight line into two equal parts. ‘The solution in this case is given by Cantor 
(Gesch. d. Math. 1s, pp. 287—8). 

If ABCD be the given figure, Æ the middle point 
of BD and EC at right angles to BD, A 
the broken line AFC clearly divides the figure into 
two equal parts. 


Join AC, and draw £F parallel to it meeting p B 
AB in F. 


Join CF, when it is seen that CF divides the C 
figure into two equal parts. 


F 


DEFINITION II. 


v , , , * a iA , . a > . , »" 
Opora Truypara KixAwy ¿ori rà Sexopeva yovías isas, 5) èv ols ai yovíat iat 
dAAÀyAa:s eiaty. 


De Morgan remarks that the use of the word similar in “similar 
segments " is an anticipation, and that similarity of form is meant. He adds 
that the definition is a theorem, or would be if **similar" had taken its final 
meaning. 


BOOK III. PROPOSITIONS. 


PROPOSITION I. 


To find the centre of a given circle. 


Let ABC be the given circle ; 
thus it is required to find the centre of the circle A BC. 
Let a straight line 447 be drawn 
5 through it at random, and let it be bisected 
at the point D ; 
from D let DC be drawn at right angles 
to AB and let it be drawn through to £; 
let C£ be bisected at Æ; 
10] say that 7 is the centre of the circle 
ABC. 
For suppose it is not, but, if possible, 
let G be the centre, 
and let GA, GD, GB be joined. 
15 Then, since AD is equal to DBZ, 
and DG is common, 
the two sides AD, DG are equal to the two sides 
BD, DG respectively ; 
and the base GA is equal to the base GP, for they are 
20 radii ; 





therefore the angle 44 DG is equal to the angle GDB. [1. 8] 

But, when a straight line set up on a straight line makes 

the adjacent angles equal to one another, each of the equal 

angles is right ; [1. Def. 10] 
25 therefore the angle GOB is right. 


3o 


35 
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But the angle FDB is also right ; 


therefore the angle FDB is equal to the angle GDB, the 
greater to the less: which is impossible. 


Therefore G is not the centre of the circle ABC. 


Similarly we can prove that neither is any other point 
except f. 


Therefore the point F is the centre of the circle 4 BC. 


Porism. From this it is manifest that, if in a circle a 
straight line cut a straight line into two equal parts and at 
right angles, the centre of the circle is on the cutting straight 


line. 
OTET, 


12. For suppose it is not. This is expressed in the Greek by the two words Mi yáp, 
but such an elliptical phrase is impossible in English. 

17. the two sides AD, DG are equal to the two sides BD, DG respectively. 
As before observed, Euclid is not always careful to put the equals in corresponding order. 
The text here has “ GD, DB.” 


'Todhunter observes that, when, in the construction, DC is said to be 
produced to E, it is assumed that D is within the circle, a fact which Euclid 
first demonstrates in 11. 2. This is no doubt true, although the word 67x6w, 
* let it be drawn through,” is used instead of éx«Aya6o, “let it be produced.” 
And, although it is not necessary to assume that 2 is within the circle, it is 
necessary for the success of the construction that the straight line drawn 
through 2 at right angles to AB shall meet the circle in two points (and no 
more): an assumption which we are not entitled to make on the basis of what 
has gone before only. 

Hence there is much to be said for the alternative procedure recommended 
by De Morgan as preferable to that of Euclid. De Morgan would first prove 
the fundamental theorem that “the line which bisects a chord perpendicularly 
must contain the centre," and then make ml. 1, 111. 25 and Iv. 5 immediate 
corollaries of it. The fundamental theorem is a direct consequence of the 
theorem that, if P is any point equidistant from 4 
and Ø, then 2 lies on the straight line bisecting AB 
perpendicularly. We then take any two chords 47, 

AC of the given circle and draw DO, EO bisecting 8 

them perpendicularly. Unless BA, AC are in one 

straight line, the straight lines DO, EO must meet 

in some point O (see note on iv. S for possible 

methods of proving this) And, since both DO, ( 
EO must contain the centre, O must be the centre. pus 

This method, which seems now to be generally A 
preferred to Euclid's, has the advantage of showing 
that, in order to find the centre of a circle, it is sufficient to know three points 
on the circumference. If therefore two circles have three points in common, 
they must have the same centre and radius, so that two circles cannot have 
three points in common without coinciding entirely. Also, as indicated by 
De Morgan, the same construction enables us (1) to draw the complete circle 
of which a segment or arc only is given (111, 25), and (2) to circumscribe a 
circle to any triangle (Iv. 5). 
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But, if the Greeks had used this construction for finding the centre of a 
circle, they would have considered it necessary to add a proof that no other 
point than that obtained by the construction can be the centre, as is clear 
both from the similar reductio ad absurdum in 11. 1 and also from the fact 
that Euclid thinks it necessary to prove as a separate theorem (111. 9) that, if 
a point within a circle be such that three straight lines (at least) drawn from it 
to the circumference are equal, that point must be the centre. In fact, 
however, the proof amounts to no more than the remark that the two 
perpendicular bisectors can have no more than one point common. 

And even in De Morgan's method there is a yet unproved assumption. 
In order that DO, EO may meet, it is necessary that AB, AC should not be 
in one straight line or, in other words, that BC should not pass through 4. 
This results from 111. 2, which therefore, strictly speaking, should precede. 

To return to Euclid's own proposition 11. 1, it will be observed that the 
demonstration only shows that the centre of the circle cannot lie on either 
side of CD, so that it must lie on CD or CD produced. It is however taken 
for granted rather than proved that the centre must be the middle point of 
CE. The proof of this by reductio ad absurdum is however so obvious as to 
be scarcely worth giving. The same consideration which would prove it may 
be used to show that a circle cannot have more than one centre, a proposition 
which, if thought necessary, may be added to 1. 1 as a corollary. 

Simson observed that the proof of in. 1 could not but be by reductio ad 
absurdum. At the beginning of Book 11. we have nothing more to base the 
proof upon than the definition of a circle, and this cannot be made use of 
unless we assume some point to be the centre. We cannot however assume 
that the point found by the construction is the centre, because that is the 
thing to be proved. Nothing is therefore left to us but to assume that some 
other point is the centre and then to prove that, whatever other point is 
taken, an absurdity results; whence we can infer that the point found is 
the centre. 

The Porism to 111. 1 is inserted, as usual, parenthetically before the words 
drep et monoa, which of course refer to the problem itself. 


PROPOSITION 2. 


Jf on the circumference of a circle two points be taken at 
random, the straight line joining the points will fall within 
the circle. 

Let ABC be a circle, and let two points 4, B be taken 
at random on its circumference ; 

I say that the straight line joined from 
A to B will fall within the circle. 

For suppose it does not, but, if 
possible, let it fall outside, as AEB ; 
let the centre of the circle ABC be 
taken [m. 1}, and let it be D; let DA, 
DB be joined, and let DFE be drawn 
through. 
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Then, since DA is equal to DB, 
the angle DAE is also equal to the angle DBE.  (r. s] 
And, since one side AZZ of the triangle DAZ is produced, 
the angle DEB is greater than the angle DAE.  [r. 16] 
But the angle DAZ is equal to the angle DBE ; 
therefore the angle DEB is greater than the angle DBE. 
And the greater angle is subtended by the greater side ; [1. 19] 
therefore DA is greater than DF. 
But DA is equal to DF; 
therefore DF is greater than DZ, 
the less than the greater: which is impossible. 


Therefore the straight line joined from 4 to # will not 
fall outside the circle. 

Similarly we can prove that neither will it fall on the 
circumference itself ; 


therefore it will fall within. 


Therefore etc. 
Q. E. D. 


The reductio ad absurdum form of proof is not really necessary in this case, 
and it has the additional disadvantage that it requires the destruction of two 
hypotheses, namely that the chord is (1) outside, (2) on 
the circle. To prove the proposition directly, we have 
only to show that, if E be any point on the straight line 
AB between A and Z, DE is less than the radius of the 
circle. This may be done by the method shown above, 
under 1. 24, for proving what is assumed in that 
proposition, namely that, in the figure of the proposition, 
F falls below ÆG if DZ is not greater than DE The 
assumption amounts to the following proposition, which 
De Morgan would make to precede 1. 24: “Every 
straight line drawn from the vertex of a triangle to the base is less than 
the greater of the two sides, or than either if they be equal.” The case 
here is that in which the two sides are equal; and, since the angle DAB is 
equal to the angle DAA, while the exterior angle DEA is greater than the 
interior and opposite angle DBA, it follows that the angle 24 is greater 
than the angle DAE, whence DE must be less than DA or DB. 

Camerer points out that we may add to this proposition the further 
statement that all points on AB produced in either direction are outside the 
circle. This follows from the proposition (also proved by means of the 
theorems that the exterior angle of a triangle is greater than either of the 
interior and opposite angles and that the greater angle is subtended by 
the greater side) which De Morgan proposes to introduce after 1. 21, namely, 

* 'The perpendicular is the shortest straight line that can be drawn from a 
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given point to a given straight line, and of others that which is nearer to the 
perpendicular is less than the more remote, and the converse; also not more 
than two equal straight lines can be drawn from the point to the line, one on 
each side of the perpendicular.” 

The fact that not more than two equal straight lines can be drawn from a 
given point to a given straight line not passing through it is proved by Proclus 
on I. 16 (see the note to that proposition) and can alternatively be proved by 
means of t. 7, as shown above in the note on 1. 12. It follows that 


A straight line cannot cut a circle in more than two points; 


a proposition which De Morgan would introduce here after 111. 2. The proof 
given does not apply to a straight line passing through the centre; but that 
such a line only cuts the circle in two points is self-evident. 


PROPOSITION 3. 


Jf in a circle a straight line through the centre bisect a 
straight line not through the centre, tt also cuts it at right 
angles ; and if it cut it at right angles, it also bisects it. 


Let ABC be a circle, and in it let a straight line CD 
s through the centre bisect a straight line 
AB not through the centre at the point c 
F; 
I say that it also cuts it at right angles. 
For let the centre of the circle ABC 
io be taken, and let it be Z; let £A, EB 
be joined. A 
Then, since AF is equal to FB, 


and FE is common, D 
two sides are equal to two sides ; 
15 and the base £4 is equal to the base £7; 
therefore the angle AFE is equal to the angle BFE. [1.8] 
But, when a straight line set up on a straight line makes 
the adjacent angles equal to one another, each of the equal 
angles is right ; [1. Def. 10] 
20 therefore each of the angles AFE, BFE is right. 
Therefore CD, which is through the centre, and bisects 
AB which is not through the centre, also cuts it at right 
angles. 
Again, let CD cut AB at right angles ; 
25 I say that it also bisects it, that is, that 74 7 is equal to FB. 


int. 3, 4] PROPOSITIONS 2—4 II 


For, with the same construction, 
since £A is equal to ZB, 
the angle Z4 F is also equal to the angle EF. 1. 5] 
But the right angle 4 FE is equal to the right angle DFE, 
30 therefore HAF, E BF are two triangles having two angles 
equal to two angles and one side equal to one side, namely 
EF, which is common to them, and subtends one of the equal 
angles ; 
therefore they will also have the remaining sides equal to 
35 the remaining sides ; [1. 26] 
therefore AF is equal to FB. 
Therefore etc. 
Q. ‘Ee D. 
26. with the same construction, rr arv caracxevacbdvrwy. 


This proposition asserts the two partial converses (cf. note on 1. 6) of the 
Porism to 111. t. De Morgan would place it next to uf. t. 


PROPOSITION 4. 


f zn a circle two straight lines cut one another which are 
not through the centre, they do not bisect one another. 


Let ABCD be a circle, and in it let the two straight lines 
AC, BD, which are not through the 
centre, cut one another at Æ; 


I say that they do not bisect one 
another. D 


For, if possible, let them bisect one 
another, so that AF is equal to EC, a 
and BE to ED; 


let the centre of the circle ABCD be 
taken [ui. 1], and let it be F; let FE be mi 
joined. 
Then, since a straight line FE through the centre bisects 
a straight line AC not through the centre, 
it also cuts it at right angles ; [un 3] 
therefore the angle FEA is right. 
Again, since a straight line FÆ bisects a straight line 72, 
it also cuts it at right angles ; (un. 3] 
therefore the angle FEZ is right. 


O 
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But the angle FEA was also proved right ; 
therefore the angle FEA is equal to the angle FES, 
the less to the greater: which is impossible. 
Therefore 4C, BD do not bisect one another. 


Therefore etc. 
Q. 3. D. 


PROPOSITION 5. 


Jf two circles cut one another, they will not have the same 
centre. 

For let the circles ABC, CDG cut one another at the 
points B, C; 

I say that they will not have the same 
centre. 

For, if possible, let it be Æ; let £C 
be joined, and let E/G be drawn 
through at random. 

Then, since the point Æ is the 
centre of the circle ABC, 

EC is equal to EF. [t. Def. 15] 

Again, since the point Æ is the centre of the circle CDG, 

EC is equal to £G. 
But ÆC was proved equal to E also ; 
therefore EF is also equal to EG, the less to the 
greater : which is impossible. 
Therefore the point Æ is not the centre of the circles 


ABC cc. 


Therefore etc. 





Q. E, B. 


The propositions 111. 5, 6 could be combined in one. It makes no 
difference whether the circles cut, or meet without cutting, so long as they do 
not coincide altogether; in either case they cannot have the same centre. 
The two cases are covered by the enunciation: 7f the circumferences of two 
circles meet at a point they cannot have the same centre. On the other hand, Zf 
two circles have the same centre and one point in their circumferences common, 
they must coincide altogether. 
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PROPOSITION 6. 


Jf two circles touch one another, they will not have the 
same centre. 


For let the two circles ABC, CDE touch one another 
at the point C; 
I say that they will not have the 
same centre. 


For, if possible, let it be 7; let 
FC be joined, and let FEB be drawn 
through at random. 

Then, since the point / is the 
centre of the circle AAC, 


FC is equal to FB. 


Again, since the point Æ is the 
centre of the circle CDE, 


FC is equal to FE. 
But /C was proved equal to 77 ; 


therefore FE is also equal to F7, the less to the greater: 
which is impossible. 


Therefore / is not the centre of the circles ABC, CDE. 


Therefore etc. 
QU. ib. 


The English editions enunciate this proposition of circles touching 
internally, but the word (evros) is a mere interpolation, which was no doubt 
made because Euclid's figure showed only the case of inferna/ contact. The 
fact is that, in his usual manner, he chose for demonstration the more difficult 
case, and left the other case (that of ex/erza/ contact) to the intelligence of 
the reader. It is indeed sufficiently self-evident that circles touching externally 
cannot have the same centre; but Euclid's proof can really be used for this 
case too. 

Camerer remarks that the proof of 111. 6 seems to assume tacitly that the 
points Æ and # cannot coincide, or that circles which touch internally at. C 
cannot meet in any other point, whereas this fact is not proved by Euclid till 
nı. 13. But no such general assumption is necessary here; it is only 
necessary that ove line drawn from the assumed common centre should meet 
the circles in different points; and the very notion of internal contact requires 
that, before one circle meets the other on its inner side, it must have passed 
through points z¢hin the latter circle. 
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PROPOSITION 7. 


Jf on the diameter of a circle a point be taken which is not 
the centre of the circle, and from the point straight lines fall 
upon the circle, that will be greatest on which the centre ts, the 
remainder of the same diameter will be least, and of the rest 

s/he nearer to the straight line through the centre is always 
greater than the more remote, and only two equal straight 
lines will fall from the point on the circle, one on each side 
of the least straight line. 

Let ABCD be a circle, and let AD be a diameter of it; 

io on AD let a point F be taken which is not the centre of the 
circle, let Æ be the centre of the circle, 
and from Æ let straight lines FB, FC, FG fall upon the circle 
ABC): 
I say that FA is greatest, FD is least, and of the rest 77! is 
is greater than 7C, and 7C than FG. 

For let BE, CE, GE be joined. 

Then, since in any triangle two 
sides are greater than the remaining 
one, (1. 20] 

20 EB, EF are greater than BF. 

But AZ is equal to BE ; 

therefore AF is greater than ZA. 

Again, since ZZ is equal to CZ, 
and FÆ is common, 

25 the two sides BL, EF are equal to the two sides CE, E. 

But the angle J£ is also greater than the angle CEF; 
therefore the base ZÆ is greater than the base CF. [1. 24] 

For the same reason 

CF is also greater than FG. 
30 . Again, since G/, FZ are greater than EG, 
and ÆG is equal to £D, 
GF, FE are greater than ZD. 
Let ££ be subtracted from each ; 
therefore the remainder G is greater than the remainder 
35 AD. 

Therefore FA is greatest, FD is least, and FX is greater 

than FC, and FC than FG. 
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I say also that from the point Æ only two equal straight 
lines will fall on the circle ABCD, one on each side of the 
least FD. 
For on the straight line ZZ; and at the point Æ on it, let 
the angle FEH be constructed equal to the angle GE [ 23], 
and let FH be joined. 
Then, since GE is equal to £77, 


45 and EF is common, 

the two sides GE, EF are equal to the two sides ME, EF; 

and the angle GE is equal to the angle (EF; 
therefore the base FG is equal to the base FÆ. — (t. 4] 

I say again that another straight line equal to FG will not 
50 fall on the circle from the point 7 

For, if possible, let FX so fall. 

Then, since FK is equal to FC, and FH to FG, 

FK is also equal to 777, 


the nearer to the straight line through the centre being 
55 thus equal to the more remote: which is impossible. 


Therefore another straight line equal to GF will not fall 
from the point Æ upon the circle ; 
therefore only one straight line will so fall. 
Therefore etc. 
O; E. D. 
4. Of the same diameter. I have inserted these words for clearness’ sake. The text 
has simply éAaxlory &é 1) Aarh, “and the remaining (straight Jine) least." 
7, 39. one on each side. The word * one” is not in the Greek, but is necessary to 


give the force of é$' éxdrepa rìs éXaxlorys, literally ** on both sides," or ** on each of the two 
sides, of the least." 


De Morgan points out that there is an unproved assumption in this 
demonstration. We draw straight lines from F, as FB, FC, such that the 
angle DFB is greater than the angle D/C and then assume, with respect to 
the straight lines drawn from the centre E to B, C, that 
the angle DEB is greater than the angle DEC. This 
is most easily proved, I think, by means of the converse - 
of part of the theorem about the lengths of different BLN, 
straight lines drawn to a given straight line from an a 
external point which was mentioned above in the note 
on 1H. 2. This converse would be to the effect that, // 
two unequal straight lines be drawn from a point to a 
given straight line which are not perpendicular to the 
straight line, the greater of the two is the further from the perpendicular from the 
point to the given straight line. ‘This can either be proved from its converse by 
reductio ad absurdum, or established directly by means of 1. 47. Thus, in the 
accompanying figure, FB must cut EC in some point JZ, since the angle BFE 
is less than the angle CFE. 

Therefore EM is less than EC, and therefore than EB. 


D 


16 BOOK III pus. 7 


Hence the point B in which AB meets the circle is further from the foot 

of the perpendicular from Æ on F7 than M is; 
therefore the angle BEF is greater than the angle CEA 

Another way of enunciating the first part of the proposition is that of 
Mr H. M. Taylor, viz. ** Of all straight lines drawn to a circle from an internal 
point not the centre, the one which passes through the centre is the greatest, 
and the one which when produced passes through the centre is the least; and 
of any two others the one which subfends the greater angle at the centre is the 
greater." "The substitution of the angle subtended at the centre as the criterion 
no doubt has the effect of avoiding the necessity of dealing with the unproved 
assumption in Euclid's proof referred to above, and the similar substitution in 
the enunciation of the first part of 111. 8 has the effect of avoiding the necessity 
for dealing with like unproved assumptions in Euclid's proof, as well as the 
complication caused by the distinction in Euclid's enunciation between lines 
falling from an external point on the convex circumference and on the concave 
circumference of a circle respectively, terms which are not defined but taken as 
understood. 

Mr Nixon (Euclid Revised) similarly substitutes as the criterion the angle 
subtended at the centre, but gives as his reason that the words “nearer” and 
* more remote" in Euclid's enunciation are scarcely clear enough without 
some definition of the sense in which they are used, Smith and Bryant make 
the substitution in 111. 8, but follow Euclid in ni. 7. 

On the whole, I think that Euclid's plan of taking straight lines drawn from 
the point which is not the centre direct to the circumference and making 
greater or less angles af that point with the straight line containing it and the 
centre is the more instructive and useful of the two, since it is such lines 
drawn in any manner to the circle from the point which are immediately useful 
in the proofs of later propositions or in resolving difficulties connected with 
those proofs. 

Heron again (an-Nairizi, ed. Curtze, pp. 114—5) has a note on this 
proposition which is curious. He first of all says that Euclid proves that lines 
nearer the centre are greater than those more remote from if. This is a 
different view of the question from that taken in Euclid's proposition as we 
have it, in which the lines are not nearer to and more remote from the centre 
but from fhe line through the centre. Euclid takes lines inclined to the latter 
line at a greater or less angle ; Heron introduces distance from the centre in 
the sense of Deff. 4, 5, i.e. in the sense of (he length of the perpendicular drawn 
to the line from the centre, which Euclid does not use till ni. 14, 15. Heron 
then observes that in Euclid's proposition the lines compared are all drawn on 
one side of the line through the centre, and sets himself to prove the same 
truth of lines on opposite sides which are more or less distant from the centre. 
The new point of view necessitates a quite different line of proof, anticipating 
the methods of later propositions. 

The first case taken by Heron is that of two straight lines such that the 
perpendiculars from the centre on them fall on the lines themselves and not 
in either case on the line produced. : 

Let 4 be the given point, 2 the centre, and let 
AE be nearer the centre than AAF, so that the 
perpendicular YG on AZ is less than the perpen- 
dicular DH on AF. 


Then sqs. on DG, GL =sqs. on DH, HF, 
and sqs. on DG, GA =sqs. on DH, HA. 
But sq. on DG «sq. on DH. 
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Therefore sq. on GE > sq. on HF, 
and sq. on GA > sq. on HA, 
whence GE > HF, 

GA > HA. 


Therefore, by addition, AE > AF. 

The other case taken by Heron is that where 
one perpendicular falls on the line produced, as in 
the annexed figure. In this case we prove in like 
manner that GE > HF, 

and GA > AH. 

Thus AZ is greater than the sum of HF, 471, 
whence, a fortiori, AE is greater than the difference 
of HF, AH, i.e. than AF: 

Heron does not give the third possible case, that, namely, where ot% 
perpendiculars fall on the lines produced, The fact 
is that, in this case, the foregoing method breaks 
down. Though AZ be nearer to the centre than 
AF in the sense that DG is less than 277, 

AE is not greater but /ess than AF. 

Moreover this cannot be proved by the same 
method as before. 

For, while we can prove that 

GE > HF, 
GA > AH, 
we cannot make any inference as to the comparative length of AZ, AF. 

To judge by Heron's corresponding note to 111. 8, he would, to prove this 
case, practically prove 111. 35 first, i.e. prove that, if ÆA be produced to A’ 
and FA to Z, 








rect. FA, AL = rect. EA, AK, 
from which he would infer that, since 4X > AZ by the first case, 
AE«AF. 


An excellent moral can, I think, be drawn from the note of Heron. 
Having the appearance of supplementing, or giving an alternative for, Euclid's 
proposition, it cannot be said to do more than confuse the subject. Nor was 
it necessary to find a new proof for the case where the two lines which are 
compared are on opposite sides of the diameter, since Euclid shows that for each 
line from the point to the circumference on one side of the diameter there is 
another of the same length equally inclined to it on the other side. 


PROPOSITION 8. 


Jf a point be taken outside a circle and from the point 
straight lines be drawn through to the circle, one of which 
is through the centre and the others are drawn at random, 
then, of the straight lines which fall on the concave circum- 
Serence, that through the centre is greatest, while of the rest 


H. E. IL 2 
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the nearer to that through the centre zs always greater than 
the more remote, but, of the straight lines falling on the convex 
circumference, that between the point and the diameter ts least, 
while of the rest the nearer to the least is always less than the 
more remote, and only two equal straight lines will fall on the 
circle from the point, one on each side of the least. 


Let ABC be a circle, and let a point D be taken outside 
ABC; let there be drawn through 
from it straight lines DA, DE, DF, 
DC, and let DA be through the centre; 
I say that, of the straight lines falling 
on the concave circumference A EFC, 
the straight line DA through the centre 
is greatest, 
while DZ is greater than DF and DF 
than DC; 
but, of the straight lines falling on the 
convex circumference /7LAG, the 
straight line DG between the point 
and the diameter AG is least; and 
the nearer to the least DG is always 
less than the more remote, namely DA 
than DL, and DZ than DH. 

For let the centre of the circle AC be taken [1. 1], and 
let it be 77; let ME, MF, MC, MK, ML, MH be joined. 

Then, since AM is equal to EM, 
let 27D be added to each ; 

therefore AD is equal to EM, MD. 

But £M, MD are greater than ED; [1. 20] 

therefore A D is also greater than £D. 

Again, since WA is equal to A/F, 

and MD is common, 
therefore EM, MD are equal to FM, MD; 

and the angle EMD is greater than the angle FMD ; 

therefore the base ZV is greater than the base FD. 
I. 24 

Similarly we can prove that FD is greater than CD i 
therefore DA is greatest, while DZ is greater than DA, 
and DF than DC. 
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Next, since MX, KD are greater than MD, [1. 20] 
and MG is equal to MK, 

a the remainder AVY is greater than the remainder 
so that GØ is less than AD. 

And, since on MD, one of the sides of the triangle MLD, 
two straight lines MÆ, XD were constructed meeting within 
the triangle, 
therefore 77A, KD are less than ML, LD; [1. 21] 
and MX is equal to WL ; 
or therefore the remainder DA is less than the remainder 

Similarly we can prove that DZ is also less than D//; 

therefore DG is least, while DA is less than DZ, and 
DL than DH. 

I say also that only two equal straight lines will fall from 
the point 2 on the circle, one on each side of the least DG. 

On the straight line 47D, and at the point 77 on it, 
let the angle DMB be constructed equal to the angle KMD, 
and let DZ be joined. 

Then, since MØ is equal to MB, 
and MD is common, 

the two sides A77, MD are equal to the two sides BM, 
MD respectively ; 
and the angle KAZD is equal to the angle BMD ; 

therefore the base VA’ is equal to the base DZ.  [r. 4] 

I say that no other straight line equal to the straight line 
DK will fall on the circle from the point 2. 

For, if possible, let a straight line so fall, and let it be DW. 

Then, since DØ is equal to DN, 
while DØ is equal to DB, 
DB is also equal to DN, ` 
that is, the nearer to the least YG equal to the more remote: 
which was proved impossible. 

Therefore no more than two equal straight lines will fall 
on the circle ABC from the point D, one on each side ot 
DG the least. 

Therefore etc. Q. E. D. 


2—2 
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As De Morgan points out, there are here two assumptions similar to 
that tacitly made in the proof of 11. 7, namely that 
K falls within the triangle DZA and Æ outside 
the triangle DFAf. ‘These facts can be proved 


D 
L 
<É 
in the same way as the assumption in ti. 7. Let F LZ 
DE meet FM in Y and LM in Z Then, as pa 
before, MZ is less than MZ and therefore than 
MK. Therefore A lies further than Z from E 


the foot of the perpendicular from M on DE. 
Similarly Æ lies further than Y from the foot of the 
same perpendicular. 

Heron deals with lines on opposite sides of the 
diameter through the external point in a manner similar to that adopted in 
his previous note. 

For the case where Æ, ZF are the second points in 
which AZ, AF meet the circle the method answers 
well enough. 

If A E is nearer the centre D than AF is, 


sqs. on DG, GE =sqs. on DH, HF 


and sqs. on DG, GA —sqs. on DH, HA, 
whence, since DG < DH, 
it follows that GE > HF, 

and AG> AH, 





so that, by addition, AE> AF. 

But, if Æ, Z be the points in which 42, AF frst 
meet the circle, the method fails, and Heron is reduced to proving, in the first 
instance, the property usually deduced from 111. 36. He argues thus: 


A KD being an obtuse angle, 
sq. on AD = sum of sqs. on AX, KD and twice rect. AX, AG. [n. 12] 
ALD is also an obtuse angle, and it follows that 
sum of sqs. on AA, AD and twice rect. AX, AG is equal to 
sum of sqs. on AZ, ZD and twice rect. AZ, LZ. 
Therefore, the squares on KD, LD being equal, 
sq. on 4 and twice rect. 4A, AG =sq. on AZ and twice rect. AZ, LH, 
or sq. on AA and rect. 4A, KE =sq. on AZ and rect. AL, LF, 


i.e. rect. AA, AE = rect. AL, AF. 
But, by the first part, AE AF. 
Therefore AK « AL. 


ut. 7, 8 deal with the lengths of the several lines drawn to the circum- 
ference of a circle (1) from a point within it, (2) from a point outside it; but a 
similar proposition is true of straight lines drawn from a point on the 
circumference itself: Zf any point be taken on the circumference of a circle, 
then, of all the straight lines which can be drawn from it to the circumference, the 
greatest is that in which the centre is; of any others that which ts nearer to the 
straight line which passes through the centre is greater than one more remote ; 
and from the same point there can be drawn to the circumference two straight 
lines, and only two, which are equal to one another, one on each side of the 
greatest line. 
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The converses of 111. 7, 8 and of the proposition just given are also true 
and can easily be proved by reductio ad absurdum. They could be employed 
to throw light on such questions as that of internal contact, and the relative 
position of the centres of circles so touching. This is clear when part of the 
converses is stated : thus (1) if from any point in the plane of a circle a 
number of straight lines be drawn to the circumference of the circle, and one 
of these is greater than any other, the centre of the circle must lie on that one, 
(2) if one of them is less than any other, then, (a) if the point is within the 
circle, the centre is on the minimum straight line produced deyond the point, 
(^) if the point is outside the circle, the centre is on the minimum straight line 
produced Zeyond the point in which tt meets the circle. 


PROPOSITION 9. 


Jf a point be taken within a circle, and more than two 
equal straight lines fall from the point on the circle, the point 
taken ts the centre of the circle. 


Let ABC be a circle and D a point within it, and from 
D let more than two equal straight 
lines, namely DA, DB, DC, fall on j 
the.circle ALC ; 
I say that the point D is the centre 
of the circle AAC. 

For let 4B, BC be joined and X 8 
bisected at the points Æ, F, and let 
ED, FD be joined and drawn through 
to the points G, A, H, L. j 

Then, since AF is equal to ZA, H 
and E is common, 

the two sides 4 Æ, ED are equal to the two sides BE, ED; 
and the base DA is equal to the base DA; 


therefore the angle 44 ED is equal to the angle BED. 


1. 8 

Therefore each of the angles AED, BED is right; P: 

[1. Def. 10] 

therefore GA cuts AB into two equal parts and at right 
angles. 

And since, if in a circle a straight line cut a straight line 

into two equal parts and at right angles, the centre of the 

circle is on the cutting straight line, (uu. 1, Por.) 


the centre of the circle is on CK. 
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For the same reason 
the centre of the circle ABC is also on HL. 


And the straight lines GA, HZ have no other point 
common but the point D ; 


therefore the point Ø is the centre of the circle AAC. 
Therefore etc. O E-D: 


The result of this proposition is quoted by Aristotle, Meteorologica 11. 3, 
373a 13—16 (cf. note on 1. 8). 

ni 9 is, as De Morgan remarks, a logical equivalent of part of ir. 7, 
where it is proved that every non-central point is of a point from which three 
equal straight lines can be drawn to the circle. Thus 111. 7 says that every 
nol-A is not-B, and ut. 9 states the equivalent fact that every B is A. 
Mr H. M. Taylor does in effect make a /ogical inference of the theorem that, 
Jf from a point three equal straight lines can be drawn to a circle, that point ts 
the centre, by making it a corollary to his proposition which includes the part of 
int. 7 referred to. Euclid does not allow himself these logical inferences, as we 
shall have occasion to observe elsewhere also. 

Of the two proofs of this proposition given in earlier texts of Euclid, 
August and Heiberg regard that translated above as genuine, relegating the 
other, which Simson gave alone, to a place in an Appendix. Camerer remarks 
that the genuine proof should also have contemplated the case in which one 
or other of the straight lines AZ, BC passes through D. This would however 
have been a departure from Euclid’s manner of taking the most obscure case 
for proof and leaving others to the reader. 

The other proof, that selected by Simson, is as follows : 

“ For let a point D be taken within the circle 48C, and from 2 let more 
than two equal straight lines, namely 42, D&B, DC, 
fall on the circle ABC; 


I say that the point D so taken is the centre of the 
circle ABC, 

For suppose it is not; but, if possible, let it be pẹ G 
E, and let DE be joined and carried through to the UR 
points Æ G. 

Therefore FG is a diameter of the circle ABC. , 

Since, then, on the diameter FG of the circle B 
A BC a point has been taken which is not the centre 
of the circle, namely 2, 

DG is greatest, and DC is greater than D&B, and DB than DA. 

But the latter are also equal: which is impossible. 

Therefore Æ is not the centre of the circle. 
Similarly we can prove that neither is any other point except D; 
therefore the point 2 is the centre of the circle ABC. 
Q. E. D.” 

On this Todhunter correctly points out that the point Æ might be 

supposed to fall within the angle ADC. It cannot then be shown that DC 


is greater than DZ and DB than DA, but only that either DC or DA is less 
than DZ; this however is sufficient for establishing the proposition. 


Int. 10] PROPOSITIONS 9, ro 23 


PROPOSITION 10. 


A circle does not cut a circle at more points than two. 


For, if possible, let the circle ABC cut the circle DEF 
at more points than two, namely 
BÉ GF, H: 

let BH, BG be joined and 
bisected at the points X, Z, 
and from A, Z let AC, LM be 
drawn at right angles to BH, 
BG and carried through to the 
points 4, Æ. 

Then, since in the circle 
ABC a straight line AC cuts a 
straight line 7/7 into two equal 
parts and at right angles, 

the centre of the circle ABC is on AC. pit, Pox.] 

Again, since in the same circle ABC a straight line VO 
cuts a straight line BG into two equal parts and at right 
angles, 





the centre of the circle ABC is on NO. 


But it was also proved to be on AC, and the straight 
lines AC, VO meet at no point except at P; 


therefore the point P is the centre of the circle AAC. 
Similarly we can prove that 2 is also the centre of the 
circle DEF; 
therefore the two circles ABC, DEF which cut one 
another have the same centre P: which is impossible. [ur 5] 


Therefore etc. Q. EF D. 


1. The word circle (xóxXos) is here employed in the unusual sense of the circumference 
(repipépeia) of a circle. Cf. note on 1. Def. 15. 


There is nothing in the demonstration of this proposition which assumes 
that the circles cuf one another; it proves that two circles cannot meet at more 
than two points, whether they cut or meet without cutting, i.e. /owch one 
another. 

Here again, of two demonstrations given in the earlier texts, Simson chose 
the second, which August and Heiberg relegate to an Appendix, and which is 
as follows : 

* For again let the circle ABC cut the circle DEF at more points than 
two, namely Z, G, H, F; 
let the centre A of the circle ABC be taken, and let KB, AG, KF be 
joined. 
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Since then a point X has been taken within the circle DEF, 


and from X more than two straight lines, namely 
KB, KF, XG, have fallen on the circle DEF, 


the point Æ is the centre of the circle DEF. (11. 9] 
But Æ is also the centre of the circle ABC. 
Therefore two circles cutting one another have 

the same centre AX: which is impossible. — [111. 5] 
Therefore a circle does not cut a circle at more 

points than two. 





o. E p." 


This demonstration is claimed by Heron (see an-Nairizi, ed. Curtze, 
pp. 120—1). It is incomplete because it assumes that the point A which is 
taken as the centre of the circle ABC is within the circle DEF. It can 
however be completed by means of 111. 8 and the corresponding proposition 
with reference to a point o» the circumference of a circle which was enunciated 
in the note on rit. 8. For (1) if the point A is on the circumference of the 
circle DEF, we obtain a contradiction of the latter proposition which asserts 
that only ‘wo equal straight lines can be drawn from Æ to the circumference 
of the circle DEF; (2) if the point & is outside the circle DEF, we obtain a 
contradiction of the corresponding part of 111. 8. 


Euclid's proof contains an unproved assumption, namely that the lines 
bisecting BG, BH at right angles ze;/// meet in a point P. For a discussion 
of this assumption see note on 1v. 5. 


PROPOSITION II. 


Jf two circles touch one another internally, and their centres 
be taken, the straight line joining their centres, if wt be also 
produced, will fall on the point of contact of the circles. 


For let the two circles ABC, ADE touch one another 


internally at the point 4, and let 
the centre F of the circle AAC, and H 


the centre G of ADE, be taken; peaa 
I say that the straight line joined Kn 
from G to Fand produced will fall a, 
on A. 
For suppose it does not, but, 
if possible, let it fall as AGH, and 
let AF, AG be joined. 
Then, since 4G, GF are greater 
than FA, that is, than F7, e 
let FG be subtracted from each; 
therefore the remainder AG is greater than the remainder 


GH. 
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But AG is equal to GD; 
therefore G D is also greater than G 77, 
the less than the greater: which is impossible. 


Therefore the straight line joined from Æ to G will not 
fall outside ; 


therefore it will fall at 4 on the point of contact. 


Therefore etc. 
Q. f D. 


2. the straight line joining their centres, literally *'the straight line joined to their 
centres " (4 él rà xévrpa aírQv érigevyrvuérn ei0eia). 
3. point of contact is here eva, and in the enunciation of the next proposition 


éwagy. 


Again August and Heiberg give in an Appendix the additional or 
alternative proof, which however shows little or no variation from the genuine 
proof and can therefore well be dispensed with. 

The genuine proof is beset with difficulties in consequence of what it 
tacitly assumes in the figure, on the ground, probably, of its being obvious to 
the eye. Camerer has set out these difficulties in a most careful note, the 
heads of which may be given as follows : 

He observes, first, that the straight line joining the centres, when produced, 
must necessarily (though this is not stated by Euclid) be produced ŝin the 
direction of the centre of the circle which touches the other internally. (For 
brevity, I shall call this circle the “inner circle,” though I shall imply nothing 
by that term except that it is the circle which touches the other on the inner 
side of the latter, and therefore that, in accordance with the definition of 
touching, points on it in the immediate neighbourhood of the point of contact 
are necessarily within the circle which it touches.) Camerer then proceeds by 
the following steps. 


1. The two circles, touching at the given point, cannot intersect at any 
point. For, since points on the "inner" in the immediate neighbourhood of 
the point of contact are within the “outer” circle, the inner circle, if it 
intersects the other anywhere, must pass outside it and then return. This is 
only possible (a) if it passes out at one point and returns at another point, or 
(4) if it passes out and returns through one and the same point. (a) is impossible 
because it would require two circles to have ¢4ree common points ; (4) would 
require that the inner circle should have a #ede at the point where it passes 
outside the other, and this is proved to be impossible by drawing any radius 
cutting both loops. 

2. Since the circles cannot intersect, one must be entirely within the 
other. 

3. Therefore the outer circle must be greater than the inner, and the 
radius of the outer greater than that of the inner. 


4. Now, if Z be the centre of the greater and G of the inner circle, and 
if FG produced beyond G does not pass through 4, the given point of 
contact, then there are three possible hypotheses. 


(a) 4 may lie on GF produced beyond Æ: 
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(6) A may lie outside the line ZG altogether, in which case FG produced 
beyond G must, in consequence of result 2 above, either 


(i) meet the circles in a point common to both, or 


(ii) meet the circles in two points, of which that which is on the inner 
circle is nearer to G than the other is. 
(a) is then proved to be impossible by means of the fact that the radius of the 
inner circle is less than the radius of the outer. 
(^) (ii) is Euclid’s case; and his proof holds equally of (4) (i), the hypothesis, 
namely, that D and Z in the figure coincide. 

Thus all alternative hypotheses are successively shown to be impossible, 
and the proposition is completely established. 


I think, however, that this procedure may be somewhat shortened in the 
following manner. 

In order to make Euclid's proof absolutely conclusive we have only (1) to 
take care to produce FG beyond G, the centre of the “inner” circle, and then 
(2) to prove that the point in which FG so produced meets the “inner” circle 
is nof further from G than is the point in which it meets the other circle. 
Euclid's proof is equally valid whether the first point is nearer to G than the 
second or the first point and the second coincide. 

If FG produced beyond G does not pass through 4, there are two 





conceivable hypotheses: (a) A may lie on GF produced beyond Æ or (6) 4 
may be outside FG produced either way. In either case, if FG produced 
meets the ‘‘inner” circle in D and the other in Æ, and if GD is greater than 
GH, then the “inner” circle must cut the “outer” circle at some point 
between 4 and 2, say X. 

But, if two circles have a common point X lying on one side of the line of 
centres, they must have another corresponding point on the other side of the 
line of centres. This is clear from 11. 7, 8; for the point is determined by 
drawing from and G, on the opposite side to that where X is, straight 
lines FY, GY making with FD angles equal to the angles DFX, DGX 
respectively. 

Hence the two circles will have at least three points common: which is 
impossible. 

Therefore GD cannot be greater than GH; accordingly GD must be 
either equal to, or less than, GA, and Euclid's proof is valid. 

The particular hypothesis in which FG is supposed to be in the same 
straight line with 4 but G is on the side of F away from 4 is easily disposed 
of, and would in any case have been left to the reader by Euclid. 

For GD is either equal to or less than G7. 

Therefore GD is less than FA, and therefore less than FA. 

But GD is equal to GA, and therefore greater than FA: which is 
impossible. 
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Subject to the same preliminary investigation as that required by Euclid's 
proof, the proposition can also be proved directly from 111. 7. 

For, by 11. 7, GA is the shortest straight line that can be drawn from G 
to the circle with centre F; 


therefore GA is less than GA, 
and therefore less than G2 : which is absurd. 


This proposition is the crucial one as regards circles which touch internally ; 
and, when it is once established, the relative position of the circles can be 
completely elucidated by means of it and the propositions which have preceded 
it Thus, in the annexed figure, if F be the centre 
of the outer circle and G the centre of the inner, 
and if any radius FQ of the outer circle meet the 
two circles in Q, P respectively, it follows, from 
II. 7, tt 8, or the corresponding theorem with 


reference to a point on the circumference, that FA © A 
is the maximum straight line from Æ to the circum- 
ference of the inner circle, FP is less than FA, Q 


and FP diminishes in length as FQ moves round 

from FA until AP reaches its minimum length 

FB. Hence the circles do not meet at any other 

point than 4, and the distance PQ cut off between them on any radius FQ 
of the outer circle becomes greater and greater as FQ moves round from FA 
to FC and is a maximum when FQ coincides with FC, after which it 
diminishes again on the other side of ZC. 

The same consideration gives the partial converse of 111. 11 which forms 
the 6th lemma of Pappus to the first book of the Zactiones of Apollonius 
(Pappus, vii. p. 826). This is to the effect that, ¿f AB, AC are in one straight 
line, and on one side of A, the circles described on AB, AC as diameters touch 
(internally at the point A). Pappus concludes this from the fact that the 
circles have a common tangent at 4 ; but the truth of it is clear from the fact 
that FP diminishes as FQ moves away from FA on either side; whence the 
circles meet at 4 but do not cut one another. 

Pappus’ sth lemma (vtt. p. 824) is another partial converse, namely that, 
given two circles touching internally at A, and a line ABC drawn from A cutting 
both, then, tf the centre of the outer circle lies on ABC, so does the centre of the 
inner. Pappus himself proves this, by means of the common tangent to the 
circles at 4, in two ways. (1) The tangent is at right angles to AC and 
therefore to 44: therefore the centre of the inner circle lies on 48. (2) By 
III. 32, the angles in the alternate segments of both circles are right angles, so 
that 4 B C is a diameter of both. 


[PROPOSITION 12. 


Jf two circles touch one another externally, the straight 
line jotning their centres will pass through the point of 
contact. 


For let the two circles ABC, ADE touch one another 
s externally at the point 4, and let the centre F of ABC, and 
the centre G of ADE, be taken ; 
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I say that the straight line joined from Æ to G will pass 
through the point of contact at 4. 


For suppose it does not, B 
to but, if possible, let it pass as 
FCDG, and let AF, AG be 
joined. 


Then, since the point Æ is DN 


the centre of the circle AZC, 
15 FA is equal to FC. 
Again, since the point G is 
the centre of the circle ADE, 
GA is equal to GD. 
But FA was also proved equal to FC; 
20 therefore FA, AG are equal to FC, GD, 
so that the whole FG is greater than FA, AG; 
but it is also less [1. 20]: which is impossible. 


Therefore the straight line joined from / to G will not 
fail to pass through the point of contact at 4 ; 


25 therefore it will pass through it. 
Therefore etc. @ €] 


23. will not fail to pass. The Greek has the double e Pris oUx ápa 7...eU0tia.. 
ovx éXedcerat, literally “ the straight line... will not so¢-pass.. 


Heron says on m. tt: ‘Euclid in proposition 11 has supposed the two 
circles to touch internally, made his proposition deal with this case and proved 
what was sought in it. But / will show how it is to be proved if the contact is 
external.” He then gives substantially the proof and figure of i. 12. It 
seems clear that neither Heron nor an-Nairizi had 1. 12 in this place. 

Campanus and the Arabic edition of Nasiraddin at-Tüsi have nothing more 
of 11. 12 than the following addition to mt. rr. “In the case of external 
contact the two lines ae and eb will be greater than a£, whence ad and ¢é will 
be greater than the whole a2, which is false." (The points a, 4, 4 d, ¢ cor- 
respond respectively to G, Z, C, D, 4 in the above figure.) It is most 
probable that Theon or some other editor added Heron's proof in his edition 
and made Prop. 12 out of it (an-Nairizi, ed. Curtze, pp. 121—2).  An-Nairizi 
and Campanus, conformably with what has been said, number Prop. r3 of 
Heiberg's text Prop. t2, and so on through the Book. 


What was said in the note on the last proposition applies, mutatis mutandis, 
to this.  Camerer proceeds in the same manner as before ; and we may use 
the same alternative argument in this case also. 

Euclid's proof is valid provided only that, if AG, joining the assumed 
centres, meets the circle with centre Fin C and the other circle in 2, C is 
not within the circle 4 DE and 2 is not within the circle ABC. (The proof 
is equally valid whether C, D coincide or the successive points are, as drawn 
in the figure, in the order Æ C, D, G.) Now, if C is within the circle ADE 
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and 2 within the circle ABC, the circles must have cut between A and C 
and between 4 and 2. Hence, as before, they must also have another 
corresponding point common on the other side of CD. That is, the circles 
must have Aree common points: which is impossible. 
Hence Euclid's proof is valid if Æ 4, G form a triangle, and the only 
hypothesis which has still to be disproved is the 
hypothesis which he would in any case have left to 
the reader, namely that 4 does not lie on FG but 
on FG produced in either direction. In this case, as 
before, either C, D must coincide or C is nearer 
F than D is. Then the radius FC must be equal 
to FA: which is impossible, since #C cannot be 
greater than ED, and must therefore be /ess than 
FA. 
Given the same preliminaries, 111. 12 can be proved by means of 11. 8. 
Again, when the proposition 11. 12 is once proved, 111. 8 helps us to prove 
at once that the circles lie entirely outside each other and have no other 
common point than the point of contact. 


Among Pappus’ lemmas to Apollonius’ Zactiones are the two partial 
converses of this proposition corresponding to those given in the last note. 
Lemma 4 (vtr. p. 824) is to the effect that, sf AB, AC Ze in one straight line, B 
and C being on opposite sides of A, the circles drawn on AB, AC as diameters 
touch externally at A. Lemma 3 (vit. p. 822) states that, if two circles touch 
externally at A and BAC is drawn through A cutting both circles and containing 
the centre of one, BAC will also contain the centre of the other. The proofs, as 
before, use the common tangent at 44. 


Mr H. M. Taylor gets over the difficulties involved by 1. 41, 12 in a 
manner which is most ingenious but not Euclidean. He first proves that, if swo 
circles meet at a point not in the same straight line with their centres, the circles 
intersect at that point; this is very easily established by means of 111. 7, 8 and 
the third similar theorem. Then he gives as a corollary the statement that, ¿f 
wo circles touch, the potnt of contact ts in the same straight line with their 
centres. It is not explained how this is inferred from the substantive 
proposition; it seems, however, to be a /egiza/ inference simply. By the 
proposition, every 4 (circles meeting at a point not in the same straight line 
with the centre) 1s & (circles which intersect); therefore every not-Z is not-4, 
ie. circles which do not intersect do not meet at a point not in the same 
straight line with the centres. Now non-intersecting circles may either meet 
(ie. touch) or not meet. In the former case they must meet ov the line of 
centres : for, if they met at a point not in that line, they would intersect. But 
such a purely /ogica inference is foreign to Euclid’s manner. As De Morgan 
says, “ Euclid may have been ignorant of the identity of ‘Every X is Y’ and 
* Every not- Y is not-X,’ for anything that appears in his writings; he makes 
the one follow from the other by a new proof cach time" (quoted in Keynes' 
formal Logic, p. 81). 

There is no difficulty in proving, by means of 1. 2o, Mr Taylor's next 
proposition that, if two circles meet at a point which lies in the same straight 
line as their centres and is between the centres, the circles touch at that point, and 
each circle lies without the other. But the similar proof, by means of 1. 20, of 
the corresponding theorem for internal contact seems to be open to the same 
objection as Euclid's proof of 111. 11 in that it assumes without proof that the 
circle which has its centre nearest to the point of meeting is the “inner” 
circle. Lastly, in order to prove that, ¿f two circles have a point of contact, they 
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do not meet at any other point, Mr Taylor uses the questionable corollary. 
Therefore in any case his alternative procedure does not seem preferable to 
Euclid's. 

The alternative to Eucl. 111. 11—13 which finds most favour in modern 
continental text-books (e.g. Legendre, Baltzer, Henrici and Treutlein, 
Veronese, Ingrami, Enriques and Amaldi) connects the number, position and 
nature of the coincidences between points on two circles with the relation in 
which the distance between their centres stands to the length of their radii. 
Enriques and Amaldi, whose treatment of the different cases is typical, give 
the following propositions (Veronese gives them in the converse form). 


1. Lf the distance between the centres of two circles is greater than the sum 
of the radit, the two circles have no point common and are external to one 
another. 

Let O, O' be the centres of the circles (which we will call “the circles 
O, O”), r, r their radii respectively. 

Since then OO' >r + r', a fortiori OO' >r, and O is therefore exterior to 
the circle O. 

Next, the circumference of the circle O intersects OO’ in a point A, and 
since OO'> r* r', AO >r, and A is 
external to the circle O’. 

But O'A is less than any straight 
line, as O'B, drawn to the circum- 
ference of the circle O (111. 8]; hence 
all points, as Z, on the arcum Nace 
of the circle O are external to the circle 





Lastly, if C be any point internal 
to the circle O, the sum of OC, O'C is 
greater than O O, and a fortiori greater than r + 7. 

But OC is less than >: therefore O'C is greater than 7’, or C is external 
to O. 

Similarly we prove that any point on or within the circumference of the 
circle O’ is external to the circle O. 


2. Df the distance between the centres of two unequal circles is less than the 
difference of the radit, the two circumferences have no common pointand the lesser 
circle is entirely within the greater. 

Let O, O' be the centres of the two circles, 7, 7 their radii respectively 
(r<r). 

Since OO’ « r' — r, a fortiori OO' <1’, so that O is 
internal to the circle O’. 

If A, A’ be the points in which the straight line 
O'O intersects respectively the circumferences of the 
circles O, O', ATA 

O'O is less than O'A’ — OA, 
so that O'O + OA, or O'A, is less than O'4’, 
and therefore Æ is internal to the circle O'. 

But, of all the straight lines from O’ to the circumference of the circle O, 
O'A passing through the centre O is the greatest [111. 7] ; 
whence all the points of the circumference of O are internal to the circle O’. 

A similar argument to the preceding will show that all points within the 
circle O are internal to the circle O’. 
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3. Lf the distance between the centres of two circles ts equal to the sum of the 
radit, the two circumferences have one point common and one only, and that point 
ts on the line of centres. Each circle ts external to the other. 


Let O, O' be the centres, 7, 7’ the radii of the circles, so that OO’ is equal 
tor+r. 

Thus OO’ is greater than r, so that O' 
is external to the circle O, and the circum- 
ference of the circle O cuts OO in a 
point A. 

And, since OO’ is equal to x + 7, and 
OA to r, it follows that O'A is equal to 7, 
so that 4 belongs also to the circumference 
of the circle O'. 

The proof that all other points on, and 
all points within, the circumference of the circle O are external to the circle O' 
follows the similar proof of prop. 1 above. And similarly all points (except 4) 
on, and all points within, the circumference of the circle O’ are external to the 
circle O. 

The two circles, having one common point only, fowch at that point, which 
lies, as shown, on the line of centres. And, since the circles are external to 
one another, they touch externally. 





4. Lf the distance between the centres of two unequal circles is equal to the 
difference between the radii, the two circumferences have one point and one only in 
common, and that point lies on the line of centres. The lesser circle is within the 
other. 


The proof is that of prop. 2 above, mutatis mutandis. 
The circles here touch :"ferna//y at the point on the line of centres. 


5. Lf the distance between the centres of two circles ts less than the sum, and 
greater than the difference, of the radii, the two circumferences have two common 
points symmetrically situated with respect to the line of centres but not lying on 
that line. 

Let O, O' be the centres of the two circles, v, z’ their radii, 7 being the 
greater, so that 

r-=r<00 <r+r. 

It follows that in any case OO' + r> 7', so that, if OM be taken on O'O 
produced equal to x (so that M is on the circumference of the circle O), M is 
external to the circle Q’, 

We have to use the same Postulate as in Eucl. 1. 1 that 

An are of a circle which has one extremity within and the other without a 
given circle has one point common with the 
latter and only one ; from which it follows, 
if we consider two such arcs making a 
complete circumference, that, if a circum- 
ference of a circle passes through one point 
internal to, and one point external to a 
given circle, it cuts the latter circle in two 
points. 

We have then to prove that the circle O, 
besides having one point Af of its circum- 
ference external to the circle O’, has one other point of its circumference (Z) 
internal to the latter circle. 





32 BOOK III [u 12, 13 


Three cases have to be distinguished according as OO’ is greater than, equal 
to, or less than, the radius x of the lesser circle. 


(1) OO'»r. (See the preceding figure.) A 
Measure OZ along OO' equal to v, so that 

L lies on the circumference of the circle O. 
Then, since OO « x « £, OL will be less Aes 


than y’, so that Z is within the circle 0’. M 
(2) OC =F: 
In this case the circumference of the circle 
O passes through O’, or Z coincides with O’. : 

(3) OO’ <r. 

If we measure OZ along OO iti to 7, the point Z will lie on the 
circumference of the circle O. 

Then OL=r- OO, 
so that O'Z <r, and a fortiori OL « *', so that Z 
lies within the circle O’. 

Thus, in all three cases, since the circumference 
of O passes through one point (47) external to, and 
one point (Z) internal to, the circle O’, the two 
circumferences intersect in two points A, B [ Post. ] 

And A, B cannot lie on the line of centres OO, 
since this straight line intersects the circle O in 
L, M only, and of these points one is inside, the other outside, the circle O’. 

Since AB is a common chord of both circles, the straight line bisecting it 
at right angles passes through both centres, i.e. is identical with OO. 

And again by means of 111. 7, 8 we prove that all points except 4, B on 
the arc ALB lie within the circle O', and all points except 4, B on the arc 
AM B outside that circle ; and so on. 





PROPOSITION 13. 


A circle does not touch a circle at more points than one, 
whether wt touch it internally or externally. 


For, if possible, let the circle ABDC touch the circle 
EBED, first internally, at more 
s points than one, namely 2, 7. 
Let the centre G of the circle 
ABDC, and the centre 77 of 
EBFD, be taken. 
Therefore the straight line 
s from G to /7 will fall on 
[ur. 11] 
“Lae it so fall, as PGHD. 
Then, since the point G is 
the centre of the circle ABCD, 


15 BG is equal to GD; 
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therefore BG is greater than 772 ; 
therefore BH is much greater than 772. 


Again, since the point Æ is the centre of the circle 
EBL), 
20 BH is equal to HD ; 


but it was also proved much greater than it: which is 
impossible. 

Therefore a circle does not touch a circle internally at 
more points than one. 


25 I say further that neither does it so touch it externally. 
For, if possible, let the circle ACA touch the circle 
ABDC at more points than one, namely 4, C, 


and let AC be joined. 


Then, since on the circumference of each of the circles 

3 ABDC, ACK two points A, C have been taken at random, 
the straight line joining the points will fall within each 
circle ; (111. 2] 


but it fell within the circle ABCD and outside ACK 
[ut. Def. 3] : which is absurd. 


35 Therefore a circle does not touch a circle externally at 
more points than one. 
And it was proved that neither does it so touch it 
internally. 
Therefore etc. Q. E. D: 


3: 7: 14, 27, 30, 33. ABDC. Euclid writes ABCD (here and in the next proposition), 
notwithstanding the order in which the points are placed in the figure. 

25, 37. does it so touch it. It is necessary to supply these words which the Greek 
(rt oùðè éxrós and Sr: oùðė évrós) leaves 10 be understood. 


The difficulties which have been felt in regard to the proofs of this 
proposition need not trouble us now, because they have already been disposed 
of in the discussion of the more crucial propositions 111. 11, 12. 

Euclid's proof of the first part of the proposition differs from Simson's ; 
and we will deal with Euclid’s first. On this Camerer remarks that it is 
assumed that the supposed second point of contact lies on the line of centres 
produced beyond the centre of the “outer” circle, whereas all that is proved in 
it. 11 is that the line of centres produced beyond the centre of the “inner” circle 
passes through a point of contact. But, by the same argument as that given 
on m. 11, we show that the circles cannot have a point of contact, or even 
any common point, outside the line of centres, because, if there were such a 
point, there would be a corresponding comnion point on the other side of the 
line, and the circles would have /4ree common points. Hence the only 
hypothesis left is that the second point of contact may be oz the line of 
centres but in the direction of the centre of the “outer” circle; and Euclid's 
proof disposes of this hypothesis. 


H. E. IL 3 
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Heron (in an-Nairizi, ed. Curtze, pp. 122— 4), curiously enough, does not 
question Euclid's assumption that the line of centres passes through both 
points of contact (if double contact is possible) ; but he devotes some space to 
proving that the centre of the “outer” circle must lie within the “inner” circle, a 
fact which he represents Euclid as asserting (* sicut dixit Euclides "), though 
there is no such assertion in our text. The proof of the fact is of course easy. 
If the line of centres passes through deff points of contact, and the centre of 
the “outer” circle lies either on or outside the “inner” circle, the line of 
centres must cut the “inner” circle in ¢Aree points in all: which is impossible, 
as Heron shows by the lemma, which he places here (and proves by 1. 16), 
that a straight line cannot cut the circumference of a circle in more points 
than two. 

Simson’s proof is as follows (there is no real need for giving two figures as 
he does). 

“If it be possible, let the circle ZZ touch the circle ABC in more 
points than one, and first on the inside, in the 
points Z, D; join BD, and draw G// bisecting 
BD at right angles. 

Therefore, because the points Z, D are in the 
circumference of each of the circles, the straight 
line BD falls within each of them: And their 
centres are in the straight line G// which bisects 
BD at right angles : 

Therefore GH passes through the point of 
contact [111. 11]; but it does not pass through it, 
because the points 4, D are without the straight line GH’: which is absurd. 

Therefore one circle cannot touch another on the inside in more points 
than one." 

On this Camerer remarks that, unless 111. 11 be more completely elucidated 
than it is by Euclid's demonstration, which Simson has, it is not sufficiently 
clear that, besides the point of contact in which GÆ meets the circles, they 
cannot have another point of contact cither (1) on GA or (2) outside it. 
Here again the latter supposition (2) is rendered impossible because in that 
case there would be a third common point on the opposite side of GH ; and 
the former supposition (1) is that which Euclid's proof destroys. 

Simson retains Euclid's proof of the second part of the proposition, though 
his own proof of the first part would apply to the second part also if a 
reference to 111. 12 were substituted for the reference to m1. 11. Euclid might 
also have proved the second part by the same method as that which he 
employs for the first part. 





PROPOSITION 14. 
In a circle equal straight lines are equally distant from 


the centre, and those which are equally distant from the centre 
are egual to one another. 


Let ABDC be a circle, and let AZ, CD be equal straight 
lines in it; 
I say that AB, CD are equally distant from the centre. 

For let the centre of the circle ABDC be taken [in. 1), 
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and let it be Æ; from Æ let EF, EG be drawn perpendicular 
to 4B, CD, and let 44 £, EC be joined. 


Then, since a straight line ZZ through D 
the centre cuts a straight line 42 not through 


the centre at right angles, it also bisects it. — 8 
(u. 3] 
Therefore AF is equal to FB; WKN 
therefore AZ is double of AF. ro 


For the same reason 
CD is also double of CG; 
and AB is equal to CD; 
therefore AF is also equal to CG. 

And, since AZ is equal to EC, 

the square on AZ is also equal to the square on EC. 
But the squares on AF, EF are equal to the square on AZ, 
for the angle at Æ is right ; 


and the squares on ÆG, GC are equal to the square on EC, 
for the angle at G is right ; (1. 47] 


therefore the squares on AF, FE are equal to the 
squares on CG, GE, 


of which the square on AF is equal to the square on CG, 
for AF is equal to CG ; 


therefore the square on FÆ which remains is equal to 
the square on £G, 


therefore EF is equal to EG. 


But in a circle straight lines are said to be equally distant 
from the centre when the perpendiculars drawn to them from 
the centre are equal ; (uu. Def. 4] 


therefore 44 7, CD are equally distant from the centre. 
Next, let the straight lines 42, CD be equally distant 
from the centre; that is, let ZF be equal to EG. 
I say that AZ is also equal to CD. 


For, with the same construction, we can prove, similarly, 
that ÆA B is double of AF, and CD of CG. 
And, since A Æ is equal to CZ, 
the square on AZ is equal to the square on CZ. 
But the squares on EZ, FA are equal to the square on AZ, 
and the squares on EG, GC equal to the square on CE. [r. 47] 
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Therefore the squares on EZ, FA are equal to the 
squares on EG, GC, 
of which the square on EF is equal to the square on £G, 
for EF is equal to £G ; 
therefore the square on AF which remains is equal to the 
square on CG; 
therefore AF is equal to CG. 
And AB is double of AF, and CD double of CG; 
therefore AP is equal to CD. 
Therefore etc. 
Qi Edd 


Heron (an-Nairizi, pp. 125— 7) has an elaborate addition to this proposition 
in which he proves, first by reductio ad absurdum, and then directly, that the 
centre of the circle falls between the two chords. 


PROPOSITION 15. 


Of straight lines in a circle the diameter is greatest, 
and of the rest the nearer to the centre ts always greater than 
the more remote. 


Let ABCD be a circle, let AD be its diameter and Æ 
the centre; and let BC be nearer to the 
diameter AD, and FG more remote ; 

I say that AD is greatest and BC 
greater than FG. 

For from the centre Æ let EH, EK 
be drawn perpendicular to BC, FG. 

Then, since ÆC is nearer to the 
centre and /G more remote, EK is 
greater than £7. (ur. Def. 5] 

Let EL be made equal to ZZ, 
through Z let LM be drawn at right 
angles to £A and carried through to N, and let ME, EN, 
FL, EG be joined. 

Then, since £77 is equal to £Z, 


BC is also equal to MN. (us. 14] 
Again, since AF is equal to EM, and ED to EN, 
A D is equal to ME, EN. 
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But ME, EN are greater than MN, [1. 20] 
and MN is equal to BC; 
therefore AD is greater than PC. 


And, since the two sides ME, EN are equal to the two 
sides FE, EG, 


and the angle MEN greater than the angle FEG, 
therefore the base MN is greater than the base FG. [1 24] 


But MN was proved equal to BC. 
Therefore the diameter AD is greatest and ZC greater 
than FG. 
Therefore etc. 
Q. E. D. 


t. Of straight lines. The Greek leaves these words to be understood. 


It will be observed that Euclid’s proof differs from that given in our text- 
books (which is Simson’s) in that Euclid introduces another line AZ, which 
is drawn so as to be equal to AC but at right angles to ZA and therefore 
parallel to FG. Simson dispenses with AAN and bases his proof on a similar 
proof by Theodosius (Sphaerica 1.6). He proves that the sum of the squares 
on EH, HB is equal to the sum of the squares on EK, AF; whence he 
infers that, since the square on EZ is less than the square on EK, the square 
on BAH is greater than the square on FK. It may be that Euclid would have 
regarded this as too complicated an inference to make without explanation or 
without an increase in the number of his axioms. But, on the other hand, 
Euclid himself assumes that the angle subtended at the centre by MN is 
greater than the angle subtended by FG, or, in other words, that M, V both 
fall outside the triangle KEG. ‘This is a similar assumption to that made in 
ui. 7, 8, as already noticed; and its truth is obvious because EM, EN, being 
radii of the circle, are greater than the distances from Æ to the points in which 
MN cuts EF, EG, and therefore the latter points are nearer than M, Ware to 
L, the foot of the perpendicular from E to MN. 

Simson adds the converse of the proposition, proving it in the same way 
as he proves the proposition itself. 


PROPOSITION 16. 


The straight line drawn at right angles to the diameter 
of a circle from its extremity will fall outside the circle, and 
into the space between the straight line and the circumference 
another straight line cannot be interposed; further the angle 
of the semicircle is greater, and the remaining angle less, than 
any acute rectilineal angle. 


Let ABC be a circle about D as centre and AB as 
diameter ; 
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I say that the straight line drawn from A at right angles 
to AB from its extremity will fall 
outside the circle. B 
For suppose it does not, but, 
if possible, let it fall within as CA, 
and let DC be joined. 
Since DA is equal to DC, 
the angle DAC is also equal to 
the angle ACD. [1. 5] 
But the angle DAC is right ; 
therefore the angle ACD is also right: 
thus, in the triangle ACD, the two angles DAC, ACD are 
equal to two right angles: which is impossible. [r. 17] 
Therefore the straight line drawn from the point A at 
right angles to 2A will not fall within the circle. 
Similarly we can prove that neither will it fall on the 
circumference ; 
therefore it will fall outside. 
Let it fall as AZ; 


I say next that into the space between the straight line A E 
and the circumference C/7A another straight line cannot be 
interposed. 

For, if possible, let another straight line be so interposed, 
as ji^ , and let DG be drawn from the point D perpendicular 
to . 

Then, since the angle AGD is right, 

and the angle DAG is less than a right angle, 
AD is greater than DG. [1. 19] 

But DA is equal to 277; 

therefore DH is greater than DG, the less than the 
greater: which is impossible. 

Therefore another straight line cannot be interposed into 
the space between the straight line and the circumference. 


I say further that the angle of the semicircle contained by 
the straight line A and the circumference C//A is greater 
than any acute rectilineal angle, 


and the remaining angle contained by the circumference CHA 
and the straight line AZ is less than any acute rectilineal angle. 

For, if there is any rectilineal angle greater than the 
angle contained by the straight line DA and the circumference 
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CHA, and any rectilineal angle less than the angle contained 
by the circumference C/7A and the straight line 4 Æ, then 
into the space between the circumference and the straight line 
AE a straight line will be interposed such as will make an 
angle contained by straight lines which is greater than the 
angle contained by the straight line 2.4 and the circumference 
CHA, and another angle contained by straight lines which 
is less than the angle contained by the circumference CHA 
and the straight line AZ. 
But such a straight line cannot be interposed ; 


therefore there will not be any acute angle contained by 
straight lines which is greater than the angle contained by 
the straight line BA and the circumference CHA, nor yet 
any acute angle contained by straight lines which is less than 
the angle contained by the circumference CHA and the 
straight line 44 £.— 


PortsmM. From this it is manifest that the straight line 
drawn at right angles to the diameter of a circle from its 


extremity touches the circle. Q. E. D 


4. cannot be interposed, literally ‘‘ will not fall in between" (où rapeurecetrai). 


This proposition is historically interesting because of the controversies to 
which the last part of it gave rise from the 13th to the 17th centuries. 
History was here repeating itself, for it is certain that, in ancient Greece, both 
before and after Euclid's time, there had been a great deal of the same sort 
of contention about the nature of the “angle of a semicircle” and the 
"remaining angle" between the circumference of the semicircle and the 
tangent at its extremity. As we have seen (note on 1. Def. 8), the latter angle 
had a recognised name, xeparoedys yuvia, Aorn-like or cornicular angle; 
though this term does not appear in Euclid, it is often used by Proclus, 
evidently as a term well understood. While it is from Proclus that we get the 
best idea of the ancient controversies on this subject, we may, I think, infer 
their prevalence in Euclid's time from this solitary appearance of the two 
“angles” in the Z/ements. Along with the definition of the angle of a 
segment, it seems to show that, although these angles are only mentioned to 
be dropped again immediately, and are of no use in elementary geometry, or 
even at all, Euclid thought that an allusion to them would be expected of 
him ; it is as if he merely meant to guard himself against appearing to ignore 
a subject which the geometers of his time regarded with interest. If this 
conjecture is right, the mention of these angles would correspond to the 
insertion of definitions of which he makes no use, e.g. those of a rhombus and 
a rhomboid. 

Proclus has no hesitation in speaking of the “angle of a semicircle” and 
the “horn-like angle" as true angles. Thus he says that "angles are contained 
by a straight line and a circumference in two ways; for they are either 
contained by a straight line and a convex circumference, like that of the semi- 
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circle, or by a straight line and a concave circumference, like the «epa roeióys ” 
(p. 127, 11—14). ‘There are mixed lines, as spirals, and angles, as the angle 
of a semicircle and the xeparoedys” (p. 104, 16—18). The difficulty which 
the ancients felt arose from the very fact which Euclid embodies in this 
proposition. Since an angle can be divided by a line, it would seem to bea 
magnitude; “but if it is a magnitude, and all homogeneous magnitudes which 
are finite have a ratio to one another, then all homogeneous angles, or rather 
all those on surfaces, will have a ratio to one another, so that the cornicu/ar 
will also have a ratio to the rectilineal. But things which have a ratio to one 
another can, if multiplied, exceed one another. Therefore the cornicular 
angle will also sometime exceed the rectilineal ; which is impossible, for it is 
proved that the former is less than any rectilineal angle" (Proclus, p. 121, 
24—122, 6). The nature of contact between straight lines and circles was 
also involved in the question, and that this was the subject of controversy 
before Euclid's time is clear from the title of a work attributed to Democritus 
(fl. 420—400 B.C.) epi &adopiíjs yvwpovos Ñ wept Yavoros xvkAov xat a'$atpys, 
On a difference in a gnomon or on contact of a circle and a sphere. There is, 
however, another reading of the first words of this title as given by Diogenes 
Laertius (1x. 47), namely mep Scadopys yrwpys, On a difference of opinion, etc. 
May it not be that neither reading is correct, but that the words should be 
wept Óadopijs ywvins 7) epi patrios xvxAov xai aatpys, On a difference in an 
angle or on contact with a circle and a sphere? There would, of course, 
hardly be any “angle” in connexion with the sphere; but I do not think that 
this constitutes any difficulty, because the sphere might easily be tacked on as 
a kindred subject to the circle. A curiously similar collocation of words 
appears in a passage of Proclus, though this may be an accident. He says 
(p. 50, 4) mūs è ywridy 9iadopàs A€yoper kai av(rjoes abrov ... and then, in 
the next line but one, mús ôè ras doas trav xvxAov 7) rav eiOcwv, “In what 
sense do we speak of differences of angles and of increases of them ... and in 
what sense of the contacts (or meetings) of circles or of straight lines?” 
I cannot help thinking that this subject of cornicudar angles would have had 
a fascination for Democritus as being akin to the question of infinitesimals, 
and very much of the same character as the other question which Plutarch 
(On Common Notions, XXx\x. 3) says that he raised, namely that of the 
relation between the base of a cone and a section of it by a plane parallel to 
the base and apparently, to judge by the context, infinitely near to it: “if 
a cone were cut by a plane parallel to its base, what must we think of the 
surfaces of the sections, that they are equal or unequal? For, if they are 
unequal, they will make the cone irregular, as having many indentations like 
steps, and unevennesses; but, if they are equal, the sections will be equal, 
and the cone will appear to have the property of the cylinder, as being made 
up of equal and not unequal circles, which is the height of absurdity." 

The contributions by Democritus to such investigations are further attested 
by a passage in a new fragment of Archimedes (see Heiberg, Zine neue 
Archimedes- Handschrift in Hermes xvi. 1907, pp. 235—303), which says 
(oc. cit., pp. 245, 246) that, though Eudoxus was the first to discover the 
scientific proof of the propositions (attributed to him) that the cone and the 
pyramid are one-third of the cylinder and prism respectively which have . 
the same base and height, they were first s/a£eZ, without proof, by Democritus. 

A full history of the later controversies about the cornicular ‘‘ angle " 
cannot be given here; more on the subject will be found in Camerer's 
Euclid (Excursus tv. on tit. 16) or in Cantor's Geschichte der Mathematik, 
Vol. 11. (see Contingenzwinkel in the index). But the following short note 
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about the attitude of certain well-known mathematicians to the question will 
perhaps not be out of place. Johannes Campanus, who edited Euclid in 
the 13th century, inferred from 11. 16 that there was a flaw in the principle 
that the transition from the less to the greater, or vice versa, takes place through 
all intermediate quantities and therefore through the equal, 1f a diameter of a 
circle, he says, be moved about its extremity until it takes the position of the 
tangent to that circle, then, as long as it cuts the circle, it makes an acute 
angle /ess than the **angle of a semicircle”; but the moment it ceases to cut, 
it makes a right angle greater than the same “angle of a semicircle.” The 
rectilineal angle is never, during the transition, egua/ to the “angle of a semi- 
circle." There is therefore an apparent inconsistency with x. 1, and Campanus 
could only observe (as he does on that proposition), in explanation of the 
paradox, that “these are not angles in the same sense (univoce), for the 
curved and the straight are not things of the same kind without qualification 
(simpliciter).” The argument assumes, of course, that the right angle ss 
greater than the “angle of a semicircle.” 

Very similar is the statement of the paradox by Cardano (1501—1576) 
who observed that a guantity may continually increase without limit, and 
another diminish without limit; and yet the first, however increased, may be less 
than the second, however diminished. The first quantity is of course the angle 
of contact, as he calls it, which may be “increased” indefinitely by drawing 
smaller and smaller circles touching the same straight line at the same point, 
but will always be less than any acute rectilineal angle however small. 

We next come to the French geometer, Peletier (Peletarius), who edited the 
Elements in 1557, and whose views on this subject seem to mark a great advance. 
Peletier's opinions and arguments are most easily accessible in the account of 
them given by Clavius (Christoph Schlüssel, 1537— 1612) in the 1607 edition 
of his Euclid. The violence of the controversy between the two will be 
understood from the fact that the arguments and counter-arguments (which 
sometimes run into other matters than the particular question at issue) cover, 
in that book, 26 pages of small print. Peletier held that the "angle of 
contact " was not an angle at all, that the ‘‘contact of two circles," i.e. the 
"angle? between the circumferences of two circles touching one another 
internally or externally, is not a guantity, and that the “contact of a straight 
line with a circle" is not a guantity either; that angles contained by a 
diameter and a circumference whether inside or outside the circle are right 
angles and equal to rectilineal right angles, and that angles contained by a 
diameter and the circumference in a: circles are egual. The proof which 
Peletier gave of the latter proposition in a letter to Cardano is sufficiently 
ingenious. If a greater and a less semicircle be placed with their diameters 
terminating at a common point and lying in a straight line, then (1) the angle 
of the larger obviously cannot be Zess than the angle of the smaller. Neither 
(2) can the former be greater than the latter; for, if it were, we could obtain 
another angle of a semicircle greater still by drawing a still larger semicircle, 
and so on, until we should ultimately have an angle of a semicircle greater than 
a right angle: which is impossible. Hence the angles of semicircles must all 
be egual, and the differences between them nothing. Having satisfied himself 
that all angles of contact are not-angles, nof-quantities, and therefore nothings, 
Peletier holds the difficulty about x. 1 to be at an end. He adds the 
interesting remark that the essence of an angle is in asdéfimg, not contact, and 
that a tangent is not 7nc/ined to the circle at the point of contact but is, as it 
were, immersed in it at that point, just as much as if the circle did not diverge 
from it on either side. 
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The reply of Clavius need not detain us. He argues, evidently appealing 
to the eye, that the angle of contact can be divided by the arc of a circle 
greater than the given one, that the angles of two semicircles of different sizes 
cannot be equal, since they do not coincide if they are applied to one another, 
that there is nothing to prevent angles of contact from being quantities, it being 
only necessary, in view of x. 1, to admit that they are not of the same kind as 
rectilineal angles ; lastly that, if the angle of contact had been a nothing, 
Euclid would not have given himself so much trouble to prove that it is less 
than any acute angle. (The word is desudasset, which is certainly an 
exaggeration as applied to what is little more than an obiter dictum in 111. 16.) 

Vieta (1540—1603) ranged himself on the side of Peletier, maintaining 
that the angle of contact is no angle; only he uses a new method of proof. 
The circle, he says, may be regarded as a plane figure with an infinite number 
of sides and angles; but a straight line touching a straight line, however short 
tt may be, will coincide with that straight line and will not make an angle. 
Never before, says Cantor (11,, p. 540), had it been so plainly declared what 
exactly was to be understood by contact. 

Galileo Galilei (1564—-1642) seems to have held the same view as Vieta 
and to have supported it by a very similar argument derived from the com- 
parison of the circle and an inscribed polygon with an infinite number of 
sides. 

The last writer on the question who must be mentioned is John Wallis 
(1616—1703). He published in 1656 a paper entitled De angulo contactus et 
semicirculi tractatus in which he also maintained that the so-called angle was 
not a true angle, and was not a guvantity. Vincent Leotaud (1595—1672) 
took up the cudgels for Clavius in his Cyclomathia which appeared in 1663. 
This brought a reply from Wallis in a letter to Leotaud dated :7 February, 
1667, but not apparently published till it appeared in 4 defense of the treatise 
of the angle of contact which, with a separate title-page, and date 1684, was 
included in the English edition of his Algebra dated 1685. The essence of 
Wallis’ position may be put as follows. According to Euclid's definition, a 
plane angle is an inclination of-:two lines; therefore two lines forming an angle 
must ac/ine to one another, and, if two lines meet without being inclined to 
one another at the point of meeting (which is the case when a circumference 
is touched by a straight line), the lines do not form an ange. The “angle of 
contact " is therefore no angle, because a£ the point of contact the straight line 
is not inclined to the circle but lies on it &xàwas, or is coincident with it. 
Again, as a point is not a line but a beginning of a line, and a line is not a 
surface but a beginning of a surface, so an angle is not the distance between 
two lines, but their initial tendency towards separation: Angulus (sew gradus 
divaricationis) Distantia non est sed Inceptivus distantiae. How far lines, which 
at their point of meeting do not form an angle, separate from one another as 
they pass on depends on the degree of curvature (gradus curvitatis), and it is 
the latter which has to be compared in the case of two lines so meeting. The 
arc of a smaller circle is more curved as having as much curvature in a lesser 
length, and is therefore curved in a greater degree. Thus what Clavius called 
angulus contactus becomes with Wallis gradus curtitatis, the use of which 
expression shows that curvature and curvature can be compared according to 
one and the same standard. A straight line has the least possible curvature ; 
but of the “angle” made by it with a curve which it touches we cannot say that 
it is greater or less than the “angle " which a second curve touching the same 
straight line at the same point makes with the first curve; for in both cases 
there is no true angle at all (cf. Cantor 111, p. 24). 
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The words usually given as a part of the corollary “and that a straight line 
touches a circle at one point only, since in fact the straight line meeting it in 
two points was proved to fall within it” are omitted by Heiberg as being an 
undoubted addition of Theon’s. It was Simson who added the further remark 
that “it is evident that there can be but one straight line which touches the 
circle at the same point.” 


PROPOSITION 17. 


From a given point to draw a straight line touching a 
given circle. 


Let 4 be the given point, and BCD the given circle ; 
thus it is required to draw from the point 4 a straight line 
touching the circle BCD. 

For let the centre Æ of the circle 
be taken ; (ut. 1] 


let AF be joined, and with centre £ 
and distance ZA let the circle AFG 
be described ; 


fron D let DF be drawn at right 
angles to £ A, 


and let £F, AB be joined; 
I say that AB has been drawn from 
the point 4 touching the circle BCD. 
For, since Z is the centre of the circles BCD, AFG, 
EA is equal to EF, and. ED to E 7; 


therefore the two sides AZ, EB are equal to the two sides ` 
HE, AD: 


and they contain a common angle, di angle at Æ; 
therefore the base DF is equal to the base AB, 
and the triangle DEF is equal to the triangle BEA, 
and the remaining angles to the remaining angles ; [i 4] 
therefore the angle EDF is equal to the angle EBA. 
But the angle ED is right ; 
therefore the angle EBA is also right. 
Now £7 is a radius ; 
and the straight line drawn at right angles to the diameter 
of a circle, from its extremity, touches the circle; [11 16, Por.] 
therefore AB touches the circle BCD. 
Therefore from the given point 4 the straight line AZ 
has been drawn touching the circle BCD. Q. E.P, 
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The construction shows, of course, that two straight lines can be drawn 
from a given external point to touch a given circle ; and it is equally obvious 
that these two straight lines are equal in length and equally inclined to the 
straight line joining the external point to the centre of the given circle. 
These facts are given by Heron (an-Nairizi, p. 130). 

It is true that Euclid leaves out the case where the given point lies o» the 
circumference of the circle, doubtless because the construction is so directly 
indicated by 111. 16, Por. as to be scarcely worth a separate statement. 

An easier solution is of course possible as soon as we know (111. 31) that 
the angle in a semicircle is a right angle; for we have only to describe a 
circle on AE as diameter, and this circle cuts the given circle in the two points 
of contact. 


PROPOSITION 18. 


Jf a straight line touch a circle, and a straight line be 
joined from the centre to the point of contact, the straight line 
so goined will be perpendicular to the tangent. 


For let a straight line DZ touch the circle 4 BC at the 
point C, let the centre / of the 
circle ABC be taken, and let FC 
be joined from F to C; 


I say that FC is perpendicular to 
DE. 


For, if not, let FG be drawn 
from Æ perpendicular to DE. 
Then, since the angle FGC is 
right, 
the angle FCG is acute; [1. 17] 


and the greater angle is subtended 
by the greater side ; [1. 19] 


therefore FC is greater than FG. 
But FC is equal to FA; 
therefore F7 is also greater than FG, 
the less than the greater: which is impossible. 
Therefore FG is not perpendicular to DÆ. 


Similarly we can prove that neither is any other straight 
line except FC; 


therefore FC is perpendicular to DE. 
Therefore etc. 





Q. E. D. 
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Just as 111. 3 contains two partial converses of the Porism to 111. 1, so 
the present proposition and the next give two partial converses of the 
corollary to 11. 16. We may show their relation thus: suppose three things, 
(1) a tangent at a point of a circle, (2) a straight line drawn from the centre to 
the point of contact, (3) right angles made at the point of contact [with (1) or 
(2) as the case may be]. Then the corollary to 11. 16 asserts that (2) and (3) 
together give (1), 11. 18 that (1) and (2) give (3), and 111. 19 that (1) and (3) 
give (2), i.e. that the straight line drawn from the point of contact at right 
angles to the tangent passes through the centre. 


PROPOSITION 19. 


If a straight line touch a circle, and from the point of 
contact a straight line be drawn at right angles to the tangent, 
the centre of the circle will be on the straight line so drawn. 


For let a straight line DE touch the circle AAC at the 


point C, and from C let CA be 
drawn at right angles to DE ; 
I say that the centre of the circle 
is on AC, 
For suppose it is not, but, if 
possible, let Æ be the centre, 
and let CF be joined. 
Sincea straight line DZ touches 
the circle ABC, 
and FC has been joined from the © c E 
centre to the point of contact, 
FC is perpendicular to DE ; (n1. 18] 
therefore the angle FCE is right. 
But the angle A4 CZ is also right; 
therefore the angle FCEZ is equal to the angle ACE, 
the less to the greater: which is impossible. 
Therefore / is not the centre of the circle ABC. 


Similarly we can prove that neither is any other point 
except a point on AC. 
Therefore etc. 


Q. E. D. 


We may also regard 111. 19 as a partial converse of 111. 18. Thus suppose 
(1) a straight line through the centre, (2) a straight line through the point of 
contact, and suppose (3) to mean perpendicular to the tangent; then iri. 18 
asserts that (1) and (2) combined produce (3), and 111. 19 that (2) and (3) 
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produce (1); while again we may enunciate a second partial converse of 111. 18, 
corresponding to the statement that (1) and (3) produce (2), to the effect that 
a straight line drawn through the centre perpendicular to the tangent passes 
through the point of contact. 

We may add at this point, or even after the Porism to 111. 16, the theorem 
that 4o circles which touch one another internally or externally have a common 
tangent at their point of contact. For the line joining their centres, produced 
if necessary, passes through their point of contact, and a straight line drawn 
through that point at right angles to the line of centres is a tangent to both 
circles. 


PROPOSITION 20. 


In a circle the angle at the centre is double of the angle 
al the circumference, when the angles have the same circum- 
ference as base. 


Let ABC be a circle, let the angle BEC be an angle 
-sat its centre, and the angle BAC an 
angle at the circumference, and let 
them have the same circumference BC 
as base ; 
I say that the angle BEC is double of a 
io the angle BAC. C 
For let 4“ be joined and drawn F 
through to 7. 
Then, since £A is equal to FA, B 
the angle £4 P is also equal to the 
15 angle EBA ; [1555] 
therefore the angles EAB, EBA are double of the angle 
Bm 
But the angle BEF is equal to the angles EAB, EBA ; 
[1. 32] 
therefore the angle BEF is also double of the angle 
20 EAB. 
For the same reason 
the angle FEC is also double of the angle ZAC. 
Therefore the whole angle BEC is double of the whole 
angle BAC. 
25 Again let another straight line be inflected, and let there 
be another angle BDC; let DF be joined and produced 
to €. 
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Similarly then we can prove that the angle GEC is 
double of the angle EDC, 


3» of which the angle GE is double of the angle EDB ; 


therefore the angle BEC which remains is double of the 
angle BDC. 


Therefore etc. Q. E. D. 


2s. let another straight line be inflected, xex\dgðw 507 má (without etôeîa). The 
verh xXMáo (to break off) was the regular technical term for drawing from a point a (broken) 
straight line which first meets another straight line or curve and is then dent back from it 
to another point, or (in other words) for drawing straight lines from two points meeting at a 
point on a curve or another straight line. xexAdo@as is one of the geometrical terms the 
definition of which must according to Aristotle be assumed (Anal. Post. 1. 10, 76 b 9). 


The early editors, Tartaglia, Commandinus, Peletarius, Clavius and others, 
gave the extension of this proposition to the case where the segment is less 
than a semicircle, and where accordingly the *angle" corresponding to 
Euclid’s “angle at the centre” is greater than two right angles. The 
convenience of the extension is obvious, and the proof of it is the same as the 
first part of Euclid's proof. By means of the extension 111. 21 is demonstrated 
without making two cases; iit. 22 will follow immediately from the fact that 
the sum of the “angles at the centre” for two segments making up a whole 
circle is equal to four right angles; also 111. 31 follows immediately from the 
extended proposition. 

But all the editors referred to were forestalled in this matter by Heron, as 
we now learn from the commentary of an-Nairizi (ed. Curtze, p. 131 sqq.). 
Heron gives the extension of Euclid's proposition which, he says, it had been 
left for him to make, but which is necessary in order that the caviller may not 
be able to say that the next proposition (about the equality of the angles 
in any segment) is not established generally, i.e. in the case of a segment less 
than a semicircle as well as in the case of a segment greater than a semicircle, 
inasmuch as 111. 20, as given by Euclid, only enables us to prove it in the 
latter case. Heron's enunciation is important as showing how he describes 
what we should now call an “angle” greater than two right angles. (The 
language of Gherard's translation is, in other respects, a little obscure; but 
the meaning is made clear by what follows.) 

“The angle,” Heron says, * which is at the centre of any circle is double 
of the angle which is at the circumference of it when one arc ts the base of both 
angles; and the remaining angles which are at the centre, and fill up the four 
right angles, are double of the angle at the circumference of the arc which is 
subtended by the [original] angle which is at the centre.” 

Thus the “angle greater than two right angles” is for Heron the sum of 
certain “angles” in the Euclidean sense of angles less than two right angles. 
The particular method of splitting up which Heron adopts will be seen from 
his proof, which is in substance as follows. 

Let CD be an angle at the centre, CAB that at the circumference. 

Produce BD, CD to A; G; 


take any point £ on BC, and join BZ, EC, ED. 


Then any angle in the segment BAC is half of the angle BDC; and 
the sum of the angles BDG, GDF, FDC zs double of any angle in the 
segment. BEC. 
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Proof. Since CD is equal to ED, 
the angles DCE, DEC are equal. 


Therefore the exterior angle GDE is equal to 
twice the angle DEC. 
Similarly the exterior angle FDE is equal to 
twice the angle DES. 
By addition, the angles GD£, FDE are double 
of the angle BEC. 

But 


the angle BDC is equal to the angle FDG, 


therefore fhe sum of the angles BDG, GDF, FDC 
ts double of the angle BEC. 

And Euclid has proved the first part of the 
proposition, namely that the angle BDC is double 
of the angle BAC. 

Now, says Heron, BAC is any angle in the segment BAC, and therefore 
any angle in the segment BAC is half of the angle BDC. 

Therefore all the angles in the segment BAC are equal. 

Again, BEC is any angle in the segment BEC and is equal to half the 
sum of the angles BDG, GDF, FDC. 

Therefore all the angles in the segment BEC are equal. 

Hence 111. 21 is proved generally. 

Lastly, says Heron, 


since the sum of the angles BDG, GDF, FDC is double of the angle BEC, 
and the angle BDC is double of the angle BAC, 
therefore, by addition, the sum of four right angles is double of the sum of 
the angles BAC, BEC. 

Hence the angles BAC, BEC are together equal to two right angles, and 
Ill. 22 is proved. 





The above notes of Heron show conclusively, if proof were wanted, that 
Euclid had no idea of i. 20 applying fz terms (either as a matter of 
enunciation or proof) to the case where the angle at the circumference, or the 
angle in the segment, is o//use. He would not have recognised the “ angle" 
greater than two right angles or the so-called “straight angle" as being an 
angle at all. This is indeed clear from his definition of an angle as the 
inclination «.v.&, and from the language used by other later Greek mathe- 
maticians where there would be an opportunity for introducing the extension. 
Thus Proclus’ notion of a “four-sided triangle" (cf. the note above on the 
definition of a triangle) shows that he did not count a re-entrant angle as an 
, angle, and Zenodorus’ application to the same figure of the word “hollow- 
angled " shows that in that case it was the exterior angle only which he would 
have called an angle. Further it would have been inconvenient to have 
introduced at the beginning of the Z/emen/s an “angle” equal to or greater 
than two right angles, because other definitions, e.g. that of a right angle, 
would have needed a qualification. If an “angle” might be equal to two 
right angles, one straight line in a straight line with another would have 
satisfied Euclid’s definition of a right angle. This is noticed by Dodgson 
(p. 160), but it is practically brought out by Proclus on i. 13. “For he did 
not merely say that *any straight line standing on a straight line either makes 
two right angles or angles equal to two right angles’ but ‘if i£ make angles.’ 
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If it stand on the straight line at its extremity and make one angle, is it 
possible for this to be equal to two right angles? It is of course impossible ; 
for every rectilineal angle is less than two right angles, as every solid angle is 
less than four right angles (p. 292, 13—20)." [It is true that it has been 
generally held that the meaning of “angle” is tacitly extended in vi. 33, but 
there is no real ground for this view. See the note on the proposition. 

It will be observed that, following his usual habit, Euclid omits the 
demonstration of the case which some editors, e.g. Clavius, have thought it 
necessary to give separately, the case namely where one of the lines forming 
the angle in the segment passes through the centre.  Euclid's proof gives so 
obviously the means of proving this that it is properly left out. 

Todhunter observes, what Clavius had also remarked, that there are two 
assumptions in the proof of tit. 20, namely that, if 4 is double of and C 
double of D, then the sum, or difference, of A and C is equal to double the 
sum, or difference, of B and 2 respectively, the assumptions being particular 
cases of v. 1 and v. s. But of course it is easy to satisfy ourselves of the 
correctness of the assumption without any recourse to Book v. 


PROPOSITION 21. 


In a circle the angles in the same segment are equal to one 
another. 


Let ABCD be a circle, and let the angles BAD, BED 
be angles in the same segment BALD; 
I say that the angles BAD, BED are A 
equal to one another, 
For let the centre of the circle 
ABCD be taken, and let it be Æ; let 
BF, FD be joined. 
Now, since the angle BFD is at 
the centre, B d 
and the angle BAD at the circum- C 
ference, 
and they have the same circumference BCD as base, 
therefore the angle 77D is double of the angle BAD), (m. 20] 
For the same reason 
the angle BED is also double of the angle BED ; 
therefore the angle BAD is equal to the angle BED. 
Therefore etc. 
Q. E. D. 
Under the restriction that the “angle at the centre" used in 111. 20 must 
be less than two right angles, Euclid's proof of this proposition only applies 
to the case of a segment greater than a semicircle, and the case of a segment 


equal to or less than a semicircle has to be considered separately. The 
simplest proof, of many, seems to be that of Simson. 


H. E. Il. 4 
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* But, if the segment BAED be not greater than a semicircle, let BAD, 
BED be angles in it: these also are equal to one 
another. 

Draw 4 F to the centre, and produce it to C, and 
join C£. 

Therefore the segment SADC is greater than a 
semicircle, and the angles in it BAC, BEC are equal, 
by the first case. 

For the same reason, because CA EP is greater 
than a semicircle, 

the angles CAD, CED are equal. 
Therefore the whole angle BAD is equal to the whole angle BED.” 


We can prove, by means of reductio ad absurdum, the important converse 
of this proposition, namely that, sf there be any two triangles on the same base 
and on the same side of tt, and with equal vertical angles, the circle passing 
through the extremities of the base and the vertex of one triangle will pass 
through the vertex of the other triangle also. That a circle can be thus 
described about a triangle is clear from Euclid’s construction in i11. 9, which 
shows how to draw a circle passing through any three points, though it is 
in Iv. § only that we have the problem stated. Now, 
suppose a circle BAC drawn through the angular D 
points of a triangle BAC, and let BDC be another A 
triangle with the same base AC and on the same side 
of it, and having its vertical angle D equal to the 
angle A. Then shall the circle pass through D. 

For, if it does not, it must pass through some point 
E on BD or on BD produced. If then EC be g 
joined, the angle BEC is equal to the angle BAC, 
by ir. 21, and therefore equal to the angle BDC. 

Therefore an exterior angle of a triangle i is equal to 
the interior and opposite angle: which is impossible, by t. 16. 

Therefore 2 lies on the circle BAC. 

Similarly for any other triangle on the base £C and with vertical angle 
equal to 4. Thus, ¿f any number of triangles be constructed on the same base 
and on the same side of tt, with equal vertical angles, the vertices will all lie on 
the circumference of a segment of a circle. 


A useful theorem derivable from 11. 21 is given by Serenus (De sectione 
cont, Props. 52, 53). 
If ADB be any segment of a circle, and C be such a point on the 
circumference that AC is equal to CZ, and if 
there be described with C as centre and radius F 
CA or CB the circle AHB, then, ADB being 
any other angle in the segment 4 C7, and BD 
being produced to meet the outer segment in 
E, the sum of AD, DB is equal to BE. E 
If BC be produced to meet the outer 
segment in 7, and FA be joined, 


CA, CB, CF are by hypothesis equal. 
Therefore the angle “AC is equal to the 


angle AFC. 
Also, by 111. 21, the angles ACP, ADB are equal ; 
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therefore their supplements, the angles ACF, ADE, are equal. 

Further, by 111. 21, the angles 4E, AFB are equal. 

Hence in the triangles 4 CF, A DE two angles are respectively equal ; 

therefore the third angles EAD, FAC are equal. 

But the angle FAC is equal to the angle AFC, and therefore equal to the 
angle AED. 

Therefore the angles 4E£D, EAD are equal, or the triangle DEA is 
bien 

and AD is equal to DE. 
adie BD to both, we see that 
BE is equal to the sum of 4D and DB. 

Now, BF being a diameter of the circle of which the outer segment is 
a part, 

BF is greater than BE; 

therefore AC, C7 are together greater than 4D, DB. 

And, generally, of all triangles on the same base and on the same side of it 
which have equal vertical angles, the isosceles triangle is that which has the 
greatest perimeter, and of the others that has the lesser perimeter which is 
further from being isosceles. 

The theorem of Serenus gives us the means of solving the following 
problem given in Todhunters Euclid, p. 324. 

To find a point in the circumference of a given segment of a circle such that 
the straight lines which join the point to the extremities of the straight line on 
which the segment stands may be together equal to a given straight line (the 
length of which is of course subject to limits). 

Let ACB in the above figure be the given segment. Find, by bisecting 
AB at right angles, a point C on it such that 4C is equal to CZ. 

Then with centre C and radius CA or CB describe the segment of a 
circle 4777 on the same side of AB. 

Lastly, with 4 or Z as centre and radius equal to the given straight line 
describe a circle. ‘This circle will, if the given straight line be greater than 
A B and less than twice 4C, meet the outer segment in two points, and if we 
join those points to the centre of the circle last drawn (whether 4 or Æ), the 
joining straight lines will cut the inner segment in points satisfying the given 
condition. If the given straight line be egua/ to twice AC, C is of course 
the required point. If the given straight line be greater than twice AC, there 
is no possible solution. 


PROPOSITION 22. 
The opposite angles of quadrilaterals in circles are equal 
fo two right angles. 
Let ABCD be a circle, and let ABCD be a quadrilateral 
ta it: 
I say that the opposite angles are equal to two right angles. 
Let AC, BD be joined. 


Then, since in any triangle the three angles are equal to 
two right angles, [1. 32] 


4—2 
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the three angles CAB, ABC, BCA of the triangle ABC 
are equal to two right angles. 

But the angle CAP is equal to the 
angle BDC, for they are in the same A B 
segment 2744 DC; [n. 21] 
and the angle 44 C7 is equal to the angle 
ADB, for they are in the same segment 
ADCR: . C 
therefore the whole angle ADC is equal D 
to the angles BAC, ACK. 

Let the angle ABC be added to each ; 
therefore the angles ABC, BAC, ACB are equal to the 
angles ABC, ADC. 
But the angles ABC, BAC, ACB are equal to two right 
angles ; 
therefore the angles ABC, ADC are also equal to two right 
angles. 


Similarly we can prove that the angles BAD, DCB are 
also equal to two right angles. 
Therefore etc. 


©. Bub. 


As Todhunter remarks, the converse of this proposition is true and very 
important: if two opposite angles of a quadrilateral be together equal to two 
right angles, a circle may be circumscribed about the quadrilateral, We can, by 
the method of 111. 9, or by iv. 5, circumscribe a circle about the triangle 
ABC; and we can then prove, by reductio ad absurdum, that the circle 
passes through the fourth angular point 2. 


PROPOSITION 23. 
On the same straight line there cannot be constructed two 
similar and unequal segments of circles on the same side. 


For, if possible, on the same straight line 447 let two 
similar and unequal segments of circles 
ACB, ADB be constructed on the same " 


side ; 
let ACD be drawn through, and let CA, e Ta 


DB be joined. ^ E 


Then, since the segment ACB is 
similar to the segment 7427, 
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and similar segments of circles are those which admit equal 


angles, (1. Def. 11] 
the angle ACB is equal to the angle A DB, the exterior 
to the interior: which is impossible. [1. 16] 


Therefore etc. 
Qr B. 


t. cannot be constructed, où everaÜ serai, the same phrase as in t. 7. 


Clavius and the other early editors point out that, while the words “on 
the same side" in the enunciation are necessary for Euclid's proof, it is 
equally true that neither can there be two similar and unequal segments on 
opposite sides of the same straight line; this is at once made clear by causing 
one of the segments to revolve round the base till it is on the same side with 
the other. 

Simson observes with reason that, while Euclid in the following proposition, 
ut. 24, thinks it necessary to dispose of the hypothesis that, if two similar 
segments on equal bases are applied to one another with the bases coincident, 
the segments cannot cut in any other point than the extremities of the base 
(since otherwise two circles would cut one another in more points than two), 
this remark is an equally necessary preliminary to 111. 23, in order that we 
may be justified in drawing the segments as being one inside the other. 
Simson accordingly begins his proof of 111. 23 thus: 

* Then, because the circle ACB cuts the circle ADB in the two points 
A, B, they cannot cut one another in any other point : 


One of the segments must therefore fall within the other. 
Let ACB fall within ADB and draw the straight line 4 CD, etc.” 


Simson has also substituted “not coinciding with one another" for 
“unequal” in Euclid's enunciation. 

Then in 111. 24 Simson leaves out the words referring to the hypothesis 
that the segment 442 when applied to the other CFD may be “otherwise 
placed as CGD”; in fact, after stating that 48 must coincide with CD, he 
merely adds words quoting the result of 111. 23: “Therefore, the straight line 
AB coinciding with CD, the segment AEB must coincide with the segment 
CFD, and is therefore equal to it.” 


PROPOSITION 24. 


Similar segments of circles on equal straight lines are equal 
to one another. 


For let AEB, CFD be similar segments of circles on 
equal straight lines 4B, CD; 


5 I say that the segment A £7 is equal to the segment CFD. 


For, if the segment A ÆÐ be applied to CFD, and if the 
point 4 be placed on C and the straight line AB on CD, 
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the point Z will also coincide with the point 2, because 
AB is equal to CD ; 


1 and, 747 coinciding with CD, 
the segment 44 E 7 will also coincide with CFD. 


E F G 
A B c D 


For, if the straight line AP coincide with CD but the 
segment A EP do not coincide with CFD, 


it will either fall within it, or outside it ; 
i5 or it will fall awry, as CGD, and a circle cuts a circle at more 
points than two: which is impossible. (111. 10] 
Therefore, if the straight line 447 be applied to CD, the 
segment 4 £7 will not fail to coincide with CFD also ; 
therefore it will coincide with it and will be equal to it. 


20 Therefore etc. 
Q &. D. 


15. fall awry, wapad\dée:, the same word as used in the like case in t. 8. The word 
implies that the epphed figure will partly fall short of, and partly overlap, the figure to 
which it is applied. 


Compare the note on the last proposition. I have put a semicolon instead 
of the comma which the Greek text has after “outside it," in order the better 
to indicate that the inference “and a circle cuts a circle in more points than 
two" only refers to the third hypothesis that the applied segment is “otherwise 
placed (rapaAAafe) as CGD.” The first two hypotheses are disposed of by 
a facit reference to the preceding proposition 111. 23. 


PROPOSITION 25. 
Given a segment of a circle, to describe the complete circle 
of which it 2s a segment. 
Let ABC be the given segment of a circle ; 


thus it is required to describe the complete circle belonging 
to the segment AAC, that is, of which it is a segment. 


For let AC be bisected at D, let DB be drawn from the 
point D at right angles to AC, and let AB be joined ; 
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the angle AAD is then greater than, equal to, or less 
than the angle BAD. 
First let it be greater ; 


and on the straight line BA, and at the point A on it, let 

the angle BAE be constructed equal to 

the angle ABD; let DB be drawn through A 

to E, and let EC be joined. f 
B 


Then, since the angle ABE is equal to 
the angle BAEZ, 


the straight line 77 is also equal to | 
BA. [1. 6] 
And, since AD is equal to DC, 
and DE is common, 
the two sides AD, DE are equal to the two sides CD, DE 
respectively ; 
and the angle ADE is equal to the angle C2, for each is 
right ; 
therefore the base 4 £ is equal to the base CZ. 
But AE was proved equal to BE; 
therefore BF is also equal to CZ ; 
therefore the three straight lines AE, £7, EC are equal to 
one another. 


Therefore the circle drawn with centre Æ and distance 
one of the straight lines A E, £7, EC will also pass through 
the remaining points and will have been completed. [111. 9] 

Therefore, given a segment of a circle, the complete circle 
has been described. 

And it is manifest that the segment AAC is less than a 
semicircle, because the centre Æ happens to be outside it. 

Similarly, even if the angle ABD be equal to the angle 
BAD, 


AD being equal to each of the two BD, DC, 


the three straight lines DA, DB, DC will 
be equal to one another, B D 


D will be the centre of the completed circle, 
and ASC will clearly be a semicircle. 


A 
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But, if the angle 4 BD be less than the angle BAD, 


and if we construct, on the straight line BA 
and at the point 4 on it, an angle equal to A 
the angle ALD, the centre will fall on DB 
within the segment ABC, and the segment 


ABC will clearly be greater than a semi- ° R 
circle. a 
Therefore, given a segment of a circle, S 

the complete circle has been described. 
QE. F. 


1. to describe the complete circle, rposav»aypdya: rò» kóxXor, literally “to describe 
the circle on to it.’ 


It will be remembered that Simson takes first the case in which the angles 
ABD, BAD are equal to one another, and then takes the other two cases 
together, telling us to “produce BØD, if necessary." This is a little shorter 
than Euclid's procedure, though Euclid does not repeat the proof of the first 
case in giving the third, but only refers to it as equally applicable. 

Campanus, Peletarius and others give the solution of this problem in 
which we take two chords not parallel and bisect each at right angles by 
straight lines, which must meet in the centre, since each contains the centre 
and they only intersect in one point. Clavius, Billingsley, Barrow and others 
give the rather simpler solution in which the two chords have one extremity 
common (cf. Euclid's proofs of 111. 9, 10). This method De Morgan favours, 
and (as noted on 1. 1 above) would make 111. 1, this proposition, and 
iv. 5 all corollaries of the theorem that "the line which bisects a chord 
perpendicularly must contain the centre.” Mr H. M. Taylor practically 
adopts this order and method, though he finds the centre of a circle by 
means of any two non-parallel chords; but he finds ¢he centre of the circle of 
which a given arc is a part (his proposition corresponding to 111. 25) by 
bisecting at right angles first the base and then the chord joining one extremity 
of the base to the point in which the line bisecting the base at right angles 
meets the circumference of the segment. Under De Morgan's alternative the 
relation between Euclid 111. 1 and the Porism to it would be reversed, and 
Euclid’s notion of a Porism or corollary would have to be considerably 
extended. 

If the problem is solved after the manner of Iv. 5, it is still desirable to 
state, as Euclid does, after proving AZ, EB, EC to be all equal, that “the 
circle drawn with centre Æ and distance one of the straight lines AZ, EB, 
EC will also pass through the remaining points of the segment” (ir. 9), in 
order to show that part of the circle described actually coincides with the 
given segment. This is not so clear if the centre is determined as the 
intersection of the straight lines bisecting at right angles chords which join 
pairs of four different points. 


PROPOSITION 26. 


In equal circles equal angles stand on equal circumferences, 
whether they stand at the centres or at the circumferences. 
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Let ABC, DEF be equal circles, and in them let there 
be equal angles, namely at the centres the angles BGC, 
EHF, and at the circumferences the angles BAC, EDF; 


I say that the circumference BAC is equal to the circum- 
ference ZEF: 


DS 
Al E s 


For let BC, EF be joined. 
Now, since the circles 48C, DEF are equal, 


the radii are equal. 


Thus the two straight lines BG, GC are equal to the 
two straight lines E77, HF; 
and the angle at G is equal to the angle at 77; 
therefore the base BC is equal to the base £F. (1. 4] 
And, since the angle at 74 is equal to the angle at 2, 
the segment LAC is similar to the segment EDF; 
(11. Def. 11] 
and they are upon equal straight lines. 
But similar segments of circles on equal straight lines are 
equal to one another ; (im. 24] 
therefore the segment BAC is equal to EDF. 
But the whole circle ABC is also equal to the whole circle 
DEF; 
therefore the circumference BAC which remains is equal to 
the circumference ELF. 


Therefore etc. Q. E. D. 


As in rit. 21, if Euclid's proof is to cover all cases, it requires us to take 
cognisance of “angles at the centre” which are equal to or greater than two 
right angles. Otherwise we must deal separately with the cases where the 
angle at the circumference is equal to or greater than a right angle. The 
case of an obtuse angle at the circumference can of course be reduced by 
means of 111. 22 to the case of an acute angle at the circumference ; and, in 
case the angle at the circumference is right, it is readily proved, by drawing 
the radii to the vertex of the angle and to the other extremities of the lines 
containing it, that the latter two radii are in a straight line, whence they make 
equal bases in the two circles as in Euclid's proof. 
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Lardner has another way of dealing with the right angle or obtuse angle 
at the circumference. In either case, he says, * bisect them, and the halves 
of them are equal, and it can be proved, as above, that the arcs upon which 
these halves stand are equal, whence it follows that the arcs on which the 
given angles stand are equal." 


PROPOSITION 27. 


In equal circles angles standing on equal circumferences 
are equal to one another, whether they stand at the centres or 
at the circumferences. 


For in equal circles ABC, DEF, on equal circumferences 
BC, EF, let the angles BGC, EHF stand at the centres G, 
H, and the angles BAC, EDF at the circumferences ; 


I say that the angle BGC is equal to the angle £ HF, 
and the angle BAC is equal to the angle EDF. 





For, if the angle BGC is unequal to the angle EHF, 
one of them is greater. 


Let the angle BGC be greater ; and on the straight line BG, 
and at the point G on it, let the angle BGA be constructed 


equal to the angle £H F. [1. 23] 
Now equal angles stand on equal circumferences, when 
they are at the centres ; [111. 26] 


therefore the circumference BX is equal to the circum- 
ference EF. 


But EF is equal to BC ; 


therefore BA is also equal to AC, the less to the 
greater: which is impossible. 


Therefore the angle BGC is not unequal to the angle 
EHF; 


therefore it is equal to it. 
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And the angle at 4 is half of the angle BGC, 
and the angle at D half of the angle FHF; (111. 20] 
therefore the angle at 4 is also equal to the angle at D. 
Therefore etc. 
Q. E. D. 


This proposition is the converse of the preceding one, and the remarks 
about the method of treating the different cases apply here also. 


PROPOSITION 28. 


In equal circles equal straight lines cut off equal circum- 
ferences, the greater equal to the greater and the less to the 
less. 


Let ABC, DEF be equal circles, and in the circles let 
AB, DE be equal straight lines cutting off ACB, DFE as 
greater circumferences and AGB, DHE as lesser; 

I say that the greater circumference ACB is equal to the 


greater circumference DFE, and the less circumference AGB 
to DHE. 


For let the centres X, Z of the circles be taken, and let 
AK, KB, DL, LE be joined. 
Now, since the circles are equal, 
the radii are also equal ; 
therefore the two sides AX, XB are equal to the two 
sides DL, LE; 
and the base 42 is equal to the base DE ; 
therefore the angle AB is equal to the angle DZ E. 


[1. 8] 
But equal angles stand on equal circumferences, when 
they are at the centres ; (111. 26] 


therefore the circumference AGB is equal to DHE. 
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And the whole circle 4AC is also equal to the whole 
circle DEF; 
therefore the circumference 44 C7 which remains is also equal 
to the circumference DFE which remains. 

Therefore etc. 

Q. E. D. 

Euclid's proof does not in terms cover the particular case in which the 
chord in one circle passes through its centre; but indeed this was scarcely 
worth giving, as the proof can easily be supplied. Since the chord in one 
circle passes through its centre, the chord in the second circle must also be a 
diameter of that circle, for equal circles are those which have equal diameters, 
and all other chords in any circle are less than its diameter [111. 15]; hence 
the segments cut off in each circle are semicircles, and these must be equal 
because the circles are equal. 


PROPOSITION 29. 


In equal circles equal circumferences are subtended by equal 
straight lines. 

Let ABC, DEF be equal circles, and in them let equal 
circumferences BGC, EHF be cut off; and let the straight 
lines BC, EF be joined ; 

I say that AC is equal to ÆA. 





For let the centres of the circles be taken, and let them 
be A, Z; let BK, KC, EL, LF be joined. 
Now, since the circumference BGC is equal to the 
circumference EHF, 
the angle BKC is also equal to the angle EZ. (ur. 27] 
And, since the circles ABC, DEF are equal, 
the radii are also equal ; 
therefore the two sides BA, AC are equal to the two sides 
EL, LF; and they contain equal angles ; 
therefore the base AC is equal to the base EF. — [i4] 
Therefore etc. 
Q E D 
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The particular case of this converse of 111. 28 in which the given arcs are 
arcs of semicircles is even easier than the corresponding case of 111. 28 itself. 

The propositions 111. 26—29 are of course equally true if the same circle 
is taken instead of /:wo equa! circles. 


PROPOSITION 30. 
To bisect a given circumference. 


Let ADB be the given circumference ; 
thus it is required to bisect the circumference ADB. 
Let 4B be joined and bisected at 


C ; from the point C let CD be drawn D 
at right angles to the straight line 4B, 
and let AD, DB be joined. 
Then, since AC is equal to CZ, A Č 8 


and CD is common, 
the two sides 4C, CD are equal to the two sides BC, CD; 


and the angle ACY is equal to the angle ACD, for each is 
right ; 


therefore the base 4D is equal to the base DA. — [r 4] 

But equal straight lines cut off equal circumferences, the 

greater equal to the greater, and the less to the less; (i. 28] 

and each of the circumferences 74 D, DB is less than a 
semicircle ; 


therefore the circumference 4D is equal to the circum- 
ference DB. 


Therefore the given circumference has been bisected at 
the point D. 


Q. E. F. 


PROPOSITION 31. 


In a circle the angle in the semicircle is right, that in a 
greater segment less than a right angle, and that in a less 
segment greater than a right angle; and further the angle of 
the greater segment is greater than a right angle, and the angle 
of the less segment less than a right angle. 
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Let ABCD be a circle, let BC be its diameter, and £ its 
centre, and let 244, AC, AD, DC 
be joined ; 
| say that the angle BAC in the o 
semicircle BAC is right, 
the angle 44 PC in the segment 4 BC 
greater than the semicircle is less 
than a right angle, 
and the angle ADC in the segment 
ADC less than the semicircle is 
greater than a right angle. 
Let AF be joined, and let BA 
be carried through to 7. 
Then, since BF is equal to £A, 
the angle A BE is also equal to the angle BAL. [1.5] 
Again, since CZ is equal to EZ, 
the angle ACE is also equal to the angle C4 £. [1. 5] 
Therefore the whole angle BAC is equal to the two angles 
AB CAGK. 
But the angle FAC exterior to the triangle AAC is also 


C 


equal to the two angles ABC, ACB; (1. 32] 
therefore the angle ZAC is also equal to the angle FAC; 
therefore each is right ; [1. Def. 10] 


therefore the angle BAC in the semicircle BAC is right. 


Next, since in the triangle ABC the two angles AAC, 
BAC are less than two right angles, [t 17] 
and the angle BAC is a right angle, 

the angle AAC is less than a right angle; 
and it is the angle in the segment AAC greater than the 
semicircle. 


Next, since ABCD is a quadrilateral in a circle, 
and the opposite angles of quadrilaterals in circles are equal 
to two right angles, [. 22] 
while the angle 4 AC is less than a right angle, 
therefore the angle ADC which remains is greater than a 
right angle ; 
and it is the angle in the segment 4 DC less than the semi- 
circle. 
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I say further that the angle of the greater segment, namely 
that contained by the circumference AAC and the straight 
line AC, is greater than a right angle ; 
and the angle of the less segment, namely that contained by 
the circumference A DC and the straight line AC, is less than 
a right angle. 

This is at once manifest. 

For, since the angle contained by the straight lines 7,4, AC 
is right, 

the angle contained by the circumference AC and the 
straight line AC is greater than a right angle. 

Again, since the angle contained by the straight lines 
AC, AF is right, 

the angle contained by the straight line CA and the 
circumference APC is less than a right angle. 


Therefore etc. l Q. ED. 


As already stated, this proposition is immediately deducible from 111. 20 if 
that theorem is extended so as to include the case where the segment is equal 
to or less than a semicircle, and where consequently the “ angle at the centre” 
is equal to two right angles or greater than two right angles respectively. 

There are indications in Aristotle that the proof of the first part of the 
theorem in use before Euclid’s time proceeded on different lines. ‘Two 
passages of Aristotle refer to the proposition that the angle in a semicircle 
is a right angle. The first passage is Anal. Post. 1. 11, 94 a 28: “Why is 
the angle in a semicircle a right angle? Or what makes it a right angle? 
(rivos óvros op6y;) Suppose A to be a right angle, Æ half of two right 
angles, C the angle in a semicircle. Then Æ is the cause of 4, the right 
angle, being an attribute of C, the angle in the semicircle. For 7 is equal to 
A, and C to Z; for C is half of two right angles. ‘Therefore it is in virtue of 
B being half of two right angles that 4 is an attribute of C ; and the latter 
means the fact that the angle in a semicircle is right." Now this passage 
by itself would be consistent with a proof like Euclid's or the alternative 
interpolated proof next to be mentioned. But the second passage throws a 
different light on the subject. Thisis Metaph. 1051 a 26: "Why is the angle 
in a semicircle a right angle invariably (xa@cAov)? Because, £f there be three 
straight lines, two forming the base, and the third set up at right angles at its 
middle point, the fact is obvious by simple inspection to any one who knows 
the property referred to” (exeivo is the property that the angles of a triangle 
are together equal to two right angles, mentioned two 
lines before). ‘That is to say, the angle a? the middle 
point of the circumference of the semicircle was taken 
and proved, by means of the two isosceles right-angled 
triangles, to be the sum of two angles each equal to á N 
one-fourth of the sum of the angles of the large triangle 
in the figure, or of two right angles; and the proof 
must have been completed by means of the theorem of 111. 21 (that angles 
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in the same segment are equal) which Euclid's more general proof does 
not need. 

In the Greek texts before that of August there is an alternative proof 
that the angle BAC (in a semicircle) is right. August and Heiberg relegate 
it to an Appendix. 

“ Since the angle 4 £C is double of the angle BAZ (for it is equal to the 
two interior and opposite angles), while the angle 4E is also double of the 
angle EAC, 

the angles 448, AEC are double of the angle BAC. 

But the angles AEB, AEC are equal to two right angles ; 

therefore the angle BAC is right." 


Lardner gives a slightly different proof of the second part of the theorem. 
If ABC be a segment greater than a semicircle, 
draw the diameter AD, and join CD, CA. 
Then, in the triangle ACD, the angle ACD is right 
(being the angle in a semicircle) ; 
therefore the angle ADC is acute. 
But the angle ADC is equal to the angle ABC in 
the same segment ; 
therefore the angle ABC is acute. 


Euclid’s references in this proposition to the angle of a segment greater 
or less than a semicircle respectively seem, like the part of 111. 16 relating to 
the angle of a semicircle, to be a survival of ancient controversies and not to 
be put in deliberately as being an essential part of elementary geometry. Cf. 
the notes on 11. Def. 7 and 111. 16. 

The corollary ordinarily attached to this proposition is omitted by Heiberg 
as an interpolation of date later than Theon. It is to this effect: * From 
this it is manifest that, if one angle of a triangle be equal to the other two, 
the first angle is right because the exterior angle to it is also equal to the 
same angles, and if the adjacent angles be equal, they are right." No doubt 
the corollary is rightly suspected, because there is no necessity for it here, and 
the words omep ée eifat come before it, not after it, as is usual with Euclid. 
But, on the other hand, as the fact stated does appear in the proof of 11. 31, 
the Porism would be a Porism after the usual type, and I do not quite follow 
Heiberg's argument. that, “if Euclid had wished to add it, he ought to have 
placed it after 1. 32.’ 

It has already been mentioned above (p. 44) that this proposition supplies 
us with an alternative construction for the problem in i. 17 of drawing the 
two tangents to a circle from an external point. 

Two theorems of some historical interest which follow directly from 111. 31 
may be mentioned. 

The first is a lemma of Pappus on “the 
24th problem” of the second Book of Apol- 
lonius’ lost treatise on vevoas (Pappus vr. 


p. 812) and is to this effect. If a circle, as ES 
DEF, pass through 2, the centre of a circle 
ABC, and if through Æ, the other point in 


which the line of centres meets the circle 4 D C F 
DEF, any straight line be drawn (and produced 
if necessary) meeting the circle DEF in £ and the circle ABC in B, G, 
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then Æ is the middle point of AG, For, if DE be joined, the angle DEF 
(in a semicircle) is a right angle [11, 31]; and DZ, being at right angles to 
the chord BG of the circle ABC, also bisects it [111. 3]. 

The second is a proposition in the Ziber Assumptorum, attributed (no 
doubt erroneously as regards much of it) to Archimedes, which has reached 
us through the Arabic (Archimedes, ed. Heiberg, 11. pp. 439—440). 

Lf two chords AB, CD in a circle intersect at right angles in a point O, 
then the sum of the squares on AO, BO, CO, DO ts egual to the square on the 
diameter. 

For draw the diameter CZ, and join AC, CB, AD, BE. 


C 


A D A 


Then the angle CAO is equal to the angle CEZ. (This follows, in the 
first figure, from 111. 21 and, in the second, from 1. 13 and 111. 22.) Also the 
angle COA, being right, is equal to the angle CBE which, being the angle in a 
semicircle, is also right (111. 31]. 

Therefore the triangles AOC, EBC have two angles equal respectively ; 
whence the third angles ACO, ECB are equal. (In the second figure the 
angle ACO is, by 1. 13 and 111. 22, equal to the angle 4BD, and therefore 
the angles ABD, ECB are equal.) f 

Therefore, in both figures, the arcs AD, BE, and consequently the chords 
AD, BE subtended by them, are equal. i. 26, 29] 

Now the squares on 40, DO are equal to the square on AD [1. 47], that 
is, to the square on BE. 

And the squares on CO, BO are equal to the square on AC. 

Therefore, by addition, the squares on AO, BO, CO, DO are equal to the 
squares on EB, BC, i.e. to the square on C£. {1. 47] 


PROPOSITION 32. 


Lf a straight line touch a circle, and from the point of 
contact there be drawn across, in the circle, a straight line 
cutting the circle, the angles which it makes with the tangent 
will be equal to the angles in the alternate segments of the 
circle. 


For let a straight line E touch the circle ABCD at 
the point Z, and from the point Ø let there be drawn across, 
in the circle ABCD, a straight line BD cutting it; 


I say that the angles which ZD makes with the tangent EF 
will be equal to the angles in the alternate segments of the 
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circle, that is, that the angle FBD is equal to the angle 
constructed in the segment BAD, and the angle EAP is 
equal to the angle constructed in the 
segment DC. 

For let BA be drawn from 7 at 
right angles to EZ, 
let a point C be taken at random on 
the circumference AD, 
and let AD, DC, CB be joined. 


Then, since a straight line EF 
touches the circle ABCD at P, 


and BA has been drawn from the point 
of contact at right angles to the tangent, 


the centre of the circle ABCD is on BA. (111. 19] 
Therefore BA i$ a diameter of the circle ABCD; 
therefore the angle ADB, being an angle in a semicircle, 





is right. (ur. 31] 
Therefore the remaining angles BAD, ABD are equal to 
one right angle. (1. 32] 


But the angle ABF is also right ; 
therefore the angle ABF is equal to the angles BAD, ABD. 
Let the angle ABD be subtracted from each ; 
therefore the angle DF which remains is equal to the angle 
BAD in the alternate segment of the circle. 
Next, since 44 BCD is a quadrilateral in a circle, 
its opposite angles are equal to two right angles. (u. 22] 
But the angles DBF, DBE are also equal to two right 
angles ; 
therefore the angles DBF, DBE are equal to the angles 
BAD, BCD, 


of which the angle BAD was proved equal to the angle 
DBF; l 

therefore the angle DBE which remains is equal to the 
angle DC7 in the alternate segment DC7 of the circle. 

Therefore etc. Q. E. D. 

The converse of this theorem is true, namely that, 7f a straight line 
drawn through one extremity of a chord of a circle make with that chord 


angles equal. respectively to the angles in the alternate segments of the circle, 
the straight line so drawn touches the circle. 


\ 


I 
] 
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' This can, as Camerer and Todhunter remark, be proved indirectly ; or we 
may prove it, with Clavius, directly. Let BD be the given chord, and let EF 
be drawn through A so that it makes with ZD angles equal to the angles in 
the alternate segments of the circle respectively, 

Let BA be the diameter through Æ, and let C be any point on the 
circumference of the segment DCB which does not contain 4. Join AD, 
DC, CB. 

Then, since, by hypothesis, the angle FBD is equal to the angle BAD, 
let the angle ABD be added to both; 


therefore the angle ABF is equal to the angles ABD, BAD. 
But the angle BDA, being the angle in a semicircle, is a right angle ; 


therefore the remaining angles ABD, BAD in the triangle ABD are 
equal to a right angle. 


Therefore the angle A BF is right ; 
hence, since BA is the diameter through B, 
EF touches the circle at B. (itt. 16, Por.] 


Pappus assumes in, one place (iv. p. 196) the consequence of this 
proposition that, Zf two circles touch, any straight line drawn through the point 
of contact and terminated by both circles cuts off segments in each which are 
respectively similar. Pappus also shows how to prove this (vit. p. 826) by 
drawing the common tangent at the point of contact and using this proposition, 
iiti. 32. 


PROPOSITION 33. 


On a given straight line to describe a segment of a circle 
admitting an angle equal toa given rectilineal angle. 


Let AB be the given straight line, and the angle at C the 
given rectilineal angle ; 
thus it is required to describe 
on the given straight line 
AB a segment of a circle ad- 


mitting an angle equal to the 
angle at C. NM 


The angle at C is then B 
acute, or right, or obtuse. 


First let it be acute, 


and, as in the first figure, on 
the straight line AB, and at the point A, let the angle BAD 
be constructed equal to the angle at C ; 


therefore the angle BAD is also acute. 
"Let AZ be drawn at right angles to DA, let AB be 


5—2 


E 
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bisected at 7, let FG be drawn from the point Æ at right 
angles to AB, and let GP be joined. 
Then, since AF is equal to FA, 
and FG is common, 
the two sides AF, FG are equal to the two sides BF, FG ; 
and the angle AFG is equal to the angle BEG ; 
therefore the base AG is equal to the base JG. {u 4] 
Therefore the circle described with centre G and distance 


GA will pass through 7 also. 
Let it be drawn, and let it be ABE; 


let EZ be joined. 
Now, since AD is drawn from A, the extremity of the 
diameter 4 Æ, at right angles to 44 Z, 
therefore AD touches the circle ABE. (11. 16, Por.] 
Since then a straight line AD touches the circle ABE, 
and from the point of contact at 4 a straight line AP is 
drawn across in the circle ABE, 
the angle DAS is equal to the angle A ZA in the alternate 
segment of the circle. (11. 32] 
But the angle DAZ is equal to the angle at C; 
therefore the angle at C is also equal to the angle A £7. 


Therefore on the given straight line AB the segment 
A E B of a circle has been described admitting the angle AEB 
equal to the given angle, the angle at C. 


Next let the angle at C be right ; 


RE 


D A 


E 


and let it be again required to describe on AB a segment 
of a circle admitting an angle equal to the right angle at C. 

Let the angle BAD be constructed equal to the right 
angle at C, as is the case in the second figure ; 
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let AB be bisected at F, and with centre Æ and distance 
either FA or F7 let the circle AEB be described. 
Therefore the straight line AD touches the circle ABE, 
because the angle at 4 is right. (ur. 16, Por.] 
And the angle BA D is equal to the angle in the segment 
AEB, for the latter too is itself a right angle, being an 
angle in a semicircle. [ur. 31] 
But the angle BAD is also equal to the angle at C. 
Therefore the angle A £7 is also equal to the angle at C. 
Therefore again the segment AEB of a circle has been 
described on 44 7 admitting an angle equal to the angle at C. 
Next, let the angle at C be obtuse; 


a r | 


and on the straight line 4A, and at the point A, let the 
angle BAD be constructed equal to it, as is the case in the 
third figure ; 
let AE be drawn at right angles to AD, let AZ be again 
bisected at /, let FG be drawn at right angles to AB, and 
let GB be joined. 
Then, since AF is again equal to FB, 
and FG is common, 
the two sides 4 F, FG are equal to the two sides BF, FG ; 
and the angle 44 FG is equal to the angle B/G; 
therefore the base AG is equal to the base BG. [t 4] 
Therefore the circle described with centre G and distance 
GA will pass through Z also; let it so pass, as AEB. 
Now, since AD is drawn at right angles to the diameter 
AE from its extremity, 
AD touches the circle AED. [1t. 16, Por.] 
And AZ has been drawn across from the point of contact 
at A; 
therefore the angle BAD is equal to the angle constructed 
in the alternate segment A 772 of the circle. (ur. 32] 
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But the angle BAD is equal to the angle at C. ` 

Therefore the angle in the segment 74777 is also equal to 
the angle at C. 

Therefore on the given straight line AZ the segment 
AHB of a circle has been described admitting an angle equal 
to the angle at C. 

QUE. 


Simson remarks truly that the first and third cases, those namely in which 
the given angle is acute and obtuse respectively, have exactly the same 
construction and demonstration, so that there is no advantage in repeating 
them. Accordingly he deals with the cases as one, merely drawing two 
different figures. It is also true, as Simson says, that the demonstration of 
the second case in which the given angle is a right angle **is done in a round- 
about way," whereas, as Clavius showed, the problem can be more easily 
solved by merely bisecting 447 and describing a semicircle on it. A glance 
at Euclid's figure and proof will however show a more curious fact, namely 
that he does not, in the proof of the second case, use the angle in the 
alternate segment, as he does in the other two cases. He might have done so 
after proving that AD touches the circle; this would only have required his 
point Æ to be placed on the side of 47 opposite to D. Instead of this, he 
uses III. 31, and proves that the angle A4 is equal to the angle C, because 
the former is an angle in a semicircle, and is therefore a right angle as C is. 

The difference of procedure is no doubt owing to the fact that he has not, 
in 111. 32, distinguished the case in which the cutting and touching straight 
lines are at right angles, i.e. in which the two alternate segments are semicircles. 
To prove this case would also have required 111. 31, so that nothing would 
have been gained by stating it separately in 11. 32 and then quoting the 
result as part of 111. 32, instead of referring directly to 11. 31. 

It is assumed in Euclid's proof of the first and third cases that 4Z and 
FG will meet; but of course there is no difficulty in satisfying ourselves 
of this, 


PROPOSITION 34. 


From a given circle to cut off a segment admitting an angle 
egual to a given rectilineal angle. 


Let ABC be the given circle, and the angle at D the 
given rectilineal angle ; 
thus it is required to cut off from the circle ABC a segment 
admitting an angle equal to the given rectilineal angle, the 
angle at D. 

Let £F be drawn touching 4 2C at the point Z, and on 
the straight line FB, and at the point Z on it, let the angle 
FB C be constructed equal to the angle at D. [1. 23] 

Then, since a straight line £F touches the circle AAC, 
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and C has been drawn across from the point of contact 
at B, 


the angle FBC is equal to the angle constructed in the alternate 
segment BAC. [ur. 32] 


Cc 


B | 
E 


But the angle FBC is equal to the angle at D ; 


therefore the angle in the segment BAC is equal to the 
angle at D. 

Therefore from the given circle ABC the segment BAC 
has been cut off admitting an angle equal to the given recti- 
lineal angle, the angle at 2. 

Q. E. F. 
An alternative construction here would be to make an “angle at the 


centre" (in the extended sense, if necessary) double of the given angle; and, 
. if the given angle is right, it is only necessary to draw a diameter of the circle. 


PROPOSITION 35. 


Jf in a circle two straight lines cut one another, the 
rectangle contained by the segments of the one is equal to the 
rectangle contained by the segments of the other. 


For in the circle ABCD let the two straight lines 4C, 
BD cut one another at the point £ ; 


I say that the rectangle contained by A Æ, 
. EC is equal to the rectangle contained by A 
DE, ded. 

If now AC, BP are through the centre, 
so that Æ is the centre of the circle ACD, 
it is manifest that, AZ, EC, DE, EB 
being equal, 
the rectangle contained by AL, EC is also equal to the 
rectangle contained by DE, EP. 
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Next let AC, DB not be through the centre ; 
let the centre of ABCD be taken, and 
let it be F; 
from F let FG, FH be drawn perpen- 


dicular to the straight lines 4C, DB, ^ D 
and let FE, FC, FE be joined. 
Then, since a straight line GF 
through the centre cuts a straight line 
AC not through the centre at right 
angles, 86 


it also bisects it ; [ur. 3] 
therefore AG is equal to GC. 

Since, then, the straight line 4C has been cut into equal 
parts at G and into unequal parts at £, 
the rectangle contained by AZ, £C together with the square 
on ÆG is equal to the square on GC; (1. 5] 

Let the square on G be added ; 
therefore the rectangle 44 £, EC together with the squares 
on GE, GF is equal to the squares on CG, GF. 

But the square on FÆ is equal to the squares on EG, GF, 
and the square on FC is equal to the squares on CG, GF; 

[t 47] 

therefore the rectangle 44 E, EC together with the square 
on FE is equal to the square on FC. 

And FC is equal to FB; 
therefore the rectangle A E, EC together with the square on 
EF is equal to the square on 77. 

For the same reason, also, 
the rectangle DE, EB together with the square on FÆ is 
equal to the square on FA. 

But the rectangle AE, EC together with the square on 
FE was also proved equal to the square on 77 ; 
therefore the rectangle AE, EC together with the square on 
FE is equal to the rectangle DE, £P together with the 
square on FE. 

Let the square on FE be subtracted from each ; 
therefore the rectangle contained by AZ, EC which remains 
is equal to the rectangle contained by DZ, EB. 

Therefore etc. 

Q. E. D. 
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In addition to the two cases in Euclid’s text, Simson (following Campanus) 
gives two intermediate cases, namely (1) that in which one chord passes through 
the centre and bisects the other which does not pass through the centre at right 
angles, and (2) that in which one passes through the centre and cuts the other 
which does not pass through the centre but not at right angles. Simson then 
reduces Euclid’s second case, the most general one, to the second of the two 
intermediate cases by drawing the diameter through Æ. His note is as 
follows: “As the 25th and 33rd propositions are divided into more cases, 
so this 35th is divided into fewer cases than are necessary. Nor can it be 
supposed that Euclid omitted them because they are easy; as he has given 
the case which by far is the easiest of them all, viz. that in which both the 
straight lines pass through the centre: And in the following proposition he 
separately demonstrates the case in which the straight line passes through the 
centre, and that in which it does not pass through the centre: So that it 
seems Theon, or some other, has thought them too long to insert: But cases 
that require different demonstrations should not be left out in the Elements, 
as was before taken notice of: These cases are in the translation from the 
Arabic and are now put into the text." Notwithstanding the ingenuity of the 
argument based on the separate mention by Euclid of the simplest case of 
all, I think the conclusion that Euclid himself gave four cases is unsafe ; in 
fact, in giving the simplest and most difficult cases only, he scems to be 
following quite consistently his habit of avoiding /oo great multiplicity of cases, 
while not ignoring their existence. 

The deduction from the next proposition (111. 36) which Simson, following 
Clavius and others, gives as a corollary to it, namely that, Zf from any point 
without a circle there be drawn two straight lines cutting it, the rectangles 
contained by the whole lines and the parts of them without the circle are equal to 
one another, can of course be combined with 111. 35 in one enunciation. 

As remarked by Todhunter, a large portion of the proofs of 111. 35, 36 
amounts to proving the proposition, Zf any point be taken on the base, or the 
base produced, of an isosceles triangle, the rectangle contained by the segments of 
the base (i.e. the respective distances of the ends of the base from the point) is 
equal to the difference between the square on the straight line joining the point to 
the vertex and the square on one of the equal sides of the triangle. This is of 
course an immediate consequence of 1. 47 combined with 11. 5 or 11. 6. 

The converse of 111. 35 and Simson’s corollary to 111. 36 may be stated 
thus. Z/ two straight lines AB, CD, produced if necessary, intersect at O, and if 
the rectangle AO, OB be equal to the rectangle CO, OD, the circumference of a 
circle will pass through the four points A, B, C, D. The proof is indirect. 
We describe a circle through three of the points, as 4, B, C (by the method 
used in Euclid's proofs of 111. 9, 10), and then we prove, by the aid of 111, 35 
and the corollary to 11. 36, that the circle cannot but pass through 2 also. 


PROPOSITION 36. 


Jf a point be taken outside a circle and from ut there fall 
on the circle two straight lines, and tf one of them cut the 
circle and the other touch it, the rectangle contained by the 
whole of the straight line which cuts the circle and the straight 
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line intercepted on tt outside between the point and the convex 
circumference will be equal to the square on the tangent. 

For let a point D be taken outside the circle ABC, 
and from Ø let the two straight lines DCA, 

DB fall on the circle ABC; let DCA cut A 
the circle ABC and let BD touch it; 

I say that the rectangle contained by AD, 
DC is equal to the square on DB. 

Then DCA is either through the centre 
or not through the centre. 

First let it be through the centre, and 
let F be the centre of the circle ABC; 
let FB be joined ; 

therefore the angle FBD is right. [u1. 18] 

And, since AC has been bisected at /, and CD is added 
to ıt, 
the rectangle 4D, DC together with the square on FC is 
equal to the square on FD. [11. 6] 

But FC is equal to F7 ; 
therefore the rectangle 4), DC together with the square on 
FB is equal to the square on FD. 

And the squares on FB, BD are equal to the square on 
FD; [t. 47] 
therefore the rectangle 4D, DC together with the square on 
FB is equal to the squares on F7, BD. 

Let the square on FB be subtracted from each ; 
therefore the rectangle AD, DC which remains is equal to 
the square on the tangent DB. 

Again, let DCA not be through the centre of the circle 


, 


o 


let the centre Æ be taken, and from Æ 
let £F be drawn perpendicular to AC; 
let EB, EC, ED be joined. 
Then the angle £72 is right. A 
[ur. 18] 
And, since a straight line AF © : 
through the centre cuts a straight line 
AC not through the centre at right angles, 
it also bisects it ; (11. 3] 
therefore 44 F is equal to FC. 
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Now, since the straight line ÆC has been bisected: at tie 
point F, and CD is added to it, 
the rectangle contained by 4D, DC together with the square 
on FC is equal to the square on FD. . [11:6] 

Let the square on FE be added to each; | 
therefore the rectangle 4D, DC together with the squares 
on CF, FE is equal to the squares on FD, FE. . 

But the square on ÆC is equal to the squares on iud FE; 
for the angle EFC is right ; uft ul 
and the square on £D is equal to dis Squares on DF, PS 


therefore the rectangle AD, DC together with the square on 
EC is equal to the square on £D. 
And £C is equal to EB; Cn 
therefore the rectangle 4D, DC N with the square on 
EB is equal to the square on ZZ. . 
, But the squares on £7, BD are equal to the square on 
ED, for the angle EBD is right ; [1. 47] 
therefore the rectangle AD, DC together with the aud. on 
EB is equal to the squares on EB, BD. — 
Let the square on £7 be subtracted from each ; 


therefore the rectangle 4D, d which remains is i"! to 
the square on DB. 


: Therefore etc. E Q. E. D. 


Cf. note on the preceding proposition. Observe that, wheréas it vilia 
be natural with us to prove first that, if 4 is an external point, and two 
straight lines AEB, AFC cut the circle in E, B and Æ C respectively, the 
rectangle BA, AE is equal to the rectangle CA, AF, and thence that, the 
tangent from A being a straight line like AEB in its ‘limiting position when 
E and B coincide, either rectangle is equal to the square on the tangent 
(cf. Mr H. M. Tay lor, p. 253), Euclid and the Greek geometers generally did 
not allow themselves to infer the truth. of a proposition in a /imiting case 
directly from the general case including it, but preferred a separate proof of 
the limiting case (cf. Apollonius of Perga, p. 40, 139—140). This accounts for 
the form of i11. 36. 


PROPOSITION 37. 


Jf a point be taken outside a circle and from the point 
there fall on the circle two straight lines, if one of them cut 
the circle, and the other fall on it, and if further the rect- 
angle contained by the whole of the straight line which cuts 
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the circle and the straight line intercepted on it outside 
between the point and the convex circumference be equal to 
the square on the straight line which falls on the circle, the 
straight line which falls on it will touch the circle. 


For let a point D be taken outside the circle ABC; 
from D let the two straight lines 
DCA, DB fall on the circle ACB; - 
let DCA cut the circle and DB 
fall on it; and let the rectangle 4 D, 
DC be equal to the square on DB. 


I say that DB touches the circle 
C. 


D E 


Á 
For let DE be drawn touching 
ABC; let the centre of the circle ARC be taken, and let it 
be JF; let EZ, F2, 7D besjoined: ; 
Thus the angle FED is right. (un, 18] 
Now, since DE touches the circle ABC, and DCA cuts it, 
the rectangle 4D, DC is equal to the square on DE. [ur 36] 
But the rectangle AD, DC was also equal to the square 
on DB; 
therefore the square on D is equal to the square on DB; 
therefore DE is equal to DB. 
And FE is equal to FB; 
therefore the two sides DZ, EF are equal to the two sides 
DB, BF; 
and FD is the common base of the triangles ; 
therefore the angle DE is equal to the angle DAF. 


1. 8 
But the angle DEF is right ; Pes 
therefore the angle DF is also right. 
And FB produced is a diameter ; 
and the straight line drawn at right angles to the diameter 
of a circle, from its extremity, touches the circle; [ur 16, Por.] 
therefore DB touches the circle. 


Similarly this can be proved to be the case even if the 
centre be on AC. 
Therefore etc. Q. BD. 


De Morgan observes that there is here the same defect as in 1. 48, i.e. an 
apparent avoidance of indirect demonstration by drawing the tangent DZ on 
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the opposite side of DF from DB. The case is similar to the apparently 
direct proof which Campanus gave. He drew the straight line from D 
passing through the centre, and then (without drawing a second tangent) 
proved by the aid of 11. 6 that the square on DF is equal to the sum of the 
squares on DB, BF; whence (by 1. 48) the angle DF is a right angle. 
But this proof uses 1. 48, the very proposition to which De Morgan's original 
remark relates. 

The undisguised indirect proof is easy. If DB does not touch the circle, 
it must cut it if produced, and it follows that the square on DB must be 
equal to the rectangle contained by DB and a longer line: which is absurd. 


BOOK IV. 
DEFINITIONS. 


1. A rectilineal figure is said to be inscribed in a 
rectilineal figure when the respective angles of the 
inscribed figure lie on the respective sides of that in which 
it is inscribed. 


2. Similarly a figure is said to be circumscribed about 
a figure when the respective sides of the circumscribed 
figure pass through the respective angles of that about which 
it is circumscribed. 


3. A rectilineal figure is said to be inscribed in a 
circle when each angle of the inscribed figure lies on the 
circumference of the circle. 


4. A rectilineal figure is said to be circumscribed 
about a circle, when each side of the circumscribed figure 
touches the circumference of the circle. 


5. Similarly a circle is said to be inscribed in a figure 
when the circumference of the circle touches each side of the 
figure in which it is inscribed. 


6. Acircle is said to be circumscribed about a figure 
when the circumference of the circle passes through each 
angle of the figure about which it is circumscribed. ` 


7. A straight line is said to be fitted into a circle when 
its extremities are on the circumference of the circle. 


DEFINITIONS 1—7. 
I append, as usual, the Greek text of the definitions. 


lis Xxüpa .eiOUypaupov eis exnpa evOvypappov éyypaperBar Aéyerat, órav 
(xaT) TÖV Toi éyypadopnévov oxyparos yeviov (xac rss mAevpas ToU, eis ô 


éyypdd«rai, arryrat 
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2. ZXyüpa &è ô ópoíws wept oxpa meprypaper bat A€yerat, Gray éxagry mÀevpa 
TOU weptypadopévou éxaaTys ywrias Tov, mepi ò weprypadperat, dmryrat. 


3. Xyüpa ciOvypappov els Kixdov eyypaper bar Aeyerat, 6 órav ikas ywvia 
Tov éyypadoptvov amryrat Tis TOU kvxAov mepipepeias. 


4. Xx)pa à <idvypappov wept KukXov meprypaper Gat A€yerat, Grav kaom) 
zÀevpà rov reprypadopévou Nr Tis TOU kvxÀov wepipepedas. 


5. Kuxdos & eis oxjpa dpotws eyypaper Oat Myerau, Grav y TOU kUkAÀov 
T«pibépeia. éxümrys wAevpas ToU, «is 0 éyypaderat, arryrat 


6. KvxAos Ò? mepi exüpa weprypaper Oa A€yerat, Grav y oU KUKAOU mepihépera 
éxdatys ywvias Tov, mepi Ô weptypaderat, amrryrat. 


7. EiÓ«a «is xuxdov évappolerOac A€yerat, Orav ta mépara abr5js émi THs 
wepupeptias jj TOU kvxXov, 

. In the first two definitions an English translation, if it is to be clear, must 
depart slightly from the exact words used in the Greek, where “each side” of 
one figure is said to pass through “each angle” of another, or “each angle” 
(Le. angular point) of one lies on “each side" of another (éxaorg wdevpa, 
ixaorn ywvia). 

It is also necessary, in the five definitions 1, 2, 3, 5 and 6, to translate 
the same Greek word amryrac in three different ways. It was ‘observed on 
ut. Def. 2 that the usual meaning of dzrecÓac in Euclid is to meet, in contra- 
distinction to éfarrecGai, which means to fouch. Exceptionally, as in Def. 5, 
arreaGa has the meaning of fauch, But two new meanings of the word appear, 
the first being to //e on, as in Deff. 1 and 3, the second to pass through, as in 
Deff. 2 and 6; “each angle" lies on (arrera) a side or on a circle, and 
“each side,” or a citcle, passes through (azrera:) an angle or “each angle." 
The first meaning of /ying on is exemplified in the phrase of Pappus dyera Tò 
onpeiov bére Sedopevys evheias, “will lie on a straight line given in position”; 
the meaning of passing through seems to be much rarer (I have not seen it in 
Archimedes or Pappus), but, as pointed out on 111. Def. 2, Aristotle uses the 
compound arrecha: in this sense. 

Simson proposed to read éfarryrac in the case (Def. 5) where dwryrac 
means touches. He made the like suggestion as regards the Greek text of 111. 
11, 12, 13, 18, 19; in the first four of these cases there seems to be Ms. 
authority for the compound verb, and in the fifth Heiberg adopts Simson's. 
correction. 


BOOK IV. PROPOSITIONS 


hd 


PROPOSITION I. 


Into a given circle to fit a straight line equal to a given 
straight line which is not greater than the diameter of the 
circle. 


Let ABC be the given circle, and D the given straight 
line not greater than the diameter 
of the circle ; E. s 


thus it is required to fit into the i 
circle 4 8C a straight line equal 
to the straight line D. 8 

Let a diameter BC of the 
circle ABC be drawn. 

Then, if BC is equal to D, , 
that which was enjoined will have 
been done ; for BC has been fitted into the circle ABC equal 
to the straight line D. 

But, if BC is greater than D, 
let CE be made equal to 2, and with centre C and distance 
CE let the circle ZAF be described ; 


let CA be joined. 
Then, since the point C is the centre of the circle ZA F, 
CA is equal to C£. 
But C£ is equal to D ; 
therefore D is also equal to CA. 


Therefore into the given circle AC there has been fitted 
CA equal to the given straight line D. 
Q. E. F. 
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Of this problem as it stands there are of course an infinite number of 
solutions ; and, if a particular point be chosen as one extremity of the chord 
to be Er fitted in," there are two solutions. More difficult cases of “fitting 
into” a circle a chord of given length are arrived at by adding some further 
condition, e.g. (1) that the chord is to be parallel to a given straight line, or 
(2) that the chord, produced if necessary, shall pass through a given point. 
The former problem i is solved by Pappus (111. p. 132); instead of drawing the 
chord as a tangent to a circle concentric with the given circle and having as 
radius a straight line the square on which is equal to the difference between 
the squares on the radius of the given circle and on half the given length, he 
merely draws the diameter of the circle which is parallel to the given direction, 
measures from the centre along it in each direction a length equal to half the 
given length, and then draws, on one side of the diameter, perpendiculars to it 
through the two points so determined. 

The second problem of drawing a chord of given length, being less than 
the diameter of the circle, and passing through a given point, is more 
important as having been one of the problems discussed by Apollonius in his 
work entitled vevges, now lost. Pappus states the problem thus (vit. p. 670): 
"A circle being given in position, to fit into it a straight line given in 
magnitude and verging (v«vovsav) towards a given (point).” To do this we 
have only to place any chord 77K in the given 
circle (with. centre. O) equal to the given length, K 
take Z the middle point of it, with O as centre and 
OL as radius describe a circle, and lastly through 
the given point C draw a tangent to this circle 
meeting the given circle in 4, B. AZ is then one * 
of fwo chords which can be drawn satisfying the 
given conditions, if C is outside the inner circle; if A 
C is on the inner circle, there is one solution only ; 
and, if C is within the inner circle, there is no 
solution. Thus, if C is within the outer (given) 
circle, besides the condition that the given length must not be greater than the 
diameter of the circle, there is another necessary condition of the possibility 
of a solution, viz. that the given length must not be /ss than double of the 
straight line the square on which is equal to the difference between the squares 
(1) on the radius of the given circle and (2) on the distance between its 
centre and the given point. 


PROPOSITION 2. 


In a given circle to inscribe a triangle equiangular with a 
given triangle. 


Let ABC be the given circle, and DEF the given 
triangle ; 


thus it is required to inscribe in the circle ABC a triangle 
equiangular with the triangle DEF. 
Let GĦ be drawn touching the circle ABC at A [ui 16, Por.]; 


H. E. 11. 6 
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on the straight line 4477, and at the point 74 on it, let the 
angle /7.4C be constructed equal to the angle DEF, 


and on the straight line 4G, and at the point 4 on it, let 
the angle GAB be constructed equal to the angle DFE; 


(1. 23] 
let BC be joined. 





Then, since a straight line 4477 touches the circle ABC, 


and from the point of contact at 4 the straight line AC is 
drawn across in the circle, 


therefore the angle /7AC is equal to the angle ALC in the 
alternate segment of the circle. [ur. 32] 


But the angle 7744C is equal to the angle DEZ; 
therefore the angle ABC is also equal to the angle DEF. 
For the same reason 
the angle ACB is also equal to the angle DFE ; 
therefore the remaining angle AC is also equal to the 


remaining angle EDF. [1. 32] 
Therefore in the given circle there has been inscribed a 
triangle equiangular with the given triangle. Q. E. F, 


Here again, since any point on the circle may be taken as an angular 
point of the triangle, there are an infinite number of solutions. Even when a 
particular point has been chosen to form one angular point, the required 
triangle may be constructed in six ways. For any one of the three angles 
may be placed at the point; and, whichever is placed there, the positions of 
the two others relatively to it may be interchanged. The sides of the triangle 
will, in all the different solutions, be of the same length respectively; only 
their relative positions will be different. 

This problem can of course be reduced (as it was by Borelli) to 1. 34, 
namely the problem of cutting off from a given circle a segment containing an 
angle equal to a given angle. It can also be solved by the alternative method 
applicable to 11. 34 of drawing “angles at the centre" equal to double the 
angles of the given triangle respectively ; and by this method we can easily 
solve this problem, or 11. 34, with the further condition that one side of the 
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required triangle, or the base of the required segment, respectively, shall be 
parallel to a given straight line. : 

As a particular case, we can, by the method of this proposition, describe 
an eguilateral triangle in any circle after we have first constructed any 
equilateral triangle by the aid of 1.1. ‘Ihe possibility of this is assumed in 
IV. 16. It is of course equivalent to dividing the circumference of a circle 
into three equal parts. As De Morgan says, the idea of dividing a revolution 
into equal parts should be kept prominent in considering Book tv.; this 
aspect of the construction of regular polygons is obvious enough, and the 
reason why the division of the circle into ee equal parts is not given by 
Euclid is that it happens to be as easy to divide the circle into three parts 
which are in the ratio of the angles of any triangle as to divide it into three 
equal parts. 


PROPOSITION 3. 


About a given circle to circumscribe a triangle equiangular 
with a given triangle. 
Let ABC be the given circle, and DEF the given 
triangle ; 
5thus it is required to circumscribe about the circle ABC a 
triangle equiangular with the triangle DEF. 


M H 
F D 
A 
B 
E 
G 
L Cc N 


Let EF be produced in both directions to the points 
G, H, 
let the centre A of the circle ABC be taken (ur. :], and let 
10 the straight line AB be drawn across at random ; 
on the straight line A7, and at the point Æ on it, let the 
angle BKA be constructed equal to the angle DEG, 


and the angle BAC equal to the angle DFH ; (1. 23] 
and through the points 4, B, C let LAM, MBN, NCL be 
15 drawn touching the circle ABC. [ur. 16, Por.] 


Now, since LM, MN, NL touch the circle ABC at the 
points 4, B, C, 
and KA, KB, KC have been joined from the centre A to 
the points 4, 2, C, 


6—2 
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20 therefore the angles at the points 4, B, C are right. — (ur. 18] 


And, since the four angles of the quadrilateral AMBA 
are equal to four right angles, inasmuch as AMBK is in fact 
divisible into two triangles, 


and the angles KAM, KBM are right, 


25 therefore the remaining angles AXB, AMB are equal to two 
right angles. 


But the angles DEG, DEF are also equal to two right 
angles ; [1. 13] 
therefore the angles AXZ, AMB are equal to the angles 

PLEG, DES, 
of which the angle 44 A7 is equal to the angle DEG ; 


therefore the angle AMB which remains is equal to the 
angle DEF which remains. 


Similarly it can be proved that the angle ZWB is also 
3; equal to the angle DFE; 


therefore the remaining angle MZN is equal to the 
angle EDF. [1. 32] 
Therefore the triangle ZMN is equiangular with the 
triangle DEF; and it has been circumscribed about the 
4o circle ABC. 


Therefore about a given circle there has been circum- 
scribed a triangle equiangular with the given triangle. 
Q. E. F. 


10. at random, literally “as it may chance,” ws &rvxer. The same expression is used 
in 111. 1 and commonly. 
a2. is in fact divisible, xal diacpetras, literally ‘is actually divided.” 


The remarks as to the number of ways in which Prop. 2 can be solved 
apply here also. 

Euclid leaves us to satisfy ourselves that the three tangents zes// meet and 
form a triangle. This follows easily from the fact that each of the angles 
AKB, BKC, CKA is less than two right angles. The first two are so by 
construction, being the supplements of two angles of the given triangle re- 
spectively, and, since all three angles round A are together equal to four 
right angles, it follows that the third, the angle AAC, is equal to the sum 
of the two angles Æ, F of the triangle, i.e. to the supplement of the angle D, 
and is therefore less than two right angles. 

Peletarius and Borelli gave an alternative solution, first inscribing a triangle 
equiangular to the given triangle, by iv. 2, and then drawing tangents to the 
circle parallel to the sides of the inscribed triangle respectively. ‘This method 
will of course give two solutions, since two tangents can be drawn parallel to 
each of the sides of the inscribed triangle. 

If the three pairs of parallel tangents be drawn and produced far enough, 
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they will form eigh? triangles, two of which are the triangles circumscribed to 
the circle in the manner required in the proposition. The other six triangles 
are so related to the circle that the circle touches two of the sides in each 
produced, i.e. the circle is an escribed circle to each of the six triangles. 


PROPOSITION 4. 


Zn a given triangle to inscribe a circle. 


Let ABC be the given triangle ; 
thus it is required to inscribe a circle in the triangle ABC. 
Let the angles ADC, ACB 

5 be bisected by the straight lines 
BD, CD [1. 9], and let these meet 
one another at the point D; 
from D let DE, DF, DG be 
drawn perpendicular tothestraight 

10 lines AB, BC, CH. 

Now, since the angle ABD 
is equal to the angle CBD, 
and the right angle BED is also equal to the right angle 
BFD, 

15 EBD, FBD are two triangles having two angles equal to two 
angles and one side equal to one side, namely that subtending 
one of the equal angles, which is BD common to the 
triangles ; 

therefore they will also have the remaining sides equal to 
20 the remaining sides ; [t. 26] 
therefore DÆ is equal to DF. 
For the same reason 
DG is also equal to DF. 
Therefore the three straight lines DE, DF, DG are equal 

25 to one another ; 

therefore the circle described with centre D and distance 
one of the straight lines DE, DF, DG will pass also 
through the remaining points, and will touch the straight 
lines AB, BC, CA, because the angles at the points Z, Z, G 

3 are right. 

For, if it cuts them, the straight line drawn at right angles 
to the diameter of the circle from its extremity will be found 
to fall within the circle: which was proved absurd; [ur 16] 





35 


40 
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therefore the circle described with centre D and distance 
one of the straight lines DE, DF, DG will not cut the 
straight lines AB, BC, CA; 


therefore it will touch them, and will be the circle inscribed 
in the triangle ABC. [iv. Def. 5] 


Let it be inscribed, as FGE. 
Therefore in the given triangle AAC the circle ZG has 
been inscribed. 
Q. F. F. 


26, 34. and distance one of the (straight lines D)E, (D)F, (D)G. The words 
and letters here shown in brackets are put in to fill out the rather careless language of the 
Greek. Here and in several other places in Book 1v. Euclid says literally **and with distance 
one of the (points) E, F, G” (xal &aerfuart drl ràv E, Z, H) and the like. In one case (1v. 13) 
he actually has ‘ with distance one of the points G, H, A, L, M” (kaorágar él raw H, O, 
K, A, M anuelwv). Heiberg notes“ Graecam locutionem satis miram et negligentem," but, 
in view of its frequent occurrence in good Mss., does not venture to correct it. 


Euclid does not think it necessary to prove that BD, CD will meet ; this 
is indeed obvious, for the angles DBC, DCB are together half of the angles 
ABC, ACB, which themselves are together less than two right angles, and 
therefore the two bisectors of the angles Z, C must meet, by Post. 5. 

It follows from the proof of this proposition that, if the bisectors of two 
angles B, C of a triangle meet in J, the line joining 2 to A also bisects the 
third angle 4, or the bisectors of the three angles of a triangle meet in 
à point. 

It will be observed that Euclid uses the fzđirect form of proof when 
showing that the circle touches the three sides of the triangle. Simson proves 
it directly, and points out that Euclid does the same in 111. 17, 33 and 37, 
whereas in 1v. 8 and 13 as well as here he uses the sadirect form. The 
difference is unimportant, being one of form and not of substance; the 
indirect proof refers back to 111. 16, whereas the direct refers back to the 
Porism to that proposition. 

We may state this problem in the more general form: Zo describe a circle 
touching three given straight lines which do not all meet in one point, and of 
which not more than two are parallel, 

In the case (1) where two of the straight lines are parallel and the third 
cuts them, two pairs of interior angles are formed, one on each side of the 
third straight line. If we bisect each of the interior angles on one side, the 
bisectors will meet in a point, and this point will be the centre of a circle 
which can be drawn touching each of the three straight lines, its radius being 
the perpendicular from the point on any one of the three. Since the alternate 
angles are equal, two equal circles can be drawn in this manner satisfying the 
given condition. 

In the case (2) where the three straight lines form a triangle, suppose each 
straight line produced indefinitely. Then each straight line will make two 
pairs of interior angles with the other two, one pair forming two angles of the 
triangle, and the other pair being their supplements. By bisecting each angle 
of either pair we obtain, in the manner of the proposition, two circles 
satisfying the conditions, one of them being the inscribed circle of the triangle 
and the other being a circle eseribed to it, i.e. touching one side and the other 
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two sides Produced. Next, taking the pairs of interior angles formed by a 
second side with the other two produced indefinitely, we get two circles 
satisfying the conditions, one of which is the same inscribed circle that we had 
before, while the other is a second escribed circle. Similarly with the third side. 
Hence we have the inscribed circle, and three escribed circles (one opposite 
each angle of the triangle), i.e. four circles in all, satisfying the conditions of 
the problem. 

It may perhaps not be inappropriate to give at this point Heron's elegant 
proof of the formula for the area of a triangle in terms of the sides, which we 
usually write thus : 


^ zs -a) (s— 4) (5- 4), 


although it requires the theory of proportions and uses some ungeometrical 
expressions, e.g. the product of two areas and the “side” of such a product, 
where of course the areas are so many square units of length. The proof is 
given in the Metrica, 1. 8, and in the Dioptra, 30 (Heron, Vol. n1., Teubner, 
1903, pp. 20—24 and pp. 280—4, or Heron, ed. Hultsch, pp. 235—7)- 
Suppose the sides of the triangle AZC to be given in length. 
Inscribe the circle DEF; and let G be its centre. 





Join AG, BG, CG, DG, EG, FC. 

Then BC.#G=2.48 BGC, 
C4. FG=2.A ACG, 
AB. DG=2. 4 ABG. 


Therefore, by addition, 
p. £2622. 4 48C, 


where f is the perimeter. 
Produce CB to 77, so that BH = AD. 
Then, since 4D = AF, DB = BE, FC = CE, 
CH - 1p. 
Hence CH.EG-AABC. 
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But CH. EG is the “side” of the product CH?. EG", that is 


J Eon. 
therefore (A ABC) = CH EG? 


Draw GZ at right angles to CG, and BZ at right angles to CZ, meeting 
atl. JomeCZ. . 

Then, since each of the angles CGZ, CBZ is right, CGBZ is a quadri- 
lateral in a circle. 

Therefore the angles CGB, CLB are equal to two right angles. 

Now the angles CGB, AGD are equal to two right angles, since 4G, BG, 
CG bisect the angles at G, and the angles CGB, AGD are equal to the 
angles 4 GC, DGB, while the sum of all four is equal to four right angles. 

Therefore the angles AGD, CLB are equal. 

So are the right angles 4DG, CBL. 

Therefore the triangles 4G D, CLB are similar. 


Hence BC: BL=AD: DG 
^ = BH:EG, 
and, alternately, CB: BH= BL: EG 
= BK: KE, 
whence, componendo, CH: HB = BE: EK. 
It follows that CH?:CH.HB=BE.EC:CE.EK 
= BE. EC: EG”. 
Therefore 


(A ABC) = CH*. EG?= CH. HB.CE.EB 
= j^ (Lp - BC) (804- AB) (35 — AC). 


PROPOSITION 5. 


Aboul a given triangle to circumscribe a circle. 


Let ABC be the given triangle ; 
thus it is required to circumscribe a circle about the given 


triangle ABC. 


Lr 3 
X C 
Let the straight lines 48, AC be bisected at the points 


D, E (1. 10], and from the points D, £ let DF, EF be drawn 
at right angles to AB, AC; 


they will then meet within the triangle ABC, or on the 
straight line BC, or outside BC. 
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First let them meet within at /, and let FZ, FC, FA be 
joined. 

Then, since AD is equal to DB, 
and DF is common and at right angles, 
therefore the base AF is equal to the base 77. t. 4] 

Similarly we can prove that 

CF is also equal to A&F; 
so that FB is also equal to FC; 

therefore the three straight lines FA, FB, FC are equal 
to one another. 

Therefore the circle described with centre / and distance 
one of the straight lines FA, FB, FC will pass also through 
the remaining points, and the circle will have been circum- 
scribed about the triangle 4 7C. 

Let it be circumscribed, as ABC. 

Next, let DF, EF meet on the straight line BC at F, 
as is the case in the second figure ; and let AZ be joined. 

Then, similarly, we shall prove that the point / is the 
centre of the circle circumscribed about the triangle ABC. 

Again, let DF, EF meet outside the triangle ABC at F, 
as is the case in the third figure, and let AF, BF, CF be 
joined. 

Then again, since 7442 is equal to DP, 
and DF is common and at right angles, 
therefore the base 4F is equal to the base AF. [1. 4] 

Similarly we can prove that 

CF is also equal to AF; 
so that BF is also equal to FC; 
* therefore the circle described with centre / and distance one 
of the straight lines F4, FB, FC will pass also through 
the remaining points, and will have been circumscribed about 
the triangle AAC. 

Therefore about the given triangle a circle has been 
circumscribed. 

Q. E. F. 

And it is manifest that, when the centre of the circle falls 
within the triangle, the angle BAC, being in a segment 
greater than the semicircle, is less than a right angle; 
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when the centre falls on the straight line BC, the angle BAC, 
being in a semicircle, is right ; 


and when the centre of the circle falls outside the triangle, 
the angle BAC, being in a segment less than the semicircle, 
is greater than a right angle. (um. 31] 


Simson points out that Euclid does not prove that DA, EF will meet, and 
he inserts in the text the following argument to supply the omission. 

" DF, EF produced meet one another. For, if they do not meet, they 
are parallel, wherefore AB, AC, which are at right angles to them, are 
parallel [or, he should have added, in a straight line]: which is absurd." 

'This assumes, of course, that straight lines which are at right angles to two 
parallels are themselves parallel; but this is an obvious deduction from 1. 28. 

On the assumption that DA, EF will meet Todhunter has this note: “It 
has been proposed to show this in the following way: join DZ; then the 
angles EDF and DEF are together less than the angles ADF and ALF, that 
is, they are together less than two right angles ; and therefore DF and EF 
will meet, by Axiom 12 [Post. 5]. This assumes that 4DE and AED are 
acute angles; it may, however, be easily shown that DZ is parallel to BC, so 
that the triangle SDE is equiangular to the triangle 445 C ; and we must 
therefore select the two sides AB and AC such that ABC and ACB may be 
acute angles." 

This is, however, unsatisfactory. Euclid makes no such selection in 111. 9 
and 111. 10, where the same assumption is tacitly made; and it is unnecessary, 
because it is easy to prove that the straight lines DF, EF meet in a// cases, 
by considering the different possibilities separately and drawing a separate 
figure for each case. 

Simson thinks that Euclid's demonstration had been spoiled by some 
unskilful hand both because of the omission to prove that the perpendicular 
bisectors meet, and because “without any reason he divides the proposition 
into three cases, whereas one and the sàme construction and demonstration 
serves for them all, as Campanus has observed." However, up to the usual 
words owep ¿e momoa: there seems to be no doubt about the text. Heiberg 
suggests that Euclid gave separately the case where Z falls on BC because, in 
that case, only A F needs to be drawn and not BF, CF as well. 

The addition, though given in Simson and the text-books as a “corollary,” 
has no heading wepiopa in the best Mss. ; it is an explanation like that which 
is contained in the penultimate paragraph of 111. 25. 

The Greek text has a further addition, which is rejected by Heiberg as not 
genuine, “So that, further, when the given angle happens to be less than a 
right angle, DA, EF will fall within the triangle, when it is right, on BC, and, 
when it is greater than a right angle, outside BC: (being) what it was required 
to do.” Simson had already observed that the text here is vitiated “where 
mention is made of a given angle, though there neither is, nor can be, any- 
thing in the proposition relating to a given angle." 
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PROPOSITION 6. 


Zn a given circle to inscribe a square. 


Let ABCD be the given circle ; 
thus it is required to inscribe a square in the circle ABCD. 
Let two diameters AC, BD of the 
circle ABCD be drawn at right angles A 
to one another, and let AZ, BC, CD, 
DA be joined. 
Then, since BE is equal to £2, for 
E is the centre, B o 
and £A is common and at right angles, 
therefore the base AZ is equal to the 
base AD. [i 4] C 
For the same reason 
each of the straight lines ÆC, CD is also equal to each of 
the straight lines 47, AD; 
therefore the quadrilateral ABCD is equilateral. 
I say next that it is also right-angled. 
For, since the straight line BD is a diameter of the circle 
ABCD, 
therefore BAD is a semicircle ; 
therefore the angle BAD is right. [m 31] 
For the same reason 
cach of the angles ABC, BCD, CDA is also right ; 
therefore the quadrilateral 4 CD is right-angled. 
But it was also proved equilateral ; 
therefore it is a square; [1. Def. 22] 


and it has been inscribed in the circle A BCD. 


Therefore in the given circle the square ABCD has been 
inscribed. 
qr E F. 


Euclid here proceeds to consider problems corresponding to those in 
Props. 2—5 with reference to figures of four or more sides, but with the 
difference that, whereas he dealt with triangles of any form, he confines 
himself henceforth to regular figures. It happened to be as easy to divide a 
circle into /Zree parts which are in the ratio of the angles, or of the supplements 
of the angles, of a triangle as into three egual parts. But, when it is required to 
inscribe in a circle a figure equiangular to a given guadrilateral, this can only be 
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done provided that the quadrilateral has either pair of opposite angles equal 
to two right angles. Moreover, in this case, the problem may be solved in the 
same way as that of iv. 2, i.e. by simply inscribing a triangle equiangular to one 
of the triangles into which the quadrilateral is divided by either diagonal, and 
then drawing on the side corresponding to the diagonal as base another 
triangle equiangular to the other triangle contained in the quadrilateral. But 
this is not the only solution ; 3 there are an infinite 
number of other solutions in which the inscribed 
quadrilateral will, unlike that found by this particular 
method, not be of the same form as the given quadri- 
lateral. For suppose ACD to be the quadrilateral 
inscribed in the circle by the method of 1v. 2. Take 
any point B on AB, join AB’, and then make the 
angle DAY’ (measured towards 4 C) equal to the 
angle BAB’. Join BC, CD. Then ABCD is also 
equiangular to the given quadrilateral, but not of the 
same form. Hence the problem is indeterminate in the case of the general 
quadrilateral. It is equally so if the given quadrilateral is a rectangle ; and it 
is determinate only when the given quadrilateral is a square. 





PROPOSITION 7. 


A bout a given circle to circumscribe a square. 


Let ABCD be the given circle ; 


thus it is required to circumscribe a square about the circle 
ABCD: 


Let two diameters AC, BD of the 
circle ABCD be drawn at right angles 
to one another, and through the points 
A, D, C, D let FG, GH, HK, KF be 
drawn touching the circle ABCD. 

[1i.. 16, Por.] 

Then, since “G touches the circle 
ABCD, 


and £A has been joined from the centre 
E to the point of contact at A, 
therefore the angles at 74 are right. (un. 18] 
For the same reason 
the angles at the points Z, C, D are also right. 
Now, since the angle 44 E7 is right, 
and the angle ZAG is also right, 
therefore C77 is parallel to AC. [1. 28] 
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For the same reason 
AC is also parallel to FX, 

so that GA is also parallel to FX. [1. 32] 

Similarly we can prove that 

each of the straight lines G/, 77K is parallel to BED. 

Therefore GK, GC, AK, FD, BK are parallelograms ; 
therefore GF is equal to (7K, and GH to FK. [1. 34] 

And, since AC is equal to BD, | 
and AC is also equal to each of the straight lines GH, FK, 

while BD is equal to each of the straight lines GA, HK, 

l. 

therefore the quadrilateral FGA is equilateral. MURS 

I say next that it is also right-angled. 

For, since GZ E is a parallelogram, 
and the angle 44 £7 is right, 
therefore the angle AGB is also right. [1. 34] 

Similarly we can prove that 

the angles at Æ, A, Z are also right. 
Therefore /G/fK is right-angled. 
But it was also proved equilateral ; 
therefore it is a square ; JT 

and it has been circumscribed about the circle ABCD.. 

Therefore about the given circle a square has been 
circumscribed. 
Q. E. F. 


It is just as easy to describe about a given circle a polygon equiangular to 
any given polygon as it is to describe a square about a given circle. We have 
only to use the method of 1v. 3, ie. to take any radius of the circle, to 
measure round the centre successive angles in one and the same direction 
equal to the supplements of the successive angles of the given polygon and, 
lastly, to draw tangents to the circle at the extremities of the several radii so 
determined ; but again the polygon would in general not be of the same form 
as the given one ; it would only be so if the given polygon happened to be 
such that a circle could be inscribed in it. To take the case of a guadrilateral 
. only: it is easy to prove that, if a quadrilateral be described about a circle, 
the sum of one pair of opposite sides must be equal to the sum of the other 
pair. It may be proved, conversely, that, if a quadrilateral has the sums of the 
pairs of opposite sides equal, a circle can be inscribed in it. If then a given 
quadrilateral has the sums of the pairs of opposite sides equal, a quadrilateral 
can be described about any given circle not only equiangular with it but 
having the same form or, in the words of Book vi., similar to it. 
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In a given square to inscribe a circle. 
Let ABCD be the given square ; 
thus it is required to inscribe a circle in the given square 

ABCD, 
Let the straight lines AD, AB be 


bisected at the points Æ, F respectivel 
(i A 


through Æ let ZH be drawn parallel 
to either AB or CD, and through 
F let FK be drawn parallel to either 
AD or BC: [r. 31] 
therefore each of the figures AX, AB, 
AH, HD, AG, GC, BG, GD is a parallelogram, 

and their opposite sides are evidently equal. fit. $3] 

Now, since 4D is equal to AB, 
and AEF is half of AD, and AF half of AB, 

therefore A £ is equal to AF, 
so that the opposite sides are also equal ; 
therefore FG is equal to GE. 

Similarly we can prove that each of the straight lines G//, 
GK is equal to each of the straight lines FG, GE ; 

therefore the four straight lines GE, GF, GH, GK are 
equal to one another. 

Therefore the circle described with centre G and distance 
one of the straight lines GE, GF, GH, GK will pass also 
through the remaining points. 

And it will touch the straight lines 42, BC, CD, DA, 
because the angles at £, F, H, K are right. 

For, if the circle cuts 447, BC, CD, DA, the straight 
line drawn at right angles to the diameter of the circle from 
its extremity will fall within the circle: which was proved 
absurd ; (11. 16] 
therefore the circle described with centre G and distance 
one of the straight lines GE, GF, G/7, GK will not cut 
the straight lines AD, BC, CD, DA. 

Therefore it will touch them, and will have been inscribed 
in the square ABCD. 

Therefore in the given square a circle has been inscribed. 

Q. E. F. 
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As was remarked in the last note, a circle can be inscribed in any 
quadrilateral which has the sum of one pair of opposite sides equal to the sum 
of the other pair. In particular, it follows that a circle can be inscribed in a 
square or a rhombus, but not in a rectangle or a rhomboid. 


PROPOSITION 9. 


About a given square to circumscribe a circle. 

Let ABCD be the given square ; 
thus it is required to circumscribe a circle about the square 
ABCD. 


For let AC, BD be joined, and let them A 
cut one another at Æ. 

Then, since DA is equal to AB, 
and AC is common, B D 
therefore the two sides DA, AC are equal 
to the two sides BA, AC; 
and the base DC is equal to the base ZC; à 

therefore the angle DAC is equal to 
the angle BAC. [1. 8] 

Therefore the angle DAB is bisected by AC. 

Similarly we can prove that each of the angles ABC, 
BCD, CDA is bisected by the straight lines 4C, DB. 

Now, since the angle DAZ is equal to the angle 4 PC, 
and the angle £447 is half the angle DAB, 
and the angle EBA half the angle AAC, 
therefore the angle ÆA P is also equal to the angle BA ; 
so that the side FA is also equal to £7. [1. 6] 

Similarly we can prove that each of the straight lines 
EA, EB is equal to each of the straight lines EC, ED. 

Therefore the four straight lines “A, EB, EC, ED are 
equal to one another. 

Therefore the circle described with centre Æ and distance 
one of the straight lines LA, EB, EC, ED will pass also 
through the remaining points ; 
and it will have been circumscribed about the square ABCD. 

Let it be circumscribed, as ABCD. 

Therefore about the given square a circle has been 
circumscribed. 

Q. E. F. 
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PROPOSITION IO. 


To construct an isosceles triangle having each of the angles 
at the base double of the remaining one. 


Let any straight line 4/7 be set out, and let it be cut at 
the point C so that the rectangle 
contained by APR, BC is equal to 
the square on CZ; [u. 11] 


with centre 4 and distance AP let 
the circle DDE be described, 
and let there be fitted in the circle 
BDE the straight line BD equal to 
the straight line ÆC which is not 
greater than the diameter of the 
circle DE. [iv. 1] 
Let AD, DC be joined, and let 
the circle ACD be circumscribed about the triangle ACD. 
fiv. 5] 
Then, since the rectangle AB, BC is equal to the square 
on AC, 


and AC is equal to BD, 
therefore the rectangle 44, BC is equal to the square on BD. 





And, since a point /? has been taken outside the circle 
ACD, 
and from 7 the two straight lines 771, BD have fallen on 
the circle ACD, and one of them cuts it, while the other falls 
on it, 
and the rectangle AB, BC is equal to the square on PD, 
therefore BD touches the circle 44 CD.  - (un. 37] 
Since, then, ZD touches it, and DC is drawn across 
from the point of contact at 2, 
therefore the angle BDC is equal to the angle DAC in the 
alternate segment of the circle. (ur. 32] 
Since, then, the angle BDC is equal to the angle DAC, 
let the angle CDA be added to each ; 


therefore the whole angle BDA is equal to the two angles 
CDA, DAC. 
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But the exterior angle BCD is equal to the angles CDA, 
DAC; [1. 32] 


therefore the angle ZDA is also equal to the angle BCD. 


But the angle BDA is equal to the angle CZ, since the 
side AD is also equal to 447 ; (1. 5] 


so that the angle DBA is also equal to the angle BCD. 


Therefore the three angles BDA, DBA, BCD are equal 
to one another. 
And, since the angle DAC is equal to the angle BCD, 


the side BD is also equal to the side DC. [1. 6] 
But Z2 is by hypothesis equal to C4 ; 
therefore CA is also equal to CD, 
so that the angle CDA is also equal to the angle DAC; 


[t 5] 
therefore the angles CDA, DAC are double of the angle DAC. 


But the angle ACD is equal to the angles CDA, DAC; 
therefore the angle BCV is also double of the angle CAD. 


But the angle JC is equal to each of the angles BDA, 
DBA; 


therefore each of the angles BDA, DBA is also double of 
the angle DAB. 


Therefore the isosceles triangle 4 BD has been constructed 
having each of the angles at the base DB double of the 
remaining one. 


Q. E. F. 


There is every reason to conclude that the connexion of the triangle 
constructed in this proposition with the regular pentagon, and the construction 
of the triangle itself, were the discovery of the Pythagoreans. In the first 
place the Scholium iv. No. 2 (Heiberg, Vol. v. p. 273) says “this Book is the 
discovery of the Pythagoreans.” Secondly, the summary in Proclus (p. 65, 20) 
says that Pythagoras discovered “the construction of the cosmic figures," 
by which must be understood the five regular solids. This is confirmed by 
the fragment of Philolaus (Boeckh, p. 160 sqq.) which speaks of the “five 
bodies in the sphere," and by the statement of Iamblichus (Vit. Pyth. c. 18, 
s. 88) that Hippasus, a Pythagorean, was said to have been drowned for the 
impiety of claiming the credit of inscribing in a sphere the figure made of the 
twelve pentagons, whereas the whole was HIS discovery (éxeivov rod ávàpós) ; 
* for it is thus they speak of Pythagoras, and they do not call him by his 
name." Cantor has (1, pp. 176 sqq.) collected notices which help us to form 
an idea how the discovery of the Euclidean construction for a regular 
pentagon may have been arrived at by the Pythagoreans. 

Plato puts into the mouth of Timaeus a description of the formation from 


H. E. IL 7 


e- 
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right-angled triangles of the figures which are the faces of the first four regular 
solids. The face of the cube is the square which is formed from isosceles 
right-angled triangles by placing four of these triangles contiguously so that 
the four right angles are in contact at the centre. The 

equilateral triangle, however, which is the form of the faces of 

the tetrahedron, the octahedron and the icosahedron, cannot 

be constructed from isosceles right-angled triangles, but is 

constructed from a particular scalene right-angled triangle 

which Timaeus (54 A, B) regards as the most beautiful of all 

scalene right-angled triangles, namely that in which the square on one of the 
sides about the right angle is three times the square on the other. This is, of 
course, the triangle forming half of an equilateral triangle bisected by the 
perpendicular from one angular point on the opposite side. The Platonic 
Timaeus does not construct his equilateral triangle from two such triangles 
but from six, by placing the latter contiguously round a 

point so that the hypotenuses and the smaller of the sides 

about the right angles respectively adjoin, and all of them 

meet at the common centre, as shown in the figure 

(Timaeus, 54 D, E.). The probability that this exposition 

was Pythagorean is confirmed by the independent testimony 

of Proclus (pp. 304— 5), who attributes to the Pythagoreans 

the theorem that six equilateral triangles, or three hexagons, or four squares, 
placed contiguously with one angular point of each at a common point, will 
just fill up the four right angles round that point, and that no other regular 
polygons in any numbers have this property. 

How then would it be proposed to split up into triangles, or to make up 
out of triangles, the face of the remaining solid, the dodecahedron? It would 
easily be seen that the pentagon could not be constructed by means of tlie 
two right-angled triangles which were used for constructing the square and the 
equilateral triangle respectively. But attempts would naturally be made to 
split up the pentagon into elementary triangles, and traces of such attempts 
are actually forthcoming. Plutarch has in two passages spoken of the division 
of the faces of the dodecahedron into triangles, remarking in one place 
(Quaest. Platon. v. 1) that each of the twelve faces is made up of 30 elemen- 


tary scalene triangles, so that, taken together, they give 360 such triangles, 
and in another (De defectu oraculorum, c. 33) that the elementary triangle of 
the dodecahedron must be different from that of the tetrahedron, octahedron 
and icosahedron. Another writer of the 2nd cent, Alcinous, has, in his 
introduction to the study of Plato (De doctrina Platonis, c. 11), spoken 
similarly of the 360 elements which are produced when every one of the 
pentagons is divided into 5 isosceles triangles, and each of the latter into 
6 scalene triangles. Now, if we proceed to draw lines in a pentagon separating 
it into this number of small triangles as shown in the above figure, the figure 
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which stands out most prominently in the mass of lines is the **star-pentagon," 
as drawn separately, which then (if the consecutive corners be joined) suggests 
the drawing, as part of a pentagon, of a triangle of a definite character. Now 
we are expressly told by Lucian and the scholiast to the C/owds of Aristophanes 
(see Bretschneider, pp- 85—86) that the triple interwoven triangle, the penta- 
gram (rò rpurAoby Tpiywvov, tò 5v dAAyAov, TO T€vrdypappov), was used by the 
Pythagoreans as a symbol of recognition between the members of the same 
school (cupBorw rpòs rovs dpodcfous éxpovro), and was called by them Health. 
There seems to be therefore no room for doubt that the construction of a 
pentagon by means of an isosceles triangle having each of its base angles 
double of the vertical angle was due to the Pythagoreans. 

The construction of this triangle depends upon 11. 11, or the problem of 
dividing a straight line so that the rectangle contained by the whole and one 
of the parts is equal to the square on the other part. This problem of course 
appears again in Eucl. vi. 30 as the problem of cutting a given straight line 7 
extreme and mean ratio, i.e. the problem of the golden section, which is no 
doubt “the section" referred to in the passage of the summary given by 
Proclus (p. 67, 6) which says that Eudoxus “greatly added to the number 
of the theorems which Plato originated regarding the section." ‘This idea that 
Plato began the study of the “golden section” as a subject in itself is not in 
the least inconsistent with the supposition that the problem of Eucl. i1. 11 was 
solved by the Pythagoreans. The very fact that Euclid places it among other 
propositions which are clearly Pythagorean in origin is significant, as is also 
the fact that its solution is effected by “applying to a straight line a rectangle 
equal to a given square and exceeding by a square,” while Proclus says plainly 
(p. 419, 15) that, according to Eudemus, “the application of areas, their 
exceeding and their falling short, are ancient and discoveries of the Muse of 
the Pythagoreans." 

We may suppose the construction of iv. to to have been arrived at by 
analysis somewhat as follows ('l'odhunter's Euclid, p. 325). > 

Suppose the problem solved, i.e. let ABD be an isosceles triangle having 
each of its base angles double of the vertical angle. 

Bisect the angle ADB by the straight line DC meeting AB in C. [1. 9] 

Therefore the angle BDC is equal to the angle BAD; and the angle 
CDA is also equal to the angle BAD, 


so that DC is equal to CA. 
Again, since, in the triangles BCD, BDA, 
the angle BDC is equal to the angle BAD, 
and the angle Z is common, 
the third angle BCD is equal to the third angle ALA, and therefore to 
the angle DAC. 


Therefore DC is equal to DB. 

Now, if a circle be described about the triangle ACD [tv. 5], since the 
angle BDC is equal to the angle in the segment CAD, 

BD must touch the circle [by the converse of 111. 32 easily proved from it 
by reductio ad absurdum). 

Hence [111. 36] the square on AD and therefore the square on C2, or 
AC, is equal to the rectangle 48, BC. 

Thus the problem is reduced to that of cutting 4472 at C so that the 
rectangle AB, BC is equal to the square on AC. [u. 11] 


7—? 
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When this is done, we have only to draw a circle with centre 4 and radius 
AB and place in it a chord BP equal in length to AC. [1v. 1] 

Since each of the angles ABD, ADB is double of the angle BAD, the 
latter is equal to one-fifth of the sum of all three, i.e. is one-fifth of two right 
angles, or two-fifths of a right angle, and each of the base angles is four-fifths 
of a right angle. 

If we bisect the angle BAD, we obtain an angle equal to one-fifth of a 
right angle, so that the proposition enables us fo divide a right angle into five 
equal parts. 

It will be observed that BD is the side of a regular decagon inscribed in 
the larger circle. 


Proclus, as remarked above (Vol. 1. p. 130), gives IV. 10 as an instance in 
which two of the six formal divisions of a proposition, the sef#ing-out and the 
“definition,” are left out, and explains that they are unnecessary because 
there is no datum in the enunciation. This is however no more than formally 
true, because Euclid does begin his proposition by setting out “any straight 
line 48,” and he constructs an isosceles triangle having 4B for one of its 
equal sides, i.e. he does practically imply a datum in the enunciation, and a 
corresponding se//ing-ouf and “ definition” in the proposition itself. 


PROPOSITION 11. 


In a given circle to inscribe an equilateral and equiangular 
pentagon. 


Let ABCDE be the given circle ; 
thus it is required to inscribe in the circle ABCDE an equi- 
lateral and equiangular pentagon. 

Let the isosceles triangle GĦ 


e F 
be set out having each of the angles 2 . 
at C, H double of the angleat F; B E 
[1v. 10] Uoc 
let there be inscribed in the circle L G 
CX UND 


ABCDE the triangle ACD equi- 

angular with the triangle 7G 77, so 

that the angle CAD is equal to the angle at Z and the angles 
at G, H respectively equal to the angles ACD, CDA ; [w. 2] 
therefore each of the angles ACD, CDA is also double of the 
angle CAD. 

Now let the angles ACD, CDA be bisected respectively 
by the straight lines CZ, DZ [1.9], and let 44, BC, DE, EA 
be joined. 

Then, since each of the angles ACD, CDA is double of 
the angle CAD, 


and they have been bisected by the straight lines CZ, DB, 
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therefore the five angles DAC, ACE, ECD, CDS, BDA 
are equal to one another. 


But equal angles stand on equal circumferences ; fur. x 


therefore the five circumferences 42, BC, CD, DE, EA are 


equal to one another. 


But equal circumferences are subtended by equal straight 
lines ; {111. 29] 


therefore the five straight lines 48, BC, CD, DE, EA are 


equal to one another ; 
therefore the pentagon ABCDE is equilateral. 


I say next that it is also equiangular. 
For, since the circumference AP is equal to the circum- 


ference DE, let BCD be added to each ; 


therefore the whole circumference ABCD is equal to the 
whole circumference EDCA. 


And the angle 44 ED stands on the circumference 447 CD, 
and the angle BAE on the circumference EDC7 ; 


therefore the angle BAZ is also equal to the angle AED. 
{ur 27] 
For the same reason 


each of the angles ABC, BCD, CDE is also equal to each 
of the angles BALE, AED; 


therefore the pentagon ABCDE is equiangular. 
But it was also proved equilateral ; 


therefore in the given circle an equilateral and equi- 
angular pentagon has been inscribed. 


Q. E. F. 


De Morgan remarks that “the method of iv. 11 is not so natural as 
making a direct use of the angle obtained in the last." On the other hand, 
if we look at the figure and notice that it shows the whole of the pentagram- 
star except one line (that connecting B and £), I think we shall conclude 
that the method is nearer to that used by the Pythagoreans, and therefore of 
much more historical interest. 

Another method would of course be to use Iv. 10 to describe a decagon in 
the circle, and then to join any vertex to the next alternate one, the latter to 
the next alternate one, and so on. 


iom decagon. Draw the chords joining five alternate 
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Mr H:.M. Taylor gives “a complete geometrical construction for in- 
scribing .a,regular decagon or pentagon in a given circle,” as follows. 
* Firrd O the centre. 
Draw- two diameters AOC, BOD at right 
angles to one another. 
«Bisect OD in £. 
^. Draw AE and cut off EF equal to OL. 
..T.Place round the circle ten chords equal 
- to AF. 
These chords will be the sides of a regular 


vertices of the decagon ; they will be the sides 
of a regular pentagon.” 

The construction is of course only a com- 
bination of those in 11. 11 and 1v. 1; and the 
proof would have to follow that in 1v. 10. 





PROPOSITION 12. 


About a given circle to circumscribe an equilateral and 
eguiangular pentagon. 


Let ABCDE be the given circle ; 


thus it is required to circumscribe an equilateral and equi- 
angular pentagon about the circle 
ADBCDE. 

Let A, B, C, D, E be conceived to 
be the angular points of the inscribed 
pentagon, so that the circumferences 
AB, BC, CD, DE, EA are equal ; 

[1v. 11] 
through, «E, €, D, E let GAY, AIK, 
KL, LM, MG be drawn touching the 
circle ; [111. 16, Por.] 
let the centre F of the circle ABCDE be taken (m. 1], and 
let FB, FK, FC, FL, FD be joined. 

Then,since the straight line AZ touches the circle ABCDE 
at G, 
and FC has been joined from the centre F to the point of 
contact at C, 

therefore FC is perpendicular to KZ ; (1. 18] 

therefore each of the angles at C is right. 

For the same reason 


the angles at the points Z, D are also right. 
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And, since the angle FC is right, 
therefore the square on LK is equal to the squares on FC, CK. 
For the same reason (1. 47] 
the square on FĶ is also equal to the squares on FB, BK; 
so that the squares on FC, CA are equal to the squares 
on FZ, BK, 
of which the square on FC is equal to the square on FZ ; 


therefore the square on CK which remains is equal to the 
square on BA. 


Therefore BA is equal to CA. 
And, since FB is equal to FC, 
and FX common, 


the two sides BF, FK are equal to the two sides CF, FK ; 
and the base BX equal to the base CX; 


therefore the angle BFK is equal to the angle AFC, [1. 8] 
and the angle PAF to the angle FC. 
Therefore the angle AFC is double of the angle KFC, 
and the angle BAC of the angle FAC. 
For the same reason 
the angle CFD is also double of the angle CFZ, 
and the angle DZC of the angle FLC. 
Now, since the circumference BC is equal to CD, 
the angle BFC is also equal to the angle CFD. (111. 27] 
And the angle BFC is double of the angle XFC, and the 
angle DFC of the angle ZFC; 
therefore the angle XFC is also equal to the angle Z FC. 
But the angle FCX is also equal to the angle FCZ ; 
therefore FAC, FLC are two triangles having two angles 
equal to two angles and one side equal to one side, namely 
FC which is common to them ; 
therefore they will also have the remaining sides equal to the 
remaining sides, and the remaining angle to the remaining 
angle ; (1. 26] 
therefore the straight line ÆC is equal to CZ, 
and the angle FKC to the angle FLC. 
And, since AC is equal to CZ, 
therefore AZ is double of KC. 
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For the same reason it can be proved that 
HK is also double of BX. 

And BK is equal to KC; 

therefore /7K is also equal to KZ. 

Similarly each of the straight lines ÆG, GM, ML can 
also be proved equal to each of the straight lines 7K, KZ ; 

therefore the pentagon GH KL M is equilateral. 

I say next that it is also equiangular. 

For, since the angle “AC is equal to the angle FLC, 
and the angle /7AZ was proved double of the angle FAC, 

and the angle AZ 77 double of the angle FLC, 

therefore the angle //KZ is also equal to the angle AZ M. 

Similarly each of the angles A//G, HGM, GML can also 
be proved equal to each of the angles /Z7KL, ALM; 
therefore the five angles GHK, HKL, KLM, LMG, MGH 
are equal to one another. 

Therefore the pentagon G/7AL 7 is equiangular. 

And it was also proved equilateral; and it has been 
circumscribed about the circle ABCDE. 

OG: E E. 


De Morgan remarks that Iv. 12, 13, 14 supply the place of the following : 
Having given a regular polygon of any number of sides inscribed in a circle, to 
describe the same about the circle; and, having given the polygon, to inscribe and 
circumscribe a circle. For the method can be applied generally, as indeed 
Euclid practically says in the Porism to 1v. 15 about the regular hexagon and 
in the remark appended to 1v. 16 about the regular fifteen-angled figure. 

The conclusion of this proposition, “ therefore about the given circle an 
equilateral and equiangular pentagon has been circumscribed,” is omitted in 
the Mss. 


PROPOSITION 13. 


In a given pentagon, which is equilateral and equiangular, 
to inscribe a circle. 


Let ABCDE be the given equilateral and equiangular 
pentagon ; 


thus it is required to inscribe a circle in the pentagon 
ABCDE. 


For let the angles BCD, CDE be bisected by the 
straight lines CF, DF respectively ; and from the point Æ, at 
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which the straight lines CF, DF meet one another, let the 
straight lines FB, FA, FE be joined. 
hen, since BC is equal to CD, 
and CF common, 
the two sides BC, CF are equal to the 
two sides DC, CF ; 
and the angle BCF is equal to the 
angle DCF; 
therefore the base BF is equal 
to the base DF, 
and the triangle BCF is equal to the 
triangle DCF, 
and the remaining angles will be equal to the remaining angles, 
namely those which the equal sides subtend. (i. 4] 
Therefore the angle CF is equal to the angle CDF. 
And, since the angle CDE is double of the angle CDF, 
and the angle CDÆ is equal to the angle ABC, 
while the angle CDF is equal to the angle CBF; 
therefore the angle CBA is also double of the angle CBF; 
therefore the angle ABF is equal to the angle FBC ; 
therefore the angle AAC has been bisected by the straight 
line BF. 
Similarly it can be proved that 
the angles BA E, AED have also been bisected by the straight 
lines 4, FE respectively. 
Now let FG, FH, FK, FL, FM be drawn from the point 
F perpendicular to the straight lines AB, BC, CD, DE, EA. 
Then, since the angle /7C is equal to the angle ACF, 
and the right angle FHC is also equal to the angle FC, 
FHC, FKC are two triangles having two angles equal to two 
angles and one side equal to one side, namely FC which is 
common to them and subtends one of the equal angles ; 
therefore they will also have the remaining sides equal to the 
remaining sides ; [1. 26] 
therefore the perpendicular FH is equal to the perpendicular 
ZA. 
Similarly it can be proved that 
each of the straight lines FZ, FM, FG is also equal to each 
of the straight lines FH, FK ; 
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therefore the five straight lines FG, FH, FK, FL, FM are 
equal to one another. 


Therefore the circle described with centre F and distance 
one of the straight lines FG, FH, FK, FL, FM will pass 
also through the remaining points ; 


and it will touch the straight lines 4B, BC, CD, DE, EA, 
because the angles at the points G, 77, K, L, M are right. 


For, if it does not touch them, but cuts them, 


it will result that the ee line drawn at right angles to 
the diameter of the circle from its extremity falls within the 
circle: which was proved absurd. (111. 16] 


Therefore the circle described with centre / and distance 
one of the straight lines FG, FH, FK, FL, FM will not 
cut the straight lines 47, BC, CD, DE, EA; 


therefore it will touch them. 


Let it be described, as G/7KX L M. 
Therefore in the given pentagon, which is equilateral and 
equiangular, a circle has been inscribed. 


Q. E. F. 


PROPOSITION 14. 


About a given pentagon, which is equilateral and equt- 
angular, to circumscribe a circle. 


Let ABCDE be the given pentagon, which is equilateral 
and equiangular ? 


thus it is required to circumscribe a circle - 
about the pentagon ABCDE. 


Let the angles BCD, CDE be bisected 
by the straight lines CF, DF respectively, 
and from the point Æ, at which the straight 
lines meet, let the straight lines FB, FA, 
FE be joined to the points 2, A, £. 

Then in manner similar to the pre- 
ceding it can be proved that the angles 
CBA, BAE, AED have also been bisected by the straight 
lines FB, FA, FE respectively. 
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Now, since the angle BCD is equal to the angle CDE, 
and the angle FCD is half of the angle BCD, 
and the angle CDF half of the angle CDE, 
therefore the angle FCD is also equal to the angle CDF, 
so that the side FC is also equal to the side FD. [1. 6] 
Similarly it can be proved that 
each of the straight lines FB, FA, FE is also equal to each 
of the straight lines FC, FD; 
therefore the five straight lines FA, FB, FC, FD, FE are 
equal to one another. 


Therefore the circle described with centre F and distance 
one of the straight lines FA, FB, FC, FD, FE will pass 
also through the remaining points, and will have been 
circumscribed. 

Let it be circumscribed, and let it be ABCDE. 

Therefore about the given pentagon, which is equilateral 
and equiangular, a circle has been circumscribed. 

Q. EF. 


PROPOSITION 15. 


In a given circle to inscribe an equilateral and egutangular 
hexagon. 

Let ABCDEF be the given circle ; 
thus it is required to inscribe an equilateral and equiangular 
hexagon in the circle ABCDEF. 

Let the diameter AD of the circle 
ABCDEF be drawn; 
let the centre G of the circle be taken, and 
with centre D and distance DG let the 
circle EGCH be described ; d =. E 
let EG, CG be joined and carried through 
to the points B, 7, 
and let AS, BC, CD, DE, EF, FA be à F 
joined. Pow 

I say that the hexagon ABCDEF is e 


equilateral and equiangular. 
For, since the point G is the centre of the circle ABCDEF, 


GE is equal to GD. 
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Again, since the point Ø is the centre of the circle GC77, 
DE is equal to DG. 
But GE was proved equal to GD ; 
therefore GE is also equal to FD; 
therefore the triangle EGD is equilateral ; 
and therefore its three angles EGD, GDE, DEG are equal 


to one another, inasmuch as, in isosceles triangles, the angles 
at the base are equal to one another. [t. 5] 


And the three angles of the triangle are equal to two 
right angles ; [1. 32] 

therefore the angle EGD is one-third of two right angles. 

Similarly, the angle DGC can also be proved to be one- 
third of two right angles. 


And, since the straight line CG standing on EB makes 
the adjacent angles EGC, CGB equal to two right angles, 


therefore the remaining angle CG7 is also one-third of two 
right angles. 

Therefore the angles EGD, DGC, CGB are equal to one 
another ; 
so that the angles vertical to them, the angles BGA, AGF, 
FGE are equal. [r. 15] 


Therefore the six angles EGD, DGC, CGR, BGA, AGF, 
FG E are equal to one another. 

But equal angles stand on equal circumferences; — [11. 26] 
therefore the six circumferences AB, BC, CD, DE, EF. FA 
are equal to one another. 

And equal circumferences are subtended by equal straight 
lines ; (111. 29] 

therefore the six straight lines are equal to one another; 
therefore the hexagon ABCDEF is equilateral. 

I say next that it is also equiangular. 


For, since the circumference 774 is equal to the circum- 
ference ED, 


let the circumference ABCD be added to each; 


therefore the whole FABCD is equal to the whole 
EDCBA ; 
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and the angle FED stands on the circumference FA BCD, 
and the angle AFE on the circumference EDCBA ; 


therefore the angle AFE is equal to the angle DEF. 
(ut. 27] 
Similarly it can be proved that the remaining angles of 


the hexagon ABCDEF are also severally equal to each of 
the angles AFE, FED; 


therefore the hexagon ABCDEF is equiangular. 
But it was also proved equilateral ; 
and it has been inscribed in the circle ABCDEF. 


Therefore in the given circle an equilateral and equiangular 
hexagon has been inscribed. 
Q. E. F. 


PorismM. From this it is manifest that the side of the 
hexagon is equal to the radius of the circle. 

And, in like manner as in the case of the pentagon, if 
through the points of division on the circle we draw 
tangents to the circle, there will be circumscribed about the 
circle an. equilateral and equiangular hexagon in conformity 
with what was explained in the case of the pentagon. 

And further by means similar to those explained in the 
case of the pentagon we can both inscribe a circle in a given 
hexagon and circumscribe one about it. 

Q. 4À F. 


Heiberg, I think with good reason, considers the Porism to this proposition 
to be referred to in the instance which Proclus (p. 304, 2) gives of a porism 
following a problem. As the text of Proclus stands, “the (porism) found 
in the second Book (ro ôè év rà dSevrépw AiBrAtw xeipevov) is a porism to a 
problem”; but this is not true of the only porism that we find in the second 
Book, namely the porism to i. 4. Hence Heiberg thinks that for rẹ 
Sevrépw BiBAtw should be read r & AiBAtw, i.e. the fourth Book. Moreover 
Proclus speaks of //e porism in the particular Book, from which we gather 
that there was only eve porism in Book 1v. as he knew it, and therefore that 
he did not regard as a porism the addition to 1v. 5. Cf. note on that 
proposition. 

It appears that Theon substituted for the first words of the Porism to 
IV. 15 “And in like manner as in the case of the pentagon” (opotws 8€ 
tas émi ToU wevtaywvov) the simple word “and” or “also” (xac), apparently 
thinking that the words had the same meaning as the similar words lower 
down. This is however not the case, the meaning being that “if, as in the 
case of the pentagon, we draw tangents, we can prove, also as was done in 
the case of the pentagon, that the figure so formed is a circumscribed regular 
hexagon." 
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PROPOSITION 16. 


In a given circle to inscribe a fifteen-angled figure which 
shall be both equilateral and equiangular. 

Let ABCD be the given circle ; 
thus it is required to inscribe in the circle 447C a fifteen- 
angled figure which shall be 
both equilateral and equi- 
angular. 

In the circle ABCD let 
there be inscribed a side AC 
of the equilateral triangle 
inscribed in it, and a side AB 
of an equilateral pentagon ; 
therefore, of the equal seg- 
ments of which there are 
fifteen in the circle ABCD, 
there will be five in the cir- 
cumference ABC which is 
one-third of the circle, and 
there will be three in the cir- 
cumference AB which is one-fifth of the circle ; 

therefore in the remainder ÆC there will be two of the 
equal segments. 

Let BC be bisected at £; (ut. 30] 
therefore each of the circumferences BE, AC is a fifteenth 
of the circle ABCD. 

If therefore we join BZ, EC and fit into the circle ABCD 
straight lines equal to them and in contiguity, a fifteen-angled 
figure which is both equilateral and equiangular will have been 
inscribed in it. 
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And, in like manner as in the case of the pentagon, if 
through the points of division on the circle we draw 
tangents to the circle, there will be circumscribed about the 
circle a fifteen-angled figure which is equilateral and equi- 
angular. 

And further, by proofs similar to those in the case of the 
pentagon, we can both inscribe a circle in the given fifteen- 
angled figure and circumscribe one about it. 

Q. E. F. 
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Here, as in mni. 10, we have the term “circle” used by Euclid in its 
exceptional sense of the circumference of a circle, instead of the “ plane figure 
contained by one line” of 1. Def. 15. Cf. the note on that definition (Vol. 1. 
pp. 184—5). 

Proclus (p. 269) refers to this proposition in illustration of his statement 
that Euclid gave proofs of a number of propositions with an eye to their use 
in astronomy. “With regard to the last proposition in the fourth Book in 
which he inscribes the side of the fifteen-angled figure in a circle, for what 
object does anyone assert that he propounds it except for the reference of this 
problem to astronomy? For, when we have inscribed the fifteen-angled figure 
in the circle through the poles, we have the distance from the poles both of 
the equator and the zodiac, since they are distant from one another by the 
side of the fifteen-angled figure." This agrees with what we know from other 
sources, namely that up to the time of Eratosthenes (crea 275—194 B.C.) 24° 
was generally accepted as the correct measurement of the obliquity of the 
ecliptic. This measurement, and the construction of the fifteen-angled figure, 
were probably due to the Pythagoreans, though it would appear that the 
former was not known to Oenopides of Chios (fl. circa 460 n.c.), as we learn 
from Theon of Smyrna (pp. 198—9, ed. Hiller), who gives Dercyllides as his 
authority, that Eudemus (fl. circa 320 R.C.) stated in his dorpodoyia that, 
while Oenopides discovered certain things, and Thales, Anaximander and 
Anaximenes others, it was the rest (ot Aovrot) who added other discoveries 
to these and, among them, that * the axes of the fixed stars and of the planets 
respectively are distant from one another by the side of a fifteen-angled figure." 
Eratosthenes evaluated the angle to !!rds of 180°, ie. about 23° 51° 20", 
which measurement was apparently not improved upon in antiquity (cf. Ptolemy, 
Syntaxis, ed. Heiberg, p. 68). 

Euclid has now shown how to' describe regular polygons with 3, 4, 5, 6 
and 15 sides. Now, when any regular polygon is given, we can construct a 
regular polygon with twice the number of sides by first describing a circle 
about the given polygon and then bisecting all the smaller arcs subtended by 
the sides. Applying this process any number of times, we see that we can by 
Euclid's methods construct regular polygons with 3.2", 4.2", 5.2", 15.2" sides, 
where # is zero or any positive integer. 


BOOK V. 


INTRODUCTORY NOTE. 


'The anonymous author of a scholium to Book v. (Euclid, ed. Heiberg, 
Vol. v. p. 280), who is perhaps Proclus, tells us that “some say” this Book, 
containing the general theory of proportion which is equally applicable to 
geometry, arithmetic, music, and all mathematical science, “is the discovery 
of Eudoxus, the teacher of Plato." Not that there had been no theory of 
proportion developed before his time; on the contrary, it is certain that the 
Pythagoreans had worked out such a theory with regard to numbers, by which 
must be understood commensurable and even whole numbers (a number 
being a “multitude made up of units," as defined in Eucl. vir). Thus we 
are told that the Pythagoreans distinguished three sorts of means, the 
arithmetic, the geometric and the harmonic mean, the geometric mean 
being called proportion (dvaAoyia) par excellence; and further Iamblichus 
speaks of the **most perfect proportion consisting of four terms and specially 
called Aarmonic,” in other words, the proportion 
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which was said to be a discovery of the Babylonians and to have been first 
introduced into Greece by Pythagoras (Iamblichus, Comm. on Nicomachus, 
p.118) Now the principle of similitude is one which is presupposed by all 
the arts of design from their very beginnings; it was certainly known to the 
Egyptians, and it must certainly have been thoroughly familiar to Pythagoras 
and his school. This consideration, together with the evidence of the 
employment by him of the geometric proportion, makes it indubitable that the 
Pythagoreans used the theory of proportion, in the form in which it was 
known to them, i.e. as applicable to commensurables only, in their geometry. 
But the discovery, also due to Pythagoras, of the incommensurable would 
of course be seen to render the proofs which depended on the theory of 
proportion as then understood inconclusive; as Tannery observes (Za 
Géométrie grecque, p. 98), “the discovery of incommensurability must have 
caused a veritable logical scandal in geometry and, in order to avoid it, they 
were obliged to restrict as far as possible the use of the principle of similitude, 
pending the discovery of a means of establishing it on the basis of a theory of 
proportion independent of commensurability.” ‘The glory of the latter dis- 
covery belongs then most probably to Eudoxus. Certain it is that the complete 
theory was already familiar to Aristotle, as we shall see later. 
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It seems probable, as indicated by Tannery (/oc. cf), that the theory 
of proportions and the principle of similitude took, in the earliest Greek 
geometry, an earlier place than they do in Euclid, but that, in consequence 
of the discovery of the incommensurable, the treatment of the subject was 
fundamentally remodelled in the period between Pythagoras and Eudoxus. 
An indication of this is afforded by the clever device used in Euclid 1. 44 
for applying to a given straight line a parallelogram equal to a given triangle ; 
the equality of the *complements" in a parallelogram is there used for doing 
what is practically finding a fourth proportional to three given straight lines. 
Thus Euclid was no doubt following for the subject-matter of Books 1.—1Vv. 
what had become the traditional method, and this is probably one of the 
reasons why proportions and similitude are postponed till as late as Books 
Va VI. 

“It is a remarkable fact that the theory of proportions is twice treated in 
Euclid, in Book v. with reference to magnitudes in general, and in Book vu. 
with reference to the particular case of numbers. The latter exposition 
referring only to commensurables may be taken to represent fairly the theory 
of proportions at the stage which it had reached before the great extension of 
it made by Eudoxus. The differences between the definitions etc. in Books v. 
and vit. will appear as we go on; but the question naturally arises, why did 
Euclid not save himself so much repetition and treat numbers merely as a 
particular case of magnitude, referring back to the corresponding more 
general propositions of Book v. instead of proving the same propositions 
over again for numbers? It could not have escaped him that numbers 
fall under the conception of magnitude. Aristotle had plainly indicated 
that magnitudes may be numbers when he observed (Anal. post. 1. 7, 
75 b 4) that you cannot adapt the arithmetical method of proof to the 
properties of magnitudes if the magnitudes are not numbers. Further 
Aristotle had remarked (Azal. post. 1. 5, 74 a 17) that the proposition that 
the terms of a proportion can be taken alternately was at one time proved 
separately for numbers, lines, solids and times, though it was possible to prove 
it for all by one demonstration; but, because there was no. common name 
comprehending them all, namely 'numbers, lengths, times and solids, and their 
character was different, they were taken separately. Now however, he adds, 
the proposition is proved generally. Yet Euclid says nothing to connect 
the two theories of proportion even when he comes in x. 5 to a proportion 
two terms of which are magnitudes and two are numbers (** Commensurable 
magnitudes have to one another the ratio which a number has to a number"), 
The probable explanation of the phenomenon is that Euclid simply followed 
tradition and gave the two theories as he found them. This would square 
with the remark in Pappus (vri. p. 678) as to Euclid's fairness to others and 
his readiness to give them credit for their work. 


DEFINITIONS. 


1. A magnitude is a part of a magnitude, the less of 
the greater, when it measures the greater. 


2. The greater is a multiple of the less when it is 
measured by the less. 
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3. Aratio is a sort of relation in respect of size between 
two magnitudes of the same kind. 


4. Magnitudes are said to have a ratio to one another 
which are capable, when multiplied, of exceeding one another. 


5. Magnitudes are said to be in the same ratio, the 
first to the second and the third to the fourth, when, if any 
equimultiples whatever be taken of the first and third, and 
any equimultiples whatever of the second and fourth, the 
former equimultiples alike exceed, are alike equal to, or alike 
fall short of, the latter equimultiples respectively taken in 
corresponding order. 


6. Let magnitudes which have the same ratio be called 
proportional. 


7. When, of the equimultiples, the multiple of the first 
magnitude exceeds tlie multiple of the second, but the multiple 
of the third does not exceed the multiple of the fourth, then 
the first is said to have a greater ratio to the second than 
the third has to the fourth. 


8. A proportion in three terms is the least possible. 


9. When three magnitudes are proportional, the first is 
said to have to the third the duplicate ratio of that which 
it has to the second. 


10. When four magnitudes are « continuously > propor- 
tional, the first is said to have to the fourth the triplicate 
ratio of that which it has to the second, and so on con- 
tinually, whatever be the proportion. 


11. The term corresponding magnitudes is used of 
antecedents in relation to antecedents, and of consequents in 
relation to consequents. 


12. Alternate ratio means taking the antecedent in 
relation to the antecedent and the consequent in relation to 
the consequent. 


r3. Inverse ratio means taking the consequent as 
antecedent in relation to the antecedent as consequent. 
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14. Composition of a ratio means taking the ante- 
cedent together with the consequent as one in relation to 
the consequent by itself. 


15. Separation of a ratio means taking the excess 
by which the antecedent exceeds the consequent in relation 
to the consequent by itself. 


16. Conversion of a ratio means taking the ante- 
cedent in relation to the excess by which the antecedent 
exceeds the consequent. 


17. A ratio ex aequali arises when, there being several 
magnitudes and another set equal to them in multitude which 
taken two and two are in the same proportion, as the first is 
to the last among the first magnitudes, so is the first to the 
last among the second magnitudes ; 

Or, in other words, it means taking the extreme terms 
by virtue of the removal of the intermediate terms. 


18. A perturbed proportion arises when, there being 
three magnitudes and another set equal to them in multitude, 
as antecedent is to consequent among the first magnitudes, 
so is antecedent to consequent among the second magnitudes, 
while, as the consequent is to a third among the first 
magnitudes, so is a third to the antecedent among the second 
magnitudes. 


DEFINITION 1. 


Mépos dari péyeBos ueyéÜovs Tò £Aacaov ToU peiLovos, órav xaraperpy TÒ 
ploy, 

The word fart (uépos) is here used in the restricted sense of a submultiple 
or an aliquot part as distinct from the more general sense in which it is used 
in the Common Notion (5) which says that “the whole is greater than the 
part." It is used in the same restricted sense in vil. Def. 3, which is the same 
definition as this with "number" (dpi6pós) substituted for “magnitude.” 
vil. Def. 4, keeping up the restriction, says that, when a number does not 
measure another number, it is farts (in the plural), not a part of it. Thus, 
I, 2, Or 3, is a part of 6, but 4 is not a part of 6 but parts. The same 
distinction between the restricted and the more general sense of the word 
part appears in Aristotle, Metaph. 1023 b 12: “In one sense a part is 
that into which quantity (ro zocóv) can anyhow be divided ; for that which is 
taken away from quantity, gwd quantity, is always called a ‘part’ of it, as 
e.g. two is said to be in a sense a part of three. But in another sense a 
‘part’ is only what measures (rà xaraperpoovra) such quantities. Thus two 
is in one sense said to be a part of three, in the other not." 


8—2 
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DEFINITION 2. 


TloAAarAdctoy Ó$ rò pei{ov ToU éAÀdrrovos, Gray xaraperpijrai vm ToU 
éAarrovos. 

DEFINITION 3. 

Aoyos dari S00 peyeOuav opoyevdv 4 kara ydtxoTyTa Tou GXéGis. 

The best explanation of the definitions of ratio and proportion that I have 
seen is that of De Morgan, which will be found in the articles under those 
titles in the Penny Cyclopaedia, Vol. xix. (1841) ; and in the following notes 
I shall draw largely from these articles. Very valuable also are the notes on 
the definitions of Book v. given by Hankel (fragment on Euclid published as 
an appendix to his work Zur Geschichte der Mathematik in Alterthum und 
Mittelalter, 1874). 

There has been controversy as to what is the proper translation of the 
word wyAcxorys in the definition. exéets xard myùxóryra has generally been 
translated “relation in respect of guantity.” Upon this De Morgan remarks 
that it makes nonsense of the definition; “for magnitude has hardly a 
different meaning from quantity, and a relation of magnitudes with respect to 
quantity may give a clear idea to those who want a word to convey a notion 
of architecture with respect to building or of battles with respect to fighting, 
and to no others." The true interpretation De Morgan, following Wallis and 
Gregory, takes to be guantuplicity, referring to the number of times one 
magnitude is contained in the other. For, he says, we cannot describe 
magnitude in language without quantuplicitative reference to other magni- 
tude; hence he supposes that the definition simply conveys the fact that the 
mode of expressing quantity in terms of quantity is entirely based upon the 
notion of quantuplicity or that relation of which we take cognizance when we 
find how many times one is contained in the other. While all the rest of 
De Morgan's observations on the definition are admirable, it seems to me 
that on this question of the proper translation of wjAxorys he is in error. He 
supports his view mainly by reference (1) to the definition of a compounded 
ratio usually given as the 5th definition of Book vı., which speaks of the 
mAcxornres of two ratios being multiplied together, and (2) to the comments 
of Eutocius and a scholiast on this definition. — Eutocius says namely 
(Archimedes, ed. Heiberg, 111. p. 140) that “the term mAixorns is evidently 
used of the number from which the given ratio is called, as (among others) 
Nicomachus says in his first book on music and Heron in his commentary 
on the Introduction to Arithmetic.” But it now appears certain that this 
definition is an interpolation ; it is never used, it is not found in Campanus, 
and Peyrard’s Ms. only has it in the margin. At the same time it is clear 
that, if the definition is admitted at all, any commentator would be obliged to 
explain it in the way that Eutocius does, whether the explanation was consistent 
with the proper meaning of zyA:xorns or not. Hence we must look elsewhere 
for the meaning of myÀixos and z3Auxorgs. If we do this, I think we shall find 
no case in which the words have the sense attributed to them by De Morgan. 
The real meaning of wyAixos is how great. It is so used by Aristotle, e.g. in 
Eth. Nic. v. 10, 1134 b 11, where he speaks of a man’s child being as it were 
a part of him so long as he i is of a certain age (€ws dv 9 syAixovy). Again 
Nicomachus, to whom Eutocius appeals, himself (1. 2, 5) P. 5 ed. Hoche) 
distinguishes Atkos as referring to magnitude, while roads refers to multitude. 
So does Iamblichus in his commentary on Nicomachus (p. 8, 3— 5); besides 
which Iamblichus distinguishes zyA/xov as the subject of geometry, being con- 
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tinuous, and rogov as the subject of arithmetic, being discrete, and speaks of a 
point being the origin of sAixov as a unit is of rooov, and so on. Similarly, 
Ptolemy (Syntaxis, ed. Heiberg, p. 31) speaks of the size (ryAwxorgs) of the 
chords in a circle (zepi rs 75Awxóryros ràv dy TH KiKAw eb0ev). Consequently 
I think we can only translate -gAworgs in the definition as size. This 
corresponds to Hankel's translation of it as “ Grösse,” though he uses this 
same word for a concrete * magnitude" as well; s/ze seems to me to give 
the proper distinction between myAtcorys and péyeBos, as size is the attribute, 
and a magnitude (in its ordinary mathematical sense) is the thing which 
possesses the attribute of size. 

The view that “relation in respect of size” is meant by the words in the 
text is also confirmed, I think, by a later remark of De Morgan himself, 
namely that a synonym for the word rafio may be found in the more in- 
telligible term relative magnitude. In fact axéais in the definition corresponds 
to relative and myàixorys to magnitude. (By magnitude De Morgan here 
means the attribute and not the thing possessing it.) 

Of the definition as a whole Simson and Hankel express the opinion that 
it is an interpolation. Hankel points to the fact that it is unnecessary and 
moreover so vague as to be of no practical use, while the very use of the 
expression xarà sAuxorgra seems to him suspicious, since the only other 
place in which the word myA:xorys occurs in Euclid is the 5th definition of 
Book vi., which is admittedly not genuine. Yet the definition of ratio appears 
in all the mss., the only variation being that some add the words zpos aAAyAa, 
*to one another," which are rejected by Heiberg as an interpolation of 
Theon ; and on the whole there seems to be no sufficient ground for regarding 
it as other than genuine. "The true explanation of its presence would appear 
to be substantially that given by Barrow (Lectiones Cantabrig., London, 1684, 
Lect. 111. of 1666), namely that Euclid inserted it for completeness' sake, more 
for ornament than for use, intending to give the learner a general notion of 
ratio by means of a metaphysical, rather than a mathematical definition ; “ for 
metaphysical it is and not, properly speaking, mathematical, since nothing 
depends on it or is deduced from it by mathematicians, nor, as I think, can 
anything be deduced." "This is confirmed by the fact that there is no 
definition of Aeyos in Book vir, and it could equally have been dispensed 
with here. Similarly De Morgan observes that Euclid never attempts this 
vague sort of definition except when, dealing with a well-known term of 
common life, he wishes to bring it into geometry with something like an 
expressed meaning which may aid the conception of the thing, though it does 
not furnish a perfect criterion. Thus we may compare the definition with 
that of a straight line, where Euclid merely calls the reader's attention to the 
well-known term eùĝeia ypappy, tries how far he can present the conception 
which accompanies it in other words, and trusts for the correct use of the 
term to the axioms (or postulates) which the universal conception of a straight 
line makes self-evident. 

We have now to trace as clearly as possible the development of the 
conception of Aéyos, ratio, or relative magnitude. In its primitive sense 
Aoyos was only used of a ratio between commensurables, i.e. a ratio which 
could be expressed, and the manner of expressing it is indicated in the 
proposition, Eucl. x. 5, which proves that commensurable magnitudes have to 
one another the ratio which a number has fo a number. That this was the 
primitive meaning of Aoyos is proved by the use of the term dAoyos for the 
incommensurable, which means irrational in the sense of not having a ratio 
to something taken as rational (pyres). 
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Euclid himself shows us how we are to set about finding the ratio, or 
relative magnitude, of two commensurable magnitudes. He gives, in x. 3, 
practically our ordinary method of finding the greatest common measure. 
If A, B be two magnitudes of which Z is the less, we cut off from 4 a part 
equal to Z, from the remainder a part equal to B, and so on, until we leave a 
remainder less than Z, say &,. We measure off A, from Z in the same way 
until a remainder A, is left which is less than AÁ,. We repeat the process 
with &,, Æ, and so on, until we find a remainder which is contained in the 
preceding remainder a certain number of times exactly. If account is taken 
of the number of times each magnitude is contained (with something over, 
except at the last) in that upon which it is measured, we can calculate how 
many times the last remainder is contained in 4 and how many times the 
last remainder is contained in Z ; and we can thus express the ratio of A to 
B as the ratio of one number to another. 

But it may happen that the two magnitudes have no common measure, 
i.e. are incommensurable, in which case the process described would never 
come to an end and the means of expression would fail; the magnitudes 
would then Aaze no ratio in the primitive sense. But the word Aoyos, ratio, 
acquires in Euclid, Book v., a wider sense covering the relative magnitude of 
incommensurables as well as commensurables; as stated in Euclid's 4th 
definition, * magnitudes are said to have a ratio to one another which can, 
when multiplied, exceed one another," and finite incommensurables have this 
property as much as commensurables. De Morgan explains the manner of 
transition from the narrower to the wider signification of ratio as follows. 
“Since the relative magnitude of two quantities is always shown by the 
quantuplicitative mode of expression, when that is possible, and since pro- 
portional quantities (pairs which have the same relative magnitude) are pairs 
which have the same mode (if possible) of expression by means of each other ; 
in all such cases sameness of relative magnitude leads to sameness of mode of 
expression ; or proportion is sameness of ratios (in the primitive sense). But 
sameness of relative magnitude may exist where quantuplicitative expression 
is impossible ; thus the diagonal of a larger square is the same compared with 
its side as the diagonal of a smaller square compared with ¿fs side. It is an 
easy transition to speak of sameness of ratio even in this case; that is, to use 
the term ratio in the sense of relative magnitude, that word having originally 
only a reference to the mode of expressing relative magnitude, in cases which 
allow of a particular mode of expression. The word irrational (àXoyos) does 
not make any corresponding change but continues to have its primitive 
meaning, namely, incapable of quantuplicitative expression." 

It remains to consider how we are to describe the relative magnitude of 
two incommensurables of the same kind. That they have a definite relation 
is certain. Suppose, for precision, that .$ is the side of a square, D its 
diagonal ; then, if .S is given, any alteration in D or any error in D would 
make the figure cease to be a square. At the same time, a person altogether 
ignorant of the relative magnitude of D and S might say that drawing two 
straight lines of length S so as to form a right angle and joining the ends by 
a straight line, the length of which would accordingly be D, does not help 
him to realise the relative magnitude, but that he would like to know how 
many diagonals make an exact number of sides. We should have to reply 
that no number of diagonals whatever makes an exact number of sides; but 
that he may mention any fraction of the side, a hundredth, a thousandth or 
a millionth, and that we will then express the diagonal with an error not so 
great as that fraction. We then tell him that 1,000,000 diagonals exceed 
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1,414,213 sides but fall short of 1,414,214 sides ; consequently the diagonal 
lies between 1414213 and 1414214 times the side, and these differ only by 
one-millionth of the side, so that the error in the diagonal is less still. To 
enable him to continue the process further, we show him how to perform the 
arithmetical operation of approximating to the value of J/2. This gives the 
means of carrying the approximation to any degree of accuracy that may be 
desired. In the power, then, of carrying approximations of this kind as far as 
we please lies that of expressing the ratio, so far as expression is possible, and 
of comparing the ratio with others as accurately as if expression had been 
possible. 

Euclid was of course aware of this, as were probably others before him ; 
though the actual approximations to the values of ratios of incommensurables 
of which we find record in the works of the great Greek geometers are very 
few. The history of such approximations up to Archimedes is, so far as 
material was available, sketched in Zhe Works of Archimedes (pp. Ixxvii and 
following) ; and it is sufficient here to note the facts (1) that Plato, and even 
the Pythagoreans, were familiar with f as an approximation to ./2, (2) that 
the method of finding any number of successive approximations by the system 
of side- and dtagona/-numbers described by Theon of Smyrna was also 
Pythagorean (cf. the note above on Euclid, 11. 9, 10), (3) that Archimedes, 
without a word of preliminary explanation, gives out that 

MT 321i 
gives approximate values for the square roots of several large numbers, and 
proves that the ratio of the circumference of a circle to its diameter is less 
than 3} but greater than 312, (4) that the first approach to the rapidity with 
which the decimal system enables us to approximate to the value of surds 
was furnished by the method of sexagesimal fractions, which was almost as 
convenient to work with as the method of decimals, and which appears fully 
developed in Ptolemy's ovvragis. A number consisting of a whole number 
and any fraction was under this system represented as so many units, so 
many of the fractions which we should denote by s, so many of those which 
we should write (45)?, (sv), and so on. Theon of Alexandria shows us how 
to extract the square root of 4500 in this sexagesimal system, and, to show 
how effective it was, it is only necessary to mention that Ptolemy gives 


F3 + 23, + Zs as an approximation to 4/3, which approximation is equivalent 
to 1°7320509 in the ordinary decimal notation and is therefore correct to 
6 places. 

E ameet Def. 3 and Def. 4 two manuscripts and Campanus insert “ Pro- 
portion is the sameness of ratios" (dvaAoyía 8i 7 rov Aoyov rabrorys), and even 
the best Ms. has it in the margin. It would be altogether out of place, since 
it is not till Def. 5 that it is explained what sameness of ratios is. The words 
are an interpolation later than Theon (Heiberg, Vol. v. pp. xxxv, lxxxix), 
and are no doubt taken from arithmetical works (cf. Nicomachus and Theon 
of Smyrna). It is true that Aristotle says similarly, “ Proportion is equality 
of ratios" (Eth. Mic. v. 6, 1131 a 31), and he appears to be quoting from 
the Pythagoreans; but the reference is to muméers. 

Similarly two Mss. (inferior) insert after Def. 7 “ Proportion is the similarity 
(ópow 5s) of ratios." Here too we have a mere interpolation. 
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DEFINITION 4. 

Aóyov É£yev mpos adAAnAa peyeOn Aéyerat, à ôúvaraı mroAAamAacialóp.eva 
GAAyAwy irepéxew. 

This definition supplements the last one. De Morgan says that it amounts 
to saying that the magnitudes are of the same species. But this can hardly 
be all; the definition seems rather to be meant, on the one hand, to exclude 
the relation of a finite magnitude to a magnitude of the same kind which is 
either infinitely great or infinitely small, and, even more, to emphasise the 
fact that the term ratio, as defined in the preceding definition, and about to 
be used throughout the book, includes the relation between any two incom- 
mensurable as well as between any two commensurable finite magnitudes of 
the same kind. Hence, while De Morgan seems to regard the extension of 
the meaning of ratio to include the relative magnitude of incommensurables 
as, so to speak, taking place between Def. 3 and Def. 5, the 4th definition 
appears to show that it is ratio in its extended sense that is being defined in 
Def. 3. 


DEFINITION 5. 

"Ev rq abrQ Acyw peyeOy Adyerar elvai mparrov. mpòs Sevrepov xai rpírov wpos 
Téraprov, Stay rd Tov mpwrov xai tpirov icaxts ToÀÀamAagia rav Tov Ócvrépov 
kat reraptov igaxts woAAarAaciwy xa’ ómowvoUvv modAarAaciacpov éxarepov 
éxarépov 7) apa trepexy ù dpa ica 5) apa édXdetry AnPOevra KaraAAyAa. 

In my translation of this definition I have compromised between an 
attempted literal translation and the more expanded version of Simson. The 
difficulty in the way of an exactly literal translation is due to the fact that the 
words (xaf droovovv ToAÀazAaciacpóv) signifying that the equimultiples s” 
each case are any equimultiples watever occur only once in the Greek, though 
they apply both to rà...icdxts mroAAarAdaia in the nominative and róv...icaxis 
roAÀAarAaciov in the genitive. I have preferred “alike” to “simultaneously” 
as a translation of apa because “ simultaneously ” might suggest that time was 
of the essence of the matter, whereas what is meant is that any particular 
comparison made between the equimultiples must be made between she same 
equimultiples of the two pairs respectively, not that they need to be compared 
at the same time. 

Aristotle has an allusion to a definition of “the same ratio" in Topics 
vill. 3, 158 b 29: “In mathematics too some things appear to be not easy to 
prove (ypd$«o0a:) for want of a definition, e.g. that the parallel to the side 
which cuts a plane [a parallelogram] divides the straight line [the other side] 
and the area similarly. But, when the definition is expressed, the said property 
is immediately manifest ; for the areas and the straight lines Aave the same 
avravaipeats, and this ts the definition of ‘the same ratio.” Upon this 
passage Alexander says similarly, “This is the definition of proportionals 
which the ancients used: magnitudes are proportional to one another which 
have (or show) the same av@vdaipects, and Aristotle has called the latter 
avravaipeors.” Heiberg (Ma/Aematisches zu Aristoteles, p. 22) thinks that 
Aristotle is alluding to the fact that the proposition referred to could not be 
rigorously proved so long as the Pythagorean definition applicable to com- 
mensurable magnitudes only was adhered to, and is quoting the definition 
belonging to the complete theory of Eudoxus ; whence, in view of the positive 
statement of Aristotle that the definition quoted ¢s the definition of “the same 
ratio," it would appear that the Euclidean definition (which Heiberg describes 
as a careful and exact paraphrase of avravaipects) is Euclid's own. I do not 
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feel able to subscribe to this view, which seems to me to involve very grave 
difficulties. The Euclidean definition is regularly appealed to in Book v. as 
the criterion of magnitudes being in proportion, and the use of it would appear 
to constitute the whole essence of the new general theory of proportion; if then 
this theory is due to Eudoxus, it seems impossible to believe that the definition 
was not also due to him. Certainly the definition given by Aristotle would 
be no substitute for it; avOvdaipeors and avravaipeots are words almost as 
vague and “ metaphysical” (as Barrow would say) as the words used to define 
ratio, and it is difficult to see how any mathematical facts could be deduced 
from such a definition. Consider for a moment the etymology of the words. 
bpatperrs or dvaipeors means “removal,” “taking away” or “ destruction ” of 
a thing; and the prefix dvri indicates that the “taking away” from one 
magnitude answers fo, corresponds with, alternates with, the “taking away” 
from the other. So far therefore as the etymology goes, the word seems 
rather to suggest the “taking away” of corresponding /ractions, and therefore 
to suit the old imperfect theory of proportion rather than the new one. Thus 
Waitz (ad loc.) paraphrases the definition as meaning that “as many parts as 
are taken from one magnitude, so many are at the same time taken from the 
other as well.” A possible explanation would seem to be that, though 
Eudoxus had formulated the new definition, the old one was still current in 
the text-books of Aristotle's time, and was taken by him as being a good 
enough illustration of what he wished to bring out in the passage of the 
Topics referred to. 

From the revival of learning in Europe onwards the Euclidean definition 
of proportion was the subject of much criticism. Campanus had failed to 
understand it, had in fact misinterpreted it altogether, and he may have 
misled others such as Ramus (1515— 72), always a violently hostile critic of 
Euclid. Among the objectors to it was no less a person than Galileo. For 
particulars of the controversies on the subject down to Thomas Simpson 
(Elem. of Geometry, Lond. 1800) the reader is referred to the Excursus at the 
end of the second volume of Camerer’s Euclid (1825). For us it is interesting 
to note that the unsoundness of the usual criticisms of the definition was 
never better exposed than by Barrow. Some of the objections, he pointed out 
(Lect. Cantabr.v11.0f 1666), are due to misconception on the part of their authors 
as to the nature of a definition. Thus Euclid is required by these objectors 
(e.g. Tacquet) to do the impossible and to show that what is predicated in the 
definition is true of the thing defined, as if any one should be required to 
show that the name “circle” was applicable to those figures alone which 
have their radii all equal! As we are entitled to assign to such figures and 
such figures only the name of "circle," so Euclid is entitled (* quamvis non 
temere nec imprudenter at certis de causis iustis illis et idoneis ") to describe 
a certain property which four magnitudes may have, and to call magnitudes 
possessing that property magnitudes *'in the same ratio." Others had argued 
from the occurrence of the other definition of proportion in vii. Def. 20 that 
Euclid was dissatisfied with the present one ; Barrow pointed out that, on the 
contrary, it was the fact that vit. Def. 20 was not adequate to cover the case 
of incommensurables which made Euclid adopt the present definition here. 
Lastly, he maintains, against those who descant on the ‘‘obscurity” of v. 
Def. 5, that the supposed obscurity is due, partly no doubt to the inherent 
difficulty of the subject of incommensurables, but also to faulty translators, 
and most of all to lack of effort in the learner to grasp thoroughly the meaning 
of words which, in themselves, are as clearly expressed as they could be. 

To come now to the merits of the case, the best defence and explanation 
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of the definition that I have seen is that given by De Morgan. He first 
translates it, observes that it applies equally to commensurable or incom- 
mensurable quantities because no attempt is made to measure one by an 
aliquot part of another, and then proceeds thus. 

“The two questions which must be asked, and satisfactorily answered, 
previously to its [the definition's] reception, are as follows: 


1. What right had Euclid, or any one else, to expect that the preceding 
most prolix and unwieldy statement should be received by the beginner as 
the definition of a relation the perception of which is one of the most common 
acts of his mind, since it is performed on every occasion where similarity or 
dissimilarity of figure i is looked for or presents itself? 


2. lf the preceding question should be clearly answered, how can the 
definition of proportion ever be used ; or how is it possible to compare every 
one of the infinite number of multiples of A with every one of the multiples 
of Z? 

To the first question we reply that not only is the test proposed by 
Euclid tolerably simple, when more closely examined, but that it is, or might 
be made to appear, an easy and natural consequence of those fundamental 
perceptions with which it may at first seem difficult to compare it.” 

To elucidate this De Morgan gives the following illustration. 

Suppose there is a straight colonnade composed of equidistant columns 
(which we will understand to mean the vertical lines forming the axes of the 
columns respectively), the first of which is at a distance from a bounding wall 
equal to the distance between consecutive columns. In front of the colonnade 
let there be a straight row of equidistant railings (regarded as meaning their 
axes), the first being at a distance from the bounding wall equal to the 
distance between consecutive railings. Let the columns be numbered from 
the wall, and also the railings. We suppose of course that the column distance 
(say, C) and the railing distance (say, Æ) are different and that they may bear 
to each other any ratio, commensurable or incommensurable ; i.e. that there 
need not go any exact number of railings to any exact number of columns. 
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If the construction be supposed carried on to any extent, a spectator can, 
by mere inspection, and without measurement, compare C with & to any 
degree of accuracy. For example, since the 10th railing falls between the 4th 
and sth columns, 102 is greater than 4C and less than 5C, and therefore Æ 
lies between 4'gths of C and j'5ths of C. To get a more accurate notion, the 
ten-thousandth railing may bë taken ; suppose it falls between the 4674th and 
4675th columns. Therefore 10,0007 lies between 4674 C and 4675C, or X lies 
between yoga and woog Of C. There is no limit to the degree of accuracy 
thus obtainable ; and the ratio of Æ to C is determined when the order of 
distribution of the railings among the columns is assigned ad infinitum ; or, in 
other words, when the position of any given railing can be found, as to the 
numbers of the columns between which it lies. Any alteration, however 
small, in the place of the first railing must at last affect the order of 
distribution. Suppose e.g. that the first railing is moved from the wall by one 
part in a thousand of the distance between the columns; then the second 
railing is pushed forward by 4555€, the third by 4455 C, and so on, so that 
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the railings after the thousandth are pushed forward by more than C; i.e. the 
order with respect to the columns is disarranged. 

Now let it be proposed to make a model of the preceding construction in 
which c shall be the column distance and » the railing distance. It needs no 
definition of proportion, nor anything more than the conception which we 
have of that term prior to definition (and with which we must show the agree- 
ment of any definition that we may adopt), to assure us that C must be to & 
in the same proportion as ¢ to r if the model be truly formed. Nor is it 
drawing too largely on that conception of proportion to assert that the 
distribution of the railings among the columns in the model must be every- 
where the same as in the original ; for example, that the model would be ow 
of proportion if its 37th railing fell between the 18th and 19th columns, while 
the 37th railing of the original fell between the 17th and 18th columns. Thus 
the dependence of Euclid's definition upon common notions is settled; for the 
obvious relation between the construction and its model which has just been 
described contains the collection of conditions, the fulfilment of which, 
according to Euclid, constitutes proportion. According to Euclid, whenever 
mC exceeds, equals, or falls short of 4A, then mc must exceed, equal, or fall 
short of nz; and, by the most obvious property of the constructions, according 
as the mth column comes after, opposite to, or before the zth railing in the 
original, the mth column must come after, opposite to, or before the #th 
railing in the correct model. 

Thus the test proposed by Euclid is necessary. It is also sufficient. For 
admitting that, to a given original with a given column-distance in the model, 
there is one correct model railing distance (which must therefore be that 
which distributes the railings among the columns as in the original), we have 
seen that any other railing distance, however slightly different, would at last 
give a different distribution; that is, the correct distance, and the correct 
distance only, satisfies all the conditions required by Euclid's definition. 

The use of the word distribution having been well learnt, says De Morgan, 
the following way of stating the definition will be found easier than that of 
Euclid. “Four magnitudes, A and # of one kind, and C and 2 of the same 
or another kind, are proportional when all the multiples of 4 can be 
distributed among the multiples of Z in the same intervals as the correspond- 
ing multiples of C among those of D." Or, whatever numbers m, n may be, 
if mA lies between 2B and (# + 1)7, mC lies between 2D and (n+ 1)D. 

It is important to note that, if the test be always satisfied from and after 
any given multiples of 4 and C, it must be satisfied before those multiples. For 
instance, let the test be always satisfied from and after 100.4 and rooC ; and 
let 54 and 5C be instances for examination. Take any multiple of 5 which 
will exceed 100, say 50 times five ; and let it be found on examination that 
250A lies between 6787 and 6798; then 250C lies between 678D and 
679D. Divide by 50, and it follows that 54 lies between 13394 and 13157, 
and a fortiori between 138 and 144. Similarly, 5C hes between 13352 and 
13442, and therefore between 132 and 142. Or 54 lies in the same 
interval among the multiples of # in which 5C lies among the multiples of D. 
And so for any multiple of 4, C less than 1004, 100C. 

There remains the second question relating to the infinite character of the 
definition ; four magnitudes 4, B, C, D are not to be called proportional 
until it is shown that every multiple of A falls in the same intervals among 
the multiples of B in which the same multiple of C is found among the 
multiples of D. Suppose that the distribution of the railings among the 
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columns should be found to agree in the model and the original as far as 
the millionth railing. ‘This proves only that the railing distance of the model 
does not err by the millionth part of the corresponding column distance. We 
can thus fix limits to the disproportion, if any, and we may make those limits 
as small as we please, by carrying on the method of observation; but we 
cannot observe an infinite number of cases and so enable ourselves to affirm 
proportion absolutely. Mathematical methods however enable us to avoid 
the difficulty. We can take any multiples whatever and work with them as if 
they were particular multiples. De Morgan gives, as an instance to show that 
the definition of proportion can in practice be used, notwithstanding its 
zs character, the following proof of a proposition to the same effect as 
ucl. vı. 2. 





[e] aA d3 Ay dg A, a As 


“Let OA P be a triangle to one side 4 B of which a? is drawn parallel, and 
on OA produced set off 4A4,, A,A, etc. equal to OA, and aa» aa, etc. equal 
to Oa. 

Through every one of the points so obtained draw parallels to AS, 
meeting OB produced in 4,, B, etc. 

Then it is easily proved that &^,, 6,4, etc. are severally equal to Ob, and 
BB,, BB, etc. to OB. 

Consequently a distribution of the multiples of O4 among the multiples 
of Oa is made on one line, and of OZ among those of Ob on the other. 

The examination of this distribution in all its extent (which is impossible, 
and hence the apparent difficulty of using the definition) is rendered 
unnecessary by the known property of parallel lines. For, since 4, lies 
between a, and a, B, must lie between 4, and 4,; for, if not, the line 44,2, 
would cut either a,b, or aby. 

Hence, without inquiring where 4,, does fall, we know that, if it fall 
between a, and an, m must fall between &, and 6,,,; or, if m. OA fall in 
magnitude between z. "Oa and (n * 1)0a, then 5». OB must fall between 
n. Ob and (n+ 1)05.^ 


Max Simon remarks (Euclid und die sechs planimetrischen Bücher, p. 110), 
after Zeuthen, that Euclid's definition of equal ratios is word for word the 
same as Weierstrass’ definition of equal numbers. So far from agreeing in 
the usual view that the Greeks saw in the irrational no number, Simon thinks 
it is clear from Eucl. v. that they possessed a notion of number in all its 
generality as clearly defined as, nay almost identical with, Weierstrass' con- 
ception of it. 

Certain it is that there is an exact correspondence, almost coincidence, 
between Euclid's definition of equal ratios and the modern theory of irrationals 
due to Dedekind.  Premising the ordinal arrangement of natural numbers in 
ascending order, then enlarging the sphere of numbers by including 
(1) negative numbers as well as positive, (2) fractions, as 2/2, where a, 6 may 


V. DEF. 5] NOTE ON DEFINITION 5 125 


be any natural numbers, provided that is not zero, and arranging the 
fractions ordinally among the other numbers according to the definition : 


let 7 be <=> £ according as ad is <=> &, 
Dedekind arrives at the following definition of an irrational number. 

An irrational number a is defined whenever a law is stated which will 
assign every given rational number to one and only one of two classes 4 and 
B such that (1) every number in 4 precedes every number in Z, and (2) there 
is no last number in Æ and no first number in Z; the definition of a being 
that it is the one number which lies between all numbers in 4 and all 
numbers in Æ. 

Now let x/y and x'/y' be equal ratios in Euclid's sense. 


Then ~ will divide all rational numbers into two groups A and Z; 
= » T " A’ and Z. 


Let 5 be any rational number in 4, so that 


a X 
=- < =, 


ó y 
This means that ay < x. 
But Euclid’s definition asserts that in that case ay' « 4x’ also. 


, 
& x 

Hence also ;*3j 
e y 


therefore every member of group 4 is also a member of group 4’. 
Similarly every member of group Z is a member of group Z”. 


For, if 5 belong to B, 


BIA 
SIR 


which means that ay > dx. 
But in that case, by Euclid’s definition, ay’ > óx' ; 
a £r 
b > y' 
Thus, in other words, A and B are coextensive with A’ and Z 
respectively ; 


therefore also 


therefore ; =F according to Dedekind, as well as according to Euclid. 


If x/y, x'/y’ happen to be rational, 
then one of the groups, say 4, includes x/y, 
and one of the groups, say 4’, includes a*/y". 
a 


In this case j 


might coincide with y: 


that is 


> SIR 


S ia 
u 
x 


which means that 
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Therefore, by Euclid's definition, ay’ = 42’ ; 


So that m cs ‘ 
b y 
Thus the groups are again coextensive. 
In a word, Euclid's definition divides all rational numbers into two 
coextensive classes, and therefore defines equal ratios in a manner exactly 
corresponding to Dedekind's theory. 


Alternatives for Eucl. V. Def. 5. 


Saccheri records in his Euclides ob omni naevo vindicatus that a distinguished 
geometer of his acquaintance proposed to substitute for Euclid's the following 
definition : 

* A first magnitude has to a second the same ratio that a third has to a 
fourth when the first contains the aliquot parts of the second, according fo any 
number [i.e. with any denominator] whatever, the same number of times as 
the number of times the third contains the same aliquot parts of the fourth” ; 
on which Saccheri remarks that he sees no advantage in this definition, which 
presupposes the notion of division, over that of Euclid which uses multiplication 
and the notions of greater, egual, and less. 

This definition was, however, practically adopted by Faifofer (Elements di 
geometria, 3 ed., 1882) in the following form: 

* Four magnitudes taken in a certain order form a proportion when, by 
measuring the first and the third respectively by any equi-submultiples 
whatever of the second and of the fourth, equal quotients are obtained." 

Ingrami (/ementt di geometria, 1904) takes multiples of the first and third 
instead of submultiples of the second and fourth : 

* Given four magnitudes in predetermined order, the first two homogeneous 
with one another, and likewise also the last two, the magnitudes are said to 
form a proportion (or to be in proportion) when any multiple of the first 
contains the second the same number of times that the equimultiple of the 
third contains the fourth." 

Veronese's definition (Elementi di geometría, Pt. 11., 1905) is like that of 
eie ; Enriques and Amaldi (Elementi di geometria, 1905) adhere to 

uclid's, 


Proportionals of VII. Def. 20 a particular case. 


It has already been observed that Euclid has nowhere proved (though the 
fact cannot have escaped him) that the proportion of numbers is included in 
the proportion of magnitudes as a special case. "This is proved by Simson as 
being necessary to the sth and 6th propositions of Book x. Simson's proof is 
contained in his propositions C and D inserted in the text of Book v. and in 
the notes thereon. Proposition C and the note on it prove that, if four 
magnitudes are proportionals according to vM. Def. 20, they are also proportionals 
according to v. Def. 5. Prop. D and the note prove the partial converse, 
namely that, if four magnitudes are proportionals according to the sth definition 
of Book v., and if the first be any multiple, or any part, or parts, of the second, 
the third is the same multiple, part, or parts, of the fourth. The proofs use 
certain results obtained in Book v. 


Prop. C is as follows : 


Lf the first be the same multiple of the second, or the same part of it, that the 
third is of the fourth, the first is to the second as the third to the fourth. 
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Let the first 4 be the same multiple of B the second that C the third is of 
the fourth D; 
A isto Bas C is to D. 





A ————————9 E 
B G 
Cc F 
p — H 





Take of A, C any equimultiples whatever E, F; and of B, D any 
equimultiples whatever G, H. 


Then, because A is the same multiple of Z that C is of D, 
and £ is the same multiple of A that Fis of C, 
E is the same multiple of Z that Fis of D. [v. 3] 
Therefore Æ, Fare the same multiples of B, D. 
But G, # are equimultiples of 5, D; 


therefore, if E be a greater multiple of Z than G is, Fis a greater multiple of 
D than AZ is of D; 


that is, if Æ be greater than G, Fis greater than Æ. 
In like manner, 
if E be equal to G, or less, F is equal to Æ, or less than it. 
But £, Fare equimultiples, any whatever, of 4, C; 
and G, H any equimultiples whatever of B, D. 
Therefore 4 is to B as C is to D. [v. Def. 5] 


Next, let the first 4 be the same part of the second Z that the third C is 
of the fourth D: 


A isto Bas Cis to D. A-—— 
For Z is the same multiple of 4 that 2 is of C; B 
wherefore, by the preceding case, c M 
l B is to Aas D is to C; D 


and, inversely, A is to B as C is to D. 

[For this last inference Simson refers to his Proposition B. That 
proposition is very simply proved by taking any equimultiples E, F of B, D 
and any equimultiples G, Æ of 4, C and then arguing as follows: 

Since A is to B as C is to D, 

G, H are simultaneously greater than, equal to, or less than Æ, F 
respectively ; so that 

E, F are simultaneously less than, equal to, or greater than G, H 
respectively, 

and therefore [ Def. 5] Z is to 4 as D is to C.] 

We have now only to add to Prop. C the case where AZ contains the 

same parts of CD that EF does of GH: 
in this case likewise 4B is to CD as EF to GH. 

Let CK be a part of CD, and GZ the same part of GH; let AB be the 

same multiple of CK that EZ is of GZ. 
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Therefore, by Prop. C, 
AB isto CK as EFto GL. 


Cip — 5 ud: 


And CD, GH are equimultiples of CX, GZ, the second and fourth. 

Therefore AB is to CD as EF to GH [Simson's Cor. to v. 4, which 
however is the particular case of v. 4 in which the " equimultiples" of one 
pair are the pair itself, i.e. the pair multiplied by unity]. 

To prove the partial converse we begin with Prop. D. 

Lf the first be to the second as the third to the fourth, and if the first bea 
multiple or part of the second, the third is the same multiple or the same part of 
the fourth. 

Let A be to Bas Cis to D; 
and, first, let 4 be a multiple of Z ; 

C is the same multiple of D. 

Take Æ equal to A, and whatever multiple 4 or Æ is of B, make Æ the 
same multiple of D. 

Then, because 4 is to P as C is to D, 
and of B the second and 2 the fourth equimultiples have been taken Æ 
and A, 





A isto Eas Cis to £ [v. 4, Cor.] 
But 4 is equal to E ; 
therefore C is equal to Æ 


[In support of this inference Simson cites his Prop. A, which however we 
can directly deduce from v. Def. 5 by taking any, but ¢he same, equimultiples 
of all four magnitudes.] 


— EE EE LED C 


B ——————— ——Ü 
BE F 


Now Z is the same multiple of D that A is of B; 
therefore C is the same multiple of D that A is of B. 
Next, let the first 4 be a part of the second Z; 
C the third is the same part of the fourth D. 

Because A is to Bas C is to D, 

inversely, B is to A as D is to C. [Prop. B] 
But A is a part of Z; therefore Z is a multiple of 4; 

and, by the preceding case, D is the same multiple of C, 

that is, C is the same part of D that 4 is of B. 

We have, again, only to add to Prop. D the case where AZ contains any 
parts of CD, and AZ is to CD as EF to GĦ, 

then shall £ contain the same parts of GH that AB does of CD. 
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For let CX be a part of CD, and GZ the same part of GĦ; and let AB 
be a multiple of CA. 

EF shall be the same multiple of GZ. 

Take M the same multiple of GZ that AB is of CK; 


therefore AB isto CK as M is to GZ. [Prop. C] 


E——————————F 
H M 


A ———————B 
Cc E K D G- = E 








And CD, GH are equimultiples of CA, GZ; 


therefore AB is to CD as M is to GH. 
But, by hypothesis, AB isto CD as EF is to GĦ; 
therefore M is equal to EF, [v. 9] 


and consequently EZ is the same multiple of GZ that 4B is of CK. 


DEFINITION 6. 

Ta ô: róv avrov éxovra Aóyov peyéOn avaXoyov kaAeiaÓo. 

"AvaAoyov, though usually written in one word, is equivalent to ava Adyov, in 
proportion. It comes however in Greek mathematics to be used practically as 
an indeclinable adjective, as here; cf. ai Téo capes Dhia dvdAoyov écovrat, 
“the four straight lines will be proportional, ” rpiywva Tas TÀevpàs dváAoyov 
éxovra, '' triangles having their sides proportional." Sometimes it is used 
adverbially: avdAoyov dpa rriv ws j BA xpos rijv AT, ovrws y HA mpós rjv AZ, 
“proportionally therefore, as BA is to AC, so is GD to DF’ '; SO too, ap- 
parently, in the expression 9 uéo7 àvaAoyov («tÓsia), “the mean proportional." 
I do not follow the objection of Max Simon (Euclid, p. 110) to “proportional” 
as a translation of dvaAoyov. “We ask,” he says, “in vain, what is proportional 
to what? We say e.g. that weight is proportional to price because double, treble 
etc. weight corresponds to double, treble etc. price. But here the meaning must 
be 'standing in a relation of proportion." Yet he admits that the Latin word 
proportionalis is an adequate expression. He translates by “in proportion” 
in the text of this definition. But I do not see that “in proportion” is better 
than “proportional.” The fact is that both expressions are elliptical when 
used of four magnitudes “in proportion” ; but there is surely no harm in 
using either when the meaning is so well understood. 

The use of the word xadcioOu, “det magnitudes having the same ratio Ze 
called proportional," seems to indicate that this definition is Euclid's own. 


DEFINITION 7. 


“Orav ôè röv icáxis rodar agi TÓ piv TOU Tpwrov wodAamhdatoy Urepéxy 
TOU ToU ,Bevrépov roAAarAaaiov, Tò ó€ ToD rpírov moÀÀamAdaioy py irepo, ToU 
TOU reráprov wodAarAagion, Tore Tò Tporov mpòs TÒ Sevrepoy peilova Àóyov éxew 
A€yerai, Trep TÒ Tpírov mpós TÒ TÉraprov. 

As De Morgan observes, the practical test of disproportion is simpler than 
that of proportion. For, whereas no examination of individual cases, however 


H. E. ll. 9 
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extensive, will enable an observer of the construction and its model (the 
illustration by means of columns and railings described above) to affirm 
proportion or deny disproportion, and all it enables us to do is to fix limits 
(as small as we please) to the disproportion (if any), a single instance may 
enable us to deny proportion or affirm disproportion, and also to state which 
way the disproportion lies. Let the r9th railing in the original fall beyond 
the 11th column, while the rgth railing of the (so-called) model does not 
come up to the rith column. It follows from this one instance that the 
railing distance of the model is too small relatively to the column distance, or 
that the column distance is too great relatively to the railing distance. That 
is, the ratio of r to c is less than that of Æ to C, or the ratio of c to r is greater 
than that of C to &. 

Saccheri (of. cif.) remarks (as Commandinus had done) that the ratio of 
the first magnitude to the second will also be greater than that of the third to 
the fourth if, while the multiple of the first is egual to the multiple of the 
second, the multiple of the third is /ess than that of the fourth: a case not 
mentioned in Euclid's definition. Saccheri speaks of this case being included 
in Clavius’ interpretation of the definition. I have, however, failed to find a 
reference to the case in Clavius, though he adds, as a sort of corollary, in his 
note on the definition, that if, on the other hand, the multiple of the first is 
éess than the multiple of the second, while the multiple of the third is not Jess 
than that of the fourth, the ratio of ‘the first to the second is /ess than that of 
the third to the fourth. 

Euclid presumably left out the second possible criterion for a greater ratio, 
and the definition of a less ratio, because he was anxious to reduce the 
definitions to the minimum necessary for his purpose, and to leave the rest to 
be inferred as soon as the development of the propositions of Book v. enabled 
this to be done without difficulty. 

Saccheri tried to reduce the second possible criterion for a greater ratio to 
that given by Euclid in his definition without recourse to anything coming 
later in the Book, but, in order to do this, he has to use **multiples" produced 
by multipliers which are not integral numbers, but integral numbers 7/ws proper 
fractions, so that Euclid's Def. 7 becomes inapplicable. 

De Morgan notes that “proof should be given that the same pair of 
magnitudes can never offer both tests [ie. the test in the definition for a 
greater ratio and the corresponding test for a less ratio, with “less” substituted 
for “greater” in the definition] to another pair; that is, the test of greater 
ratio from one set of multiples, and that of less ratio from another." In other 
words, if m, #, 5, g are integers and A, B, C, D four magnitudes, none of the 
pairs of equations 

(1) mA>nB, mC=or<nD, 


(2) mA=nB, mC<nD 
can be satisfied simultaneously with any one of the pairs of equations 
(3) pA= 9B, pC> gd, 
(4) pA<gB, pC>or=qD. 
There is no difficulty in proving this with the help of two simple 
assumptions which are indeed obvious. 
We need only take in illustration one of the numerous cases. Suppose, if 
possible, that the following pairs of equations are simultaneously true: 
(1) mA>nB, mC<nD 
and (2) pA<qB, pC»94D. 
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Multiply (1) by g and (2) by 2. 


(We need here to assume that, where 7X, 7 Y are any equimultiples of any 
magnitudes X, Y, 


according as X>=< Y, rX»-«rY. 
This is contained in Simson's Axioms 1 and 3.) 
We have then the pairs of equations 
mgA>ngB, mgC <ngD, 
npA<ngB, npC»ngD. 
From the second equations in each pair it follows that 
nq C « npC. 


(We now need to assume that, if rX, sX are any multiples of X, and 
rY, sY the same multiples of Y, then, 
according as rX 2 —« sX, rY>=< sY. 
Simson uses this same assumption in his proof of v. 18.) 


Therefore mgA <npA. 
But it follows from the first equations in each pair that 
mgA>npaA: 


which is impossible. 
Nor can Euclid’s criterion for a greater ratio coexist with that for equal 
ratios. 


DEFINITION 8. 
"Avadoyia 8% èv rpiciv dpos éXaxiary éarty. 


This is the reading of Heiberg and Camerer (who follow Peyrard’s ws.) 
and is that translated above. The other reading has éAaxioras, which can 
only be translated ‘‘consists in three terms af /east.” Hankel regards the defi- 
nition as a later interpolation, because it is superfluous, and because the word 
ópos for a ferm in a proportion is nowhere else used by Euclid, though it is 
common in later writers such as Nicomachus and Theon of Smyrna. The 
genuineness of the definition is however supported by the fact that Aristotle 
not only uses ópos in this sense (E/A. Mic. V. 6, 7, 1131 b 5, 9), but has a similar 
remark (jbid. 1131 a 31) that a “proportion is in four terms at least." The 
difference from Euclid is only formal; for Aristotle proceeds: “The discrete 
intial (proportion) is clearly in four (terms), but so also is the continuous 
(cvvexys). For it uses one as two and mentions it twice, e.g. (in stating) that, 
as a is to B,so also is B toy; thus Bi is mentioned twice, so that, if B be twice 
put down, the proportionals are four." The distinction between discrete and 
continuous seems to have been Pythagorean (cf. Nicomachus, 11. 21, 5; 23, 
2, 3; where however ovvyppéry is used instead of ovvexys) ; Euclid does not 
use the words àmpyuévy and ovvexys in this connexion. 

So far as they go, the first words of the next definition (9), “When three 
magnitudes are proportional," which seemingly refer to Def. 8, also support 
the view that the latter is, at least in substance, genuine. 


9—2 
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DEFINITIONS 9, 10. 


9. “Orav 8% rpía peyéOy avdAoyov ], TÒ mpwrov mpós Tò rpirov SurAagiova 
Aoyov éxew A€yerat Prep mpòs TÒ Ócvrepov. 


10. “Oray 8% résoapa peyeOy dvdXoyov Ñ, TÒ mpatov xpos TÒ réraprov 

, ea ^ e , * 

tptAaciova Adyov yev A€yerar yrep mpòs TÒ Óevrepov, xai aei éis Opotus, ws 
dv 9 avaXoyia vrapxy. 


Here, and in connexion with the definitions of duplicate, triplicate, etc. 
ratios, would be the place to expect a definition of ‘compound ratio.” None 
such is however forthcoming, and the only “definition” of it that we find is 
that forming vi. Def. 5, which is an interpolation made, perhaps, even before 
Theon’s time. According to the interpolated definition, “A ratio is said to 
be compounded of ratios when the sizes (guerres) of the ratios multiplied 
together make some (? ratio)" But the multiplication of the sizes (or 
magnitudes) of two ratios of incommensurable, and even of commensurable, 
magnitudes is an operation unknown to the classical Greek geometers. 
Eutocius (Archimedes, ed. Heiberg, ut. p. 140) is driven to explain the 
definition by making wnAcxorns mean the number from which the given ratio 
is called, or, in other words, the number which multiplied into the consequent 
of the ratio gives the antecedent. But he is only able to work out his idea with 
reference to ratios between numbers, or between commensurable magnitudes ; 
and indeed the definition is quite out of place in Euclid's theory of 
proportion. 

There is then only one statement in Euclid's text as we have it indicating 
what is meant by compound ratio; this is in vr. 23, where he says abruptly 
“But the ratio of A to M is compounded of the ratio of X to Z and that of 
Lto M.” Simson accordingly gives a definition (A of Book v.) of compound 
ratio directly suggested by the statement in vi. 23 just quoted. 

* When there are any number of magnitudes of the same kind, the first 
is said to have to the last of them: the ratio compounded of the ratio which 
the first has to the second, and of the ratio which the second has to the third, 
and of the ratio which the third has to the fourth, and so on unto the last 
magnitude. 

For example, if 4, 2, C, D be four magnitudes of the same kind, the 
first Æ is said to have to the last D the ratio compounded of the ratio of 
A to B, and of the ratio of Z to C, and of the ratio of C to D; or the ratio 
a A to D is said to be compounded of the ratios of 4 to B, B to C, and 

to D. 

And if A has to B the same ratio which Æ has to F; and B to C the 
same ratio that G has to Æ; and C to D the same that A has to Z; then, 
by this definition, 4 is said to have to D the ratio compounded of ratios 
which are the same with the ratios of Æ to Æ G to 77, and A to Z: and the 
same thing is to be understood when it is more briefly expressed, by saying, 
A has to D the ratio compounded of the ratios of Æ to 7, G to A, and 
K to Z. 

In like manner, the same things being supposed, if M has to V the 
same ratio which 4 has to D; then, for shortness’ sake, M is said to have to 
N the ratio compounded of the ratios of Æ to F, G to 77, and K to Z.” 

De Morgan has some admirable remarks on compound ratio, which 
not only give a very clear view of what is meant by it but at the same time 
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supply a plausible explanation of the origin of the term. “Treat ratio," says 
De Morgan, “as an engine of operation. Let that of 4 to B suggest the 
power of altering any magnitude in that ratio.” (It is true that it is not yet 
proved that, Æ being any magnitude, and P and Q two magnitudes of the 
same kind, there does exist a magnitude 4 which is to Z in the same ratio 
as Pto Q. It is not till vi. 12 that this is proved, by construction, in the 
particular case where the three magnitudes are straight lines. The proof in the 
Greek text of v. r8 which assumes the truth of the more general proposition 
is, by reason of that assumption, open to objection ; see the note on that 
proposition.) Now “every alteration of a magnitude is alteration in some 
ratio, two or more successive alterations are jointly equivalent to but one, and 
the ratio of the initial magnitude to the terminal one is as properly said to be 
the compound ratio of alteration as 13 to be the compound addend in licu of 
8 and 5, or 28 the compound multiple for 7; and 4. Composition is used 
here, as elsewhere, for the process of detecting one single alteration which 
produces the joint effect of two or more. The composition of the ratios of 
P to R, R to S, Z'to UV, is performed by assuming 4, altering it in the first 
ratio into Z, altering A in the second ratio into C, and C in the third ratio 
into D. The joint effect turns Æ into D, and the ratio of 4 to D is the 
compounded ratio." 

Another word for compounded ratio is evvgupévos (ovvartw) which is 
common in Archimedes and later writers. 

It is clear that duplicate ratio, triplicate ratio etc. defined in v. Deff. 9 
and ro are merely particular cases of compound ratio, being in fact the 
ratios compounded of two, three etc. egua/ ratios. ‘The use which the Greek 
geometers made of compounded, duplicate, triplicate ratios etc. is well 
illustrated by the discovery of Hippocrates that the problem of the duplication 
of the cube (or, more generally, the construction of a cube which shall be to 
a given cube in any given ratio) reduces to that of finding “two mean 
proportionals in continued proportion." This amounted to seeing that, if 
x, y are two mean proportionals in continued proportion between any two 
lines a, 4, in other words, if a is to x as x to y, and x is to y as y to 4, then a 
cube with side a is to a cube with side x as a is to ^; and this is equivalent 
to saying that a has to 6 the triplicate ratio of a to x. 

Euclid is careful to use the forms 8urAae twv, tpurAaciwy, etc. to express what 
we translate as duplicate, triplicate etc. ratios; the Greek mathematicians, 
however, commonly used &rAdovos Aoyos, “double ratio,” rperAdc.os Aoyos, 
“triple ratio” etc. in the sense of the ratios of 2 to 1, 3 to 1 etc. The effort, 
if such it was, to keep the one form for the one signification and the other for 
the other was only partially successful, as there are several instances of the 
contrary use, e.g. in Archimedes, Nicomachus and Pappus. 

The expression for having the ratio which is “ duplicate (triplicate) of that 
which it has to the second” is curious—éAaciova (rpurAaciova) Adyov xew 
7 «p mpos Tò Sevrepov—yrep being used as if BurAaacoya or rpirAaciova were a 
sort of comparative, in the same way as it is used after pe{ova or éAdacova. 
Another way of expressing the same thing is to say Aóyos durAaciwy (rpurAagiwv) 
rov, ov exe... the ratio “duplicate of that (ratio) which..." "The explanation 
of both constructions would seem to be that dirAaoros or dirAaciwy is, as 
Hultsch translates it in his edition of Pappus (cf. p. 59, 17), duplo maior, 
where the ablative duplo implies not a difference but a proportion. 

The four magnitudes in Def. ro must of course be in continued proportion 
(xarà ro avv«xés). The Greek text as it stands does not state this. 
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DEFINITION II. 


'OnóAoya peyeOy A€yerat Ta niv jyovpeva tois yyoupdvos rà Se éropeva rois 
érop&vots. 


It is difficult to express the meaning of the Greek in as few words. A 
translation more literal, but conveying less, would be, * Antecedents are called 
corresponding magnitudes to antecedents, and consequents to consequents." 

I have preferred to translate óuoAoyos by “corresponding” rather than by 
“ homologous." Ido not agree with Max Simon when he says, (Euclid, p. 111) 
that the technical term “homologous” is not the adjective óóAoyos, and does 
not mean “corresponding,” “agreeing,” but “like in respect of the proportion” 
(“ähnlich in Bezug auf das Verháltniss"). The definition seems to me to be 
for the purpose of appropriating to a technical use precisely the ordinary 
adjective 6poAoyos, “agreeing” or “corresponding.” 

Antecedents, yyovpeva, are literally ‘“/eading (terms),” and consequents, 
éxapeva, “ following (terms).” 


DEFINITION 12. 

"EvaAAaÉ Adyos dari Anyts ToU yyoupévow mpos TO WyoUpevoy kai Tov éropevou 
mpos TO érop.vov. 

We now come to a number of expressions for the transformation of ratios 
or proportions. The first is évaAAd£, alternately, which would be better 
described with reference to a proportion of four terms than with reference to 
a ratio. But probably Euclid defined all the terms in Deff. 12— 16 with 
reference to ratios because to define them with reference to proportions would 
look like assuming what ought to be proved, namely the legitimacy of the 
various transformations of proportions (cf. v. 16, 7 Por., 18, 17, 19 Por.). The 
word évaAAa£ is of course a common term which has no exclusive reference to 
mathematics. But this same use of it with reference to proportions already 
occurs in Aristotle: Anal. post. 1. 5, 74 a 18, xai rò ávdAoyov or évaAAa£, 
“and that a proportion (is true) alternately, or a/fernando.” Used with Aoyos, 
as here, the adverb évaAAagé has the sense of an adjective, “alternate”; we 


have already had it similarly used of “alternate angles" (ai évaAAa£ yovía:) in 
the theory of parallels.- 


DEFINITION 13. 


"AvazaAw Adyos dori Anyts ToU éropévov ws yovpévov mpós TO 5yovutvov ws 
éropevoy. 


"AvaraAu, “inversely,” *' the other way about,” is also a general term with 
no exclusive reference to mathematics. For this use of it with reference to 
proportion cf. Aristotle, De Caelo 1. 6, 273 b 32 rv avadoyiav Ù Ñv tà Bapy € XG 
oi xpovot avaradw éfovew, “the proportion which the weights have, the times 
will have inversely.” As here used with Aoyos, avaradw is, exceptionally, 
adjectival. 


DEFINITION 14. 


ZuvBears Aoyov éari Anis ToU yyovp£vov peta ToU éropévov ws évós Tpós avró 
TO éropevov. 


The composition of a ratio is to be distinguished from the compounding of 
ratios and compounded ratio (avyxeipevos Aoyos) as explained above in the note 
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on Deff. 9, 10. The fact is that evvriü ga and what serves for the passive of 
it (ovyxeysac) are used for adding as well as compounding in the sense of 
compounding ratios. In order to distinguish the two senses, I have always 
used the word componendo where the sense is that of this definition, though 
this requires a slight departure from the literal rendering of some passages. 
Thus the enunciation of v. 17 says, literally, “if magnitudes compounded be 
in proportion they will also be in proportion separated" (édv ovyxeipeva 
peyOn dvadoyov j, xai ÓwupeÜévra. avadoyov éora). This practically means 
that, if 4 + B is to B as C+ D is to D, then 4 is to B as C is to D. 
I have accordingly translated as follows: “if magnitudes be proportional 
componendo, they will also be proportional separando.” (It will be observed 
that separando, a term explained in the next note, is here used, not relatively 
to the proportion 4 is to B as C is to D, but relatively to the proportion 
componendo, viz. A+ B is to B as C+ D is to D.) The corresponding 
term for componendo in the Greek mathematicians is evvÓevri, literally ‘to one 
who has compounded,” i.e. “if we compound.” (For this absolute use of the 
dative of the participle cf. Nicomachus 1. 8, 9 dd povddos...xara tov ÓurAdatov 
Aoyov wpoxwpodvvTs uéxpis &reipov, Scot kal adv yévovrat, otro, TAVTES dpruikts 
aprtot eicw, A very good instance from Aristotle is E/A. Nic. 1. 5, 1097 b 12 
(m exTeivovrTi yie émi rovs yoveis xai TOs droyóvovs xai TOv Pidwy rovs Pidous 
eis amepov Tpo«gw.) A variation for cvvOévr found in Archimedes is xarà 
ovvOeow. Perhaps the more exclusive use of the form evvOévr. by geometers 
later than Euclid to denote the composition of a ratio, as compared with 
Euclid’s more general use of ovvGeors and other parts of the verb cuvri@ype 
Or ovyxeysat, may point to a desire to get rid of ambiguity of terms and to 
make the terminology of geometry more exact. 


DEFINITION 15. 


Acaipeots Adyou dori AnYis THs UMEpoxys, p UTEpexer TO Yyovmevov Tov 
éropévov, mpós avrÓ TO éropevoy, 

As composition of a ratio means the transformation, e.g., of the ratio of 
A to B into the ratio of 4 + B to B, so the separation of a ratio indicates 
the transformation of it into the ratio of 44 — B to B. Thus, as the new 
antecedent is in one case got by adding the original antecedent to the original 
consequent, so the antecedent in the other case is obtained by subtracting the 
original consequent from the original antecedent (it being assumed that the 
latter is greater than the former). Hence the literal translations of ĉiaipesis 
Aoyov, “division of a ratio," and of SceAovre (the corresponding term to 
cuwvOevrt) as dividendo, scarcely give a sufficiently obvious explanation of the 
meaning. Heiberg accordingly translates by “subtractio rationis," which 
again may be thought to depart too far from the Greek. Perhaps “separation” 
and separando may serve as a compromise. 


DEFINITION 16. 


"Avactpopy) Adyou deri Asus ToU gyovpévov mpos rjv UMEpoxyy, ] Urepéxe 
TO gyovpevov TOU Émop.vov, 

Conversion of a ratio means taking, e.g., instead of the ratio of 4 to B, 
the ratio of 4 to 44 — 7 (A being again supposed greater than Z). As 
dvagtpogy is used for conversion, so avaorpéjavr. is used for convertendo 
(corresponding to the terms ovvOévre and àuAovri). 
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DEFINITION 17. 


Ar laov Aóyos dari mÀeóvov dyruy peyeBav kai dAAwy avrots trav rò mArjBos 
avvvo \apßavopévwv xai év à atte Adyw, Gravy ws dv rois mpoto peyeHeor TÒ 
mpi rov mpos TÒ (o yarov, ovTws £v rots Óevrépots peyéðeri Tò mporov mpòs TO éo Yarov* 
j dAAws: Apis trav arpay xab’ Uregaipeow ràv pérav. 

&' toov, ex aequali, must apparently mean ex aeguali distantia, at an equal 
distance or interval, i.e. after an equal number of intervening terms. The 
wording of the definition suggests that it is rather a proportion ex aequat 
than a ratio ex aeguali which is being defined (cf. Def. 12). The meaning 1s 
clear enough. If a, 4, e, d... be one set of magnitudes, and 4, B, C, D... 
another set of magnitudes, such that 

a is to bas A is to B, 

è is to cas Z is to C, 
and so on, the last proportion being, e.g., 

kis to /, as X is to Z, 
then the inference ex aequali is that 

a is to Zas A isto Z. 


The fact that this is so, or the /ru/A of the inference from the hypothesis, 
is not proved until v. 22. The definition is therefore merely verbal; it gives 
a convenient same to a certain inference which is of constant application in 
mathematics. But ex aequa// could not be intelligibly defined except with 
reference to two sets of ratios respectively equal. 


DEFINITION 18. 


Terapaypevyn 5é dvaAoyía éoriv, orav piv Ovruv peyeOav kai dÀXuv. abrois 
tawv 10 mÀxÜos yiryrat ws pev èv Tois mpwrois peyeÜeaw xyyovpevov Tpós érop.evov, 
oUrus év rois Oevrépois peyeOeow yjyosjevov mpos éropevov, ws 9€ Èv rois mpwrots 
peyéÜeow éxopevov mpas dAdo rt, ovrus év rois Seurépors aÀXo Te mpòs Ņyovpevov. 


Though the words 8¢ toov, ex aequali, are not in this definition, it gives a 
description of a case in which the inference ex aequali is still true, as will be 
hereafter proved in v. 23. A ferturbed proportion is an expression for the 
case when, there being three magnitudes a, 4, ¢ and three others 4, B, C, 


a is to ^ as Z is to C, 
and bis to cas A is to Z. 


Another description of this case is found in Archimedes, “Ae ratios being 
dissimtlarly ordered” (avopoims reraypévuw ràv Aóywv). The full description of 
the inference in this case (as proved in v. 23), namely that 


aistocas A 1s to C, 


is ex aequali in perturbed proportion (6 isov èv rerapaypévy avadoyig). 
Archimedes sometimes omits the ê’ (cov, first giving the two proportions and 
proceeding thus: “therefore, the proportions being dissimilarly ordered, a has 
to ¢ the same ratio as 4 has to C.” 

The fact that Def. 18 describes a particular case in which the inference 
ôe tcov will be proved true seems to have suggested to some one after 
Theon's time the interpolation of another definition between 17 and 18 to 
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describe the ordinary case where the argument ex aeguali holds good. The 
interpolated definition runs thus: “an ordered proportion (reraypévy avadoyia) 
arises when, as antecedent is to consequent, so is antecedent to consequent, 
and, as consequent is to something else, so is consequent to something else.” 
This case needed no description after Def. 17 itself; and the supposed 
definition is never used. 


After the definitions of Book v. Simson supplies the following axidms. 


1. Equimultiples of the same or of equal magnitudes are equal to one 
another. 


2. Those magnitudes of which the same or equal magnitudes are 
equimultiples are equal to one another. 


3. A multiple of a greater magnitude is greater than the same multiple 
of a less. 


4. That magnitude of which a multiple is greater than the same multiple 
of another is greater than that other magnitude. 


BOOK V. PROPOSITIONS. 


PROPOSITION 1. 


Jf there be any number of magnitudes whatever which are, 
respectively, equimultiples of any magnitudes equal in multitude, 
then, whatever multiple one of the magnitudes ts of one, that 
multiple also will all be of all. 


Let any number of magnitudes whatever AB, CD be 
respectively equimultiples of any magnitudes Æ, F equal in 
multitude ; 


I say that, whatever multiple 47 is of Æ, that multiple will 
AB, CD also be of £, F. 








For, since 717 is the same multiple of Æ that C2 is of F, 


as many magnitudes as there are in 747 equal to Æ, so many 
also are there in CD equal to 7. 


Let AB be divided into the magnitudes dG, GP equal 
tow, 


and CD into C77, //D equal to F; 


then the multitude of the magnitudes 4G, G7 will be equal 
to the multitude of the magnitudes C77, 772. 


Now, since AG is equal to Æ, and CH to F, 
therefore AG is equal to £, and AG, CH to E, F. 

For the same reason 

GP is equal to £, and GB, 77D to E, F; 


therefore, as many magnitudes as there are in AB equal to Æ, 
so many also are there in 42, CD equal to £, F; 


4 


v. 1, 2] PROPOSITIONS 1, 2 139 


therefore, whatever multiple AB is of Æ, that multiple will 
AB, CD also be of £, F. 


Therefore etc. 

Q. E. D. 

De Morgan remarks of v. 1—6 that they are “simple propositions of 
concrete arithmetic, covered in language which makes them unintelligible to 
modern ears. The first, for instance, states no more than that fe” acres and 
fen roods make fem times as much as one acre and one rood.” One aim 
therefore of notes on these as well as the other propositions of Book v. 
should be to make their purport clearer to the learner by setting them side by 
side with the same truths expressed in the much shorter and more familiar 
modern (algebraical) notation. In doing so, we shall express magnitudes by 
the first letters of the alphabet, a, 4, ¢ etc., adopting small instead of capital 
letters so as to avoid confusion with Euclid's lettering ; and we shall use the 
small letters m, ^, p etc. to represent integral numbers. Thus ma will always 
mean » times a or the m™ multiple of a (counting 1.a as the first, 2.a as the 
second multiple, and so on). 

Prop. 1 then asserts that, if ma, mb, me etc. be any equimultiples of a, 4, c 
etc., then 

matmb+met+..=m(at+b+e+...). 


PROPOSITION 2. 


Jf a first magnitude be the same multiple of a second 
that a third ts of a fourth, and a fifth also be the same multiple 
of the second that a sixth is of the fourth, the sum of the first 
and fifth will also be the same multiple of the second that the 
sum of the third and sixth is of the fourth. 


Let a first magnitude, 47, be the same multiple of a 
second, C, that a third, DE, 
is of a fourth, 7, and leta 4 B G 
fifth, 2G, also be the same 
multiple of the second, C, that 9^ 7 
awsth, £77, isor te foul) = OT 
Po F- 
I say that the. sum of the 
first and fifth, 4G, will be the same multiple of the second, C, 
that the sum of the third and sixth, 77, is of the fourth, 7. 


For, since AP is the same multiple of C that DF is of F, 
therefore, as many magnitudes as there are in AZ equal to C, 
so many also are there in DE equal to 7. 


For the same reason also, 


as many as there are in BG equal to C, so many are there 
also in £77 equal to 7; 
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therefore, as many as there are in the whole AG equal to C, 
so many also are there in the whole DZ equal to 7. 


Therefore, whatever multiple AG is of C, that multiple 
also is DA of F. 

Therefore the sum of the first and fifth, 4G, is the same 
multiple of the second, C, that the sum of the third and sixth, 
DH, is of the fourth, Æ. 

Therefore etc. 

Q.sBE D. 


To find the corresponding formula for the result of this proposition, we 
may suppose a to be the “second” magnitude and å the “fourth.” If now 
the “first” magnitude is ma, the “third” is, by hypothesis, #4; and, if the 
“fifth " magnitude is aa, the “sixth” is 24. The proposition then asserts that 
ma + na is the same multiple of a that mb + nė is of 6. 

More generally, if fa, ga... and pb, g^... be any further equimultiples of 
a, 6 respectively, ma + na * pa +ga * ... is the same multiple of a that mè + 
nb + pb+qb+... is of & This extension is stated in Simson's corollary to 
v. 2 thus: 

“From this it is plain that, if any number of magnitudes 42, BG, GH 
be multiples of another C; and as many DE, ZA, AZ be the same 
multiples of Æ, each of each; the whole of the first, viz. AH, is the same 
multiple of C that the whole of the last, viz. DZ, is of E^ 

The course of the proof, which separates m into its units and also x into 
its units, practically tells us that the multiple of a arrived at by adding the 
two multiples is the (» + )th multiple; or practically we are shown that 

ma + na — (m n)a, 
or, more generally, that 
ma ua fpa... -(ntntpe...)a. 


PROPOSITION 3. 


Jf a first magnitude be the same multiple of a second 
that a third is of a fourth, and tf equimultiples be taken 
of the first and third, then also ex aequali the magnitudes 
taken will be equimultiples respectively, the one of the second 
and the other of the fourth. 


Let a first magnitude 4 be the same multiple of a second 
B that a third C is of a fourth D, and let equimultiples EF, 
GH be taken of A, C; 


I say that E is the same multiple of Z that GH is of D. 
For, since EF is the same multiple of 44 that GA is of C, 


therefore, as many magnitudes as there are in EF equal to 
A, so many also are there in G// equal to C. 
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Let EF be divided into the magnitudes ZA, KE equal 
to 4, and G// into the magnitudes GL, LH equal to C; 
then the multitude of the magnitudes EA, A will be equal 
to the multitude of the magnitudes GZ, LH. 


A — ———————————— 


pl A. E 
C =e 

D —— 

o 7 H 





And, since A is the same multiple of # that C is of D, 
while £A is equal to 4, and GZ to C, 
therefore “A is the same multiple of 2 that GZ is of D. 


For the same reason 
KF is the same multiple of 7 that ZH is of D. 


Since, then, a first magnitude ZA is the same multiple 
of a second # that a third GZ is of a fourth 2, 


and a fifth AF is also the same multiple of the second 7 that 
a sixth LH is of the fourth 2, 


therefore the sum of the first and fifth, ZZ, is also the same 
multiple of the second 7/ that the sum of the third and sixth, 
GH, is of the fourth D. [v. 2] 


Therefore etc. 
Q. E. D, 


Heiberg remarks of the use of ex aegua/s in the enunciation of this propo- 
sition that, strictly speaking, it has no reference to the definition (17) of a 
ratto ex aequali. But the uses of the expression here and in the definition 
are, I think, sufficiently parallel, as may be scen thus. ‘The proposition 
asserts that, if 

na, nb are equimultiples of a, 4, 
and if m. na, m. nó are equimultiples of »a, nh, 


then s. na is the same multiple of a that m. »^ is of 6. Clearly the proposi- 
tion can be extended by taking further equimultiples of the last equimultiples 
and so on; and we can prove that 
pegs. m. nais the same multiple of a that 5.4...5. nh is of P, 

where the series of numbers f.4...4.^ is exactly the same in both 
expressions ; 

and ex aequa/i (t tcov) expresses the fact that the equimultiples are a£ the 
same distance from a, 6 in the series na, sn . na... and né, m. nb... respectively. 


142 BOOK V [v5.4 


Here again the proof breaks m into its units, and then breaks » into its 
units; and we are practically shown that the multiple of a arrived at, viz. 
m .Hd, is the multiple denoted by the product of the numbers m, », i.e. the 
(mn)th multiple, or in other words that 

Mm.RA=IMN.Aa. 


PROPOSITION 4. 


Jf a first magnitude have to a second the same ratio as a 
third to a fourth, any equimultiples whatever of the first and 
third will also have the same ratio to any equimultiples 
whatever of the second and fourth respectively, taken in 
corresponding order. 

For let a first magnitude 4 have to a second # the same 
ratio as a third C to a fourth D ; and let equimultiples £, £ 
be taken of 4, C, and G, 77 other, chance, equimultiples of 
d LA 
I say that, as Æ is to G, so is P to W. 


A——— 
B——— 
Se 


Q = 








For let equimultiples A, Z be taken of Æ, 7, and other, 
chance, equimultiples 77, N of G, 77. 
Since Æ is the same multiple of A that F is of C, 


and equimultiples A, Z of £, F have been taken, 
therefore A is the same multiple of 4 that Z is of €. [v3] 
For the same reason 
M is the same multiple of Z that V is of D. 
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And, since, as 4 is to B, so is C to D, 

and of A, C equimultiples A, Z have been taken, 

and of B, D other, chance, equimultiples M, JV, 

therefore, if A is in excess of AZ, L also is in excess of JV, 

if it is equal, equal, and if less, less. [v. Def. 5] 
And A, Z are equimultiples of Æ, X, 

and M, N other, chance, equimultiples of C, 77 ; 

therefore, as Æ is to C, so is Fto /7. [v. Def. 5] 


Therefore etc. 
Q. EB D. 


This proposition shows that, if a, b, & d are proportionals, then 
ma is to nb as mc is to nd; 

and the proof is as follows : 

Take pma, pmc any equimultiples of ma, me, and gnb, gud any equimulti- 
ples of nó, nd. 

Since a : b=c: d, it follows [v. Def. 5] that, 

according as fma > = < gnb, pmc> = « qnd. 
But the >- and g-equimultiples are any equimultiples ; 


therefore [v. Def. 5] 
ma : nb — mc : nd. 


It will be observed that Euclid's phrase for taking avy equimultiples of 
A, C and any other equimultiples of Z, D is “let there be taken equimulti- 
ples Æ, F of A, C, and G, H other, chance, equimultiples of B, D," E, £ 
being called iodxs woAAawAdora simply, and G, H àAAa, à érvxev, ladáxis 
moÀÀAamAdcia. And similarly, when any equimultiples (A, Z) of E, F 
come to be taken, and aay other equimultiples (M, N) of G, H. But 
later on Euclid uses the same phrases about the ev equimultiples with 
reference to the original magnitudes, reciting that “there have been taken, of 
A, C, equimultiples A, Z and of 7, D, other, chance, equimultiples AZ, N”; 
whereas M, N are not any cguimultiples whatever of B, D, but are any 
equimultiples of the particular multiples (G, 77) which have been taken of B, 
D respectively, though ¢Aese /affer have been taken at random. Simson would, 
in the first place, add a érvxev in the passages where any equimultiples Æ, F 
are taken of 4, C and any equimultiples A, Z are taken of Æ, 7, because the 
words are “wholly necessary” and, in the second place, would leave them 
out where Af, N are called d^a, a érvyev, iaáxis roAAawAacra of B, D, because 
it is not true that of Z, D have been taken “any equimultiples whatever (à 
érvxe), M, N.” Simson adds: “And it is strange that neither Mr Briggs, who 
did right to leave out these words in one place of Prop. 13 of this book, nor 
Dr Gregory, who changed them into the word ‘some’ in three places, and 
left them out in a fourth of that same Prop. 13, did not also leave them out 
in this place of Prop. 4 and in the second of the two places where they occur 
in Prop. 17 of this book, in neither of which they can stand consistent with 
truth : And in none of all these places, even in those which they corrected in 
their Latin translation, have they cancelled the words à érvye in the Greek 
text, as they ought to have done. The same words à érvy« are found in 
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four places of Prop. 11 of this book, in the first and last of which they are 
necessary, but in the second and third, though they are true, they are quite 
superfluous ; as they likewise are in the second of the two places in which 
they are found in the 12th prop. and in the like places of Prop. 22, 23 of this 
book; but are wanting in the last place of Prop. 23, as also in Prop. 25, 
Book x1." 

As will be seen, Simson's emendations amount to alterations of the text 
so considerable as to suggest doubt whether we should be justified in making 
them in the absence of MS. authority. The phrase ‘‘equimultiples of 4, C 
and other, chance, equimultiples of B, D” recurs so constantly as to suggest 
that it was for Euclid a quasi-stereotyped phrase, and that it is equally genuine 
wherever it occurs. Is it then absolutely necessary to insert à érvye in places 
where it does not occur, and to leave it out in the places where Simson holds 
it to be wrong? I think the text can be defended as it stands. In the first 
place to say “take equimultiples of 4, C" is a fair enough way of saying 
take any equimultiples whatever of A, C. The other difficulty is greater, but 
may, l think, be only due to the adoption of any whatever as the translation 
of à érvxe. As a matter of fact, the words only mean chance equimultiples, 
equimultiples which are the result of random selection. Is it not justifiable 
to describe the product of two chance numbers, numbers selected at random, 
as being a “chance number,” since it is the result of two random selections ? 
I think so, and I have translated d érvye accordingly as implying, in the case 
in question, “other equimultiples whatever they may happen to be." 

To this proposition Theon added the following : 


* Since then it was proved that, if A is in excess of Af, Z is also in excess 
of X, if it is equal, (the other is) equal, and if less, less, 
it is clear also that, 
if Af is in excess of A, V is also in excess of Z, if it is equal, (the other is) 
equal, and if less, less ; 
and for this reason, 
as G is to Æ, so also is Æ to Æ 


PorisM. From this it is manifest that, if four magnitudes be proportional, 
they will also be proportional inversely." 

Simson rightly pointed out that the demonstration of what Theon intended 
to prove, viz. that, if Æ, G, Æ H be proportionals, they are proportional 
inversely, i.e. G is to E as H is to A does not in the least depend upon this 
4th proposition or the proof of it; for, when it is said that, “if A exceeds Af, 
L also exceeds V etc.," this is not proved from the fact that E, G, 7, H are 
proportionals (which is the conclusion of Prop. 4), but from the fact that 
A, B, C, D are proportionals. 

The proposition that, if 4, Z, C, D are proportionals, they are also 
proportionals inversely is not given by Euclid, but Simson supplies the proof 
in his Prop. B. The fact is really obvious at once from the sth definition 
of Book v. (cf. p. 127 above), and Euclid probably omitted the proposition 
as unnecessary. 

Simson added, in place of Theon's corollary, the following : 

* Likewise, if the first has the same ratio to the second which the third 
has to the fourth, then also any equimultiples whatever of the first and third 
have the same ratio to the second and fourth: And, in like manner, the first 
and the third have the same ratio to any equimultiples whatever of the second 
and fourth." 
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. The proof, of course, follows exactly the method of Euclid’s proposition 
itself, with the only difference that, instead of one of the two pairs of equi- 


mulso the magnitudes themselves are taken. In other words, the conclu- 
Sion that 


ma is to nb as mc is to nd 
is equally true when either m or # is equal to unity. 

As De Morgan says, Simson's corollary is only necessary to those who will 
not admit M into the list Af, 2M, 3M etc.; the exclusion is grammatical and 
nothing else. The same may be said of Simson's Prop. A to the effect that, 
“If the first of four magnitudes has to the second the same ratio which the 
third has to the fourth : then, if the first be greater than the second, the third 
is also greater than the fourth; and if equal, equal; if less, less.” "This is 
needless to those who believe once A to be a proper component of the list of 
multiples, in spite of multus signifying many. 


PROPOSITION 5. 


Lf a magnitude be the same multiple of a magnitude that 
a part subtracted is of a part subtracted, the remainder will 


also be the same multiple of the remainder that the whole is of 
the whole. 


S For let the magnitude 447 be the same multiple of the 
magnitude CØ that the part 4£ subtracted is of the part CF 
subtracted ; 


I say that the remainder £7 is also the same multiple of the 
remainder FD that the whole AZ is of the whole CD. 





10 For, whatever multiple AZ is of CF, let EB be made 
that multiple of CG. 
Then, since AZ is the same multiple of CF that EA is 
of GC, 


therefore A Æ is the same multiple of CF that AB is of GF. 


[v. 1] 
15 But, by the assumption, AZ is the same multiple of CF 
that AB is of CD. 


Therefore ABZ is the same multiple of each of the magni- 
tudes GF, CD; 


therefore GF is equal to CD. 
20 Let CF be subtracted from each ; 
therefore the remainder GC is equal to the remainder FD. 
H. E. II. Io 
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And, since AZ is the same multiple of CF that ÆB is of 
GC, 
and GC is equal to DF, 
25 therefore AZ is the same multiple of CF that EP is of FD. 
But, by hypothesis, 
AE is the same multiple of CF that 4B is of CD ; 
therefore EZ is the same multiple of FD that AB is of CD. 


That is, the remainder £7 will be the same multiple of 
3o the remainder FD that the whole AB is of the whole CD. 
Therefore etc. 
i Q. E. D. 


10. let EB be made that multiple of CG, rosavrasAáctor *yeyorérw xal ro EB rot 
TH. From this way of stating the construction one might suppose that CG was given and 
EB had to be found equal to a certain multiple of it. But in fact AZ is what is given and 
CG has to be found, i.e. CG has to be constructed as a certain submultiple of £B. 


This proposition corresponds to v. 1, with subtraction taking the place of 

addition. It proves the formula 
ma — mb =m (a — D). 

Euclid's construction assumes that, if 4Z is any multiple of CZ; and EB 
is any other magnitude, a fourth straight line can be found such that EZ is 
the same multiple of it that AZ is of CZ, or in other words that, given any 
magnitude, we can divide it into any number of equal parts. This is however 
not proved, even of straight lines, much less other magnitudes, until vi. 9. 
Peletarius had already seen this objection to the construction. The difficulty 
is not got over by regarding it merely as a AyfofAefiza/ construction; for 
hypothetical constructions are not in Euclid's manner. The remedy is to 
substitute the alternative construction given by Simson, after Peletarius and 
Campanus' translation from the Arabic, which only requires us to add a 
magnitude to itself a certain number of times. The demonstration follows 
Euclid's line exactly. 

“Take AG the same multiple of ED that AZ is of CF; Ga 

therefore AZ is the same multiple of CZ that EG is of CD. 

[v. 1] 

But AZ, by hypothesis, is the same multiple of CF that A 
AB is of CD; therefore EG is the same multiple of CD that 
AB is of CD; 

wherefore EG is equal to 42. 

Take from them the common magnitude AZ; the remainder 
AG is equal to the remainder EZ. 

Wherefore, since AZ is the same multiple of CF that AG is 
of FD, and since AG is equal to EZ, E 
therefore A Æ is the same multiple of CF that ÆB is of FD. 

But AZ is the same multiple of CZ that 4B is of CD; 
therefore ÆB is the same multiple of ED that AB is of CD.” B' D 

Q. E. D. 
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Euclid's proof amounts to this. 
Suppose a magnitude x taken such that 
ma — mb — mx, say. 
Add må to each side, whence (by v. 1) 
ma = m (x +6). 
Therefore a=x+b, or x-a-ó, 
so that ma —mb=m(a-— à). 
Simson's proof, on the other hand, argues thus. 
Take «=m (a — b), the same multiple of (a — 4) that s is of b. 
Then, by addition of mō to both sides, we have [v. 1] 


x mb = ma, 
or x= ma — mè. 
That is, ma — mb =m (a — b). 


PROPOSITION 6. 


Jf two magnitudes be equimultiples of two magnitudes, and 
any magnitudes subtracted from them be equimultiples of the 
same, the remainders also are either equal to the same or equt- 
multiples of them. 


For let two magnitudes 48, CD be equimultiples of two 
magnitudes Æ, F, and let AG, CH 
subtracted from them be equi- A G B 
multiples of the same two Æ, F; 





I say that the remainders also, GB, : ó ALD 
HD, are either equal to E, F or —À— tt 
equimultiples of them. pe 


For, first, let GB be equal to £ ; 
I say that 772 is also equal to F. 
For let CK be made equal to 7. 
Since AG is the same multiple of £ that CH is of F, 
while GB is equal to £ and KC to F, 
therefore AZ is the same multiple of £ that XH is of F. 
[v. 2] 
But, by hypothesis, 48 is the same multiple of Æ that 
CD is of F; 
therefore XH is the same multiple of F that CD is of F. 
Since then each of the magnitudes A77, CØ is the same 
multiple of Æ, 
therefore XH is equal to CD. 


Io—2 
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Let CH be subtracted from each ; 

therefore the remainder XC is equal to the remainder 772. 
But F is equal to KC ; 

therefore 772 is also equal to 7 


Hence, if GB is equal to £, 77D is also equal to 7. 
Similarly we can prove that, even if G7 be a multiple 
of Æ, HD is also the same multiple of Z. 
Therefore etc. 
Q.9E, Be 


This proposition corresponds to v. 2, with subtraction taking the place of 
addition. It asserts namely that, if # is less than » 5a — na is the same 
multiple of a that »^ — n^ is of 6. ‘The enunciation distinguishes the cases in 
which s — 1 is equal to 1 and greater than 1 respectively. 

Simson observes that, while only the first case (the simpler one) is proved 
in the Greek, both are given in the Latin translation from the Arabic; and 
he supplies accordingly the proof of the second case, which Euclid leaves to 
the reader. The fact is that it is exactly the same as the other except that, in 
the construction, CK is made the same multiple of F that GB is of E, and 
at the end, when it has been proved that AC is equal to 772, instead of 
concluding that A/D is equal to 7, we have to say “ Because GB is the same 
multiple of E that AC is of A, and KC is equal to AD, therefore HD is 
the same multiple of F that GJ is of E." 


PROPOSITION 7. 


Equal magnitudes have to the same the same ratio, as also 
has the same to equal magnitudes. 


Let 4, B be equal magnitudes and C any other, chance, 
magnitude ; 
I say that each of the magnitudes 4, B has the same ratio 


to C, and C has the same ratio to each of the magnitudes 
A,B. 








A= D —À 
B—— € 
Ce af 





For let equimultiples D, Æ of A, B be taken, and of C 
another, chance, multiple F. 
Then, since 2 is the same multiple of A that Æ is of 7, 


while 4 is equal to #, 
therefore D is equal to Æ. 
But F is another, chance, magnitude. 
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If therefore D is in excess of F, Æ is also in excess of F, 
if equal to it, equal ; and, if less, less. l 
And 2, £ are equimultiples of 4, B, 
while / is another, chance, multiple of C ; 
therefore, as A is to C, so is P to C. [v. Def. 5] 


I say next that C also has the same ratio to each of the 
magnitudes 4, B. | 

For, with the same construction, we can prove similarly 
that D is equal to £; 


and Æ is some other magnitude. 
If therefore F is in excess of Ø, it is also in excess of Æ, 
if equal, equal ; and, if less, less. 
And F is a multiple of C, while D, £ are other, chance, 
equimultiples of 4, B ; 
therefore, as C is to Æ, so is C to B. [v. Def. 5] 
Therefore etc. 


Porism. From this it is manifest that, if any magnitudes 
are proportional, they will also be proportional inversely. 
Q. E. D. 


In this proposition there is a similar use of à érvyev to that which has 
been discussed under Prop. 4. Any multiple F of C is taken and then, 
four lines lower down, we are told that “Æ is another, chance, magnitude." 
It is of course not any magnitude whatever, and Simson leaves out the 
sentence, but this time without calling attention to it. 

Of the Porism to this proposition Heiberg says that it is properly put here 
in the best Ms.; for, as August had already observed, if it was in its right 
place where Theon put it (at the end of v. 4), the second part of the proof of 
this proposition would be unnecessary. But the truth is that the Porism is no 
more in place here. The most that the proposition proves is that, if 4, B 
are equal, and C any other magnitude, then two conclusions are simultaneously 
established, (1) that 4 is to C as Z is to C and (2) that C is to A as C is to 
B. The second conclusion is not established from the first conclusion (as 
it ought to be in order to justify the inference in the Porism), but from a 
hypothesis on which the first conclusion itself depends; and moreover it is 
not a proportion in its general form, i.e. between four magnitudes, that is in 
question, but only the particular case in which the consequents are equal. 

Aristotle tacitly assumes ‘aversion (combined with the solution of the 
problem of Eucl. vi. 11) in Meteorologica 111. 5, 376 a 14—16. 


PROPOSITION 8. 


Of unequal magnitudes, the greater has to the same a 
greater ratio than the less has; and the same has to the less 
a greater ratio than tt has to the greater. 
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Let AB, C be unequal magnitudes, and let AZ be greater ; 
let D be another, chance, : 








magnitude ; "C. S B 
I say that AB has to Da , ! 
greater ratio than C has to , G H 
D, and D has to C a greater 
ratio than it has to AB. á 
D 





For, since AB is greater 
than C, let BE be made equal "^7 — 
to C; Lowe crm e D ES 
then the less of the magni- 
tudes AL, ER, if multiplied, 
will sometime be greater than D. [v. Def. 4] 


[Case 1.] 


First, let 4 Æ be less than £7; 
let AE be multiplied, and let FG be a multiple of it which is 
greater than D; 
then, whatever multiple FG is of AZ, let GH be made the 
same multiple of EB and X of C; 
and let Z be taken double of D, M triple of it, and successive 
multiples increasing by one, until what is taken is a multiple 
of D and the first that is greater than A. Let it be taken, 
and let it be M which is quadruple of D and the first 
multiple of it that is greater than K. 

Then, since X is less than V first, 
therefore Æ is not less than M. 

And, since FG is the same multiple of 44 that GH is of 
EB, 
therefore FG is the same multiple of AE that FH is of AB. 

[9-1] 
But 7G is the same multiple of A Æ that X is of C; 
therefore FH is the same multiple of 447 that X is of C; 
therefore FH, K are equimultiples of AB, C. 

Again, since GĦ is the same multiple of ZB that X is 
of C, 
and EZ is equal to C, 

therefore GH is equal to X. 
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But K is not less than 77; 

therefore neither is GĦ less than M. 

And /G is greater than D; 
therefore the whole FH is greater than D, M together. 

But D, M together are equal to N, inasmuch as M is 
triple of D, and M, D together are quadruple of D, while 
N T also quadruple of D; whence M, D together are equal 
to iV. 

But FZ is greater than 77, D ; 

therefore FH is in excess of JV, 
while K is not in excess of V. 

And FH, K are equimultiples of 442, C, while N is 
another, chance, multiple of D ; 


therefore AZ has to D a greater ratio than C has to D. 
[v. Def. 7] 
I say next, that D also has to C a greater ratio than D 
has to AB. 
For, with the same construction, we can prove similarly 
that JV is in excess of X, while N is not in excess of FA. 
And V is a multiple of D, 
while FH, K are other, chance, equimultiples of AB, C; 
therefore D has to C a greater ratio than D has to AB. 


[v. Def. 7] 
[Case 2.] 


Again, let 44 be greater than £B. 
Then the less, £P, if multiplied, will sometime be greater 


than D. [v. Def. 4] 
Let it be multiplied, and s» af 
let GH bea multiple of EZ ^^ ^ — 
and greater than D; E á à 


and, whatever multiple GĦ is 
of EB, let FG be made the * 


same multiple of AZ, and K °° 
of C. Lemma 

Then we can prove simie M——7t—7——3 
larly that 79, X arg Cui ee 


multiples of AB, C; 

and, similarly, let A be taken a multiple of D but the first 
that is greater than FG, 

so that FG is again not less than 77. 
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But G/ is greater than D; 
therefore the whole FH is in excess of D, M, that is, of N. 


Now X is not in excess of /V, inasmuch as FG also, which 
is greater than GØ, that is, than A, is not in excess of JV. 

And in the same manner, by following the above argu- 
ment, we complete the demonstration. 

Therefore etc. 


Q. E. D. 


The two separate cases found in the Greek text of the demonstration can 
practically be compressed into one. Also the expositor of the two cases 
makes them differ more than they need. It is necessary in each case to 
select the smaller of the two segments AE, £P of AB with a view to taking 
a multiple of it which is greater than D; in the first case therefore AZ is 
taken, in the second EZ. But, while in the first case successive multiples of 
D are taken in order to find the first multiple that is greater than GH (or X), 
in the second case the multiple is taken which is tlie first that is greater than 
FG. This difference is not necessary; the first multiple of Ø that is greater 
than GĦ would equally serve in the second case. Lastly, the use of the 
magnitude A might have been dispensed with in both cases; it is of no 
practical use and only lengthens the proofs. For these reasons Simson 
considers that Theon, or some other unskilful editor, has vitiated the 
proposition. This however seems an unsafe assumption ; for, while it was 
not the habit of the great Greek geometers to discuss separately a number of 
different cases (e.g. in 1. 7 and 1. 35 Euclid proves one case and leaves the 
others to the reader), there are many exceptions to prove the rule, e.g. Eucl. 
ni. 25 and 33; and we know that many fundamental propositions, after- 
wards proved generally, were first discovered in relation to particular cases 
and then generalised, so that Book v., presenting a comparatively new 
theory, might fairly be expected to exhibit more instances than the earlier 
books do of unnecessary subdivision. The use of the X is no more con- 
clusive against the genuineness of the proofs. 

Nevertheless Simson's version of the proof is certainly shorter, and more- 
over it takes account of the case in which AZ is egual to EZ, and of the case 
in which AZ, EP are both greater than Ø (though these cases are scarcely 
worth separate mention). 

“If the magnitude which is not the greater of the two AE, EB be (1) 
not less than D, take FG, GH the doubles of AE, EB. 

But if that which is not the greater of the two 4Z, EB be (2) less than 
D, this magnitude can be multiplied so as to become greater than D whether 
it be AZ or EZ. 

Let it be multiplied until it becomes greater than 2, and let the other be 
multiplied as often; let FG be the multiple thus taken of AZ and GH the 
same multiple of EZ; 


therefore FG and GĦ are each of them greater than D. 
And, in every one of the cases, take Z the double of D, M its triple and 
so on, till the multiple of D be that which first becomes greater than GH. 
Let AV be that multiple of D which is first greater than G, and M the 
multiple of D which is next less than JV. 
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Then, because J is the multiple of D which is the first that becomes 
greater than GH, 


the next preceding multiple is not greater than GÆ; 
that is, GH is not less than M. 

And, since FG is the same multiple of AE that GH is of ZA, 
GH is the same multiple of £Z that FH is of AB; [v. 4] 
wherefore FH, GH are equimultiples of 48, ZB. 

And it was shown that (77 was not less than M ; 

and, by the construction, FG is greater than D; Í 

therefore the whole FH is greater than M, D together. 

But AZ, D together are equal to N; 
therefore FH is greater than N. 

But GA is not greater than JV; 
and FH, GH are equimultiples of 4B, BE, 

and AV is a multiple of D; 

therefore AB has to D a greater ratio than BE (or C) has to D. [v. Def. 7] 


Also D has to BE a greater ratio than it has to 42. 
For, having made the same construction, it may be shown, in like manner, 
that AV is greater than G but that it is not greater than FH; 


and AV is a multiple of D, 
and GH, FH are cquimultiples of EB, AB; 
Therefore D has to £7 a greater ratio than it has to 47." — [v. Def. 7] 
The proof may perhaps be more readily grasped in the more symbolical 
form thus. 


Take the mth equimultiples of C, and of the excess of AB over C (that is, 
of AZ), such that each is greater than D; 


and, of the multiples of D, let ^2 be the first that is greater than mC, and 2D 
the next less multiple of 2. 
Then, since mC is not less than »2, 
and, by the construction, (A£) is greater than D, 
the sum of mC and m(A£) is greater than the sum of 2D and D. 
That is, /(.4 B) is greater than ^2. 
And, by the construction, mC is less than pD. 
Therefore [v. Def. 7] 4B has to 2 a greater ratio than C has to D. 
Again, since 22 is less than m(A 8), 


and 2D is greater than mC, 
D has to C a greater ratio than D has to AB. 


PROPOSITION 9. 


Magnitudes which have the same ratio to the same are 
egual to one another; and magnitudes to whith the same has 
the same ratio are equal. 
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For let each of the magnitudes 4, B have the same 
ratio to C : 
I say that 4 is equal to B. 


For, otherwise, each of the 
magnitudes 4, B would not 
have had the same ratio to C; [v. 8] 


but it has; 
therefore 4 is equal to ZB. 


Again, let C have the same ratio to each of the magni- 
tudes 4, B ; 


I say that 4 is equal to B. 


For, otherwise, C would not have had the same ratio to 
each of the magnitudes 4, B; [v. 8] 


but it has ; 
therefore A is equal to Z. 
Therefore etc. 


If A is to Cas P is to C, 
or if C is to A as C is to B, then A is equal to Z. 

Simson gives a more explicit proof of this proposition which has the 
advantage of referring back to the fundamental sth and 7th definitions, 
instead of quoting the results of previous propositions, which, as will be seen 
from the next note, may be, in the circumstances, unsafe. 

“Let 4, B have each of them the same ratio to C; 


A is equal to Z. 
For, if they are not equal, one of them is greater than the other ; 
let A be the greater. 


Then, by what was shown in the preceding proposition, there are some 
equimultiples of 4 and B, and some multiple of C, such that the multiple of 
A is greater than the multiple of C, but the multiple of Z is not greater than 
that of C. 

Let such multiples be taken, and let D, Æ be the equimultiples of 4, B, 
and F the multiple of C, so that D may be greater than Æ, and Æ not greater 
than Æ 

But, because 4 is to C as Z is to C, 


and of 4, B are taken equimultiples D, Æ, and of C is taken a multiple Æ 
and 2 is greater than 7, 
E must also be greater than Æ [v. Def. 5] 
But Æ is not greater than Æ: which is impossible. 
Next, let C have the same ratio to each of the magnitudes 4 and Z; 
A is equal to Z. 
For, if not, one of them is greater than the other ; 
let A be the greater. 
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Therefore, as was shown in Prop. 8, there is some multiple F of C, and 
some equimultiples Æ and D of B and 4, such that Æ is greater than Æ and 
not greater than 2. 

But, because C is to B as C is to A, 


and F the multiple of the first is greater than Æ the multiple of the second, 


F the multiple of the third is greater than D the multiple of ei Def | 
v. Def. 5 

But Fis not greater than D: which is impossible. 

Therefore A is equal to B." 


PROPOSITION 10. 


Of magnitudes which have a ratio to the same, that 
which has a greater ratio is greater; and that to which the 
same has a greater ratto zs less. 

For let 4 have to C a greater ratio than 7 has to C; 

I say that 4 is greater than 2. 


A ———————— B 
Cc 


For, if not, 4 is either equal to 2 or less. 
Now 4 is not equal to Z; 


for in that case each of the magnitudes 4, B would have 
had the same ratio to C; [97] 
but they have not ; 
therefore 4 is not equal to 7. 
Nor again is 4 less than 2; 
for in that case 4 would have had to C a less ratio than B 
has to C; [v. 8] 
but it has not ; 
therefore 4 is not less than Z. 
But it was proved not to be equal either ; 
therefore 4 is greater than Z. 
Again, let C have to Z a greater ratio than C has to 4; 
I say that Z is less than A. 
For, if not, it is either equal or greater. 
Now # is not equal to 4 ; 
for in that case C would have had the same ratio to each of 
the magnitudes 4, 8; [v. 7] 
but it has not ; 
therefore 4 is not equal to ZB. 
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Nor again is # greater than 4 ; 


for in that case C would have had to 7 a less ratio than it 
has to 4; [v. 8] 


but it has not ; 
therefore Ø is not greater than A. 
But it was proved that it is not equal either ; 
therefore Z is less than 4. 
Therefore etc. Q. E. D. 


No better example can, I think, be found of the acuteness which Simson 
brought to bear in his critical examination of the A/ements, and of his great 
services to the study of Euclid, than is furnished by the admirable note on 
this proposition where he points out a serious flaw in the proof as given in 
the text. 

For the first time Euclid is arguing about greater and /ess ratios, and it 
will be found by an examination of the steps of the proof that he assumes 
more with regard to the meaning of the terms than he is entitled to assume, 
having regard to the fact that the definition of greater ratio (Def. 7) is all 
that, as yet, he has to go upon. "That we cannot argue, at present, about 
greater and Fess as applied to ratios in the same way as about the same terms 
in relation to magnitudes is indeed sufficiently indicated by the fact that Euclid 
does not assume for ratios what is in Book 1. an axiom, viz. that things which 
are equal to the same thing are equal to one another; on the contrary, he 
proves, in Prop. 11, that ratios which are the same with the same ratio are the 
same with one another. 

Let us now examine the steps of the proof in the text. First we are told 
that 

“A is greater than Z. 
For, if not, it is either equal to- 7? or less than it. 
Now 4 is not equal to Z; 
for in that case each of the two magnitudes 4, 7 would have had the 
same ratio to C: [v. 7] 
but they have not: 
therefore A is not equal to 2.” 

As Simson remarks, the force of this reasoning is as follows. 

If 4 has to C the same ratio as Z has to C, 
then—supposing any equimultiples of 4, B to be taken and any multiple 
of C— 


by Def. 5, if the multiple of 4 be greater than the multiple of C, the multiple 
of # is also greater than that of C. 

But it follows from the hypothesis (that 4 has a greater ratio to C than B 
has to C) that, 

by Def. 7, there must be some equimultiples of 4, B and some multiple of 
C such that the multiple of 4 is greater than the multiple of C, but the 
multiple of Z is nof greater than the same multiple of C. 

And this directly contradicts the preceding deduction from the supposition 
that 4 has to C the same ratio as Z has to C; 

therefore that supposition is impossible. 


v. 10] PROPOSITION 1o 157 


The proof now goes on thus: 
* Nor again is 4 less than Z; 
for, in that case, 44 would have had to C a less ratio than Z has to C; 
v. 8 
but it has not ; us 
therefore 4 is not less than B.” 

It is here that the difficulty arises. As before, we must use Def. 7. “A 
would have had to C a less ratio than Z has to C," or the equivalent state- 
ment that Z would have had to C a greater ratio than 4 has to C, means 
that there would have been some equimultiples of B, A and some multiple of 
C such that 

(1) the multiple of Z is greater than the multiple of C, but 

(2) the multiple of A is nof greater than the multiple of C, 
and it ought to have been proved that this can never happen if the hypothesis 
of the proposition is true, viz. that Æ has to C a greater ratio than # has to 
C: that is, it should have been proved that, in the latter case, the multiple of 
A is always greater than the multiple of C whenever the multiple of B is 
greater than the multiple of C (for, when this is demonstrated, it will be 
evident that Z cannot have a greater ratio to C than 7f has to in. But this 
is not proved (cf. the remark of De Morgan quoted in the note on v. Def. D 
p. 130), and hence it is not proved that the above inference from the supposi- 
tion that 4 is less than Z is inconsistent with the hypothesis in the enunciation. 
The proof therefore fails. 

Simson suggests that the proof is not Euclid's, but the work of some one 
who apparently *has been deceived in applying what is manifest, when 
understood of magnitudes, unto ratios, viz. that a magnitude cannot be both 
greater and less than another." 

The proof substituted by Simson is satisfactory and simple. 

“Let A have to C a greater ratio than Z has to C; 

A is greater than Z. 

For, because 4 has a greater ratio to C than Z has to C, there are some 
equimultiples of 4, Z and some multiple of C such that 

the multiple of 4 is greater than the multiple of C, but the multiple of Z 
is nof greater than it. fv: Def: 7] 

Let them be taken, and let 2, E be equimultiples of A, B, and Fa 
multiple of C, such that 

D is greater than Æ, 
but E is not greater than Æ 

Therefore D is greater than Æ. 

And, because D and Æ are equimultiples of A and B, and 2 is greater 
than Æ, 

therefore A is greater than B. [Simson's 4th Ax.] 
Next, let C have a greater ratio to Z than it has to 4 ; 
B is less than A. 


For there is some multiple F of C and some equimultiples E and Ð of B 
and 4 such that 


F is greater than Æ but not greater than D. [v. Def. 7] 
Therefore Æ is less than D; 
and, because Æ and 2 are equimultiples of B and 4, 
therefore Z is less than 4.” 


158 BOOK V [v. rr 


PROPOSITION II. 


Ratios which are the same with the same ratio are also 
the same with one another. 

For, as A is to L, so let C be to D, 
and, as C is to D, so let Z be to F; 
I say that, as 4 is to B, so is E to F. 


E — 
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For of 4, C, E let equimultiples G, 77, X be taken, and 
of B, D, F other, chance, equimultiples Z, M, N. 
Then since, as A is to £, so is C to D, 
and of A, C equimultiples G, 77 have been taken, 
and of B, D other, chance, equimultiples Z, M, 
therefore, if G is in excess of L, H is also in excess of M, 
if equal, equal, 
and if less, less. 
Again, since, as C is to D, so is £ to F, 
and of C, Æ equimultiples Æ, A have been taken, 
and of D, F other, chance, equimultiples M, N, 
therefore, if Æ is in excess of M, X is also in excess of N, 
if equal, equal, 
and if less, less. 
But we saw that, if Æ was in excess of M, C was also 
in excess of £L ; if equal, equal; and if less, less; 
so that, in addition, if G is in excess of L, A is also in excess 
of N, 
if equal, equal, 
and if less, less. 
And G, K are equimultiples of 4, Æ, 
while Z, V are other, chance, equimultiples of B, F; 
therefore, as 4 is to B, so is & to 7. 


Therefore etc. 
Q. E. D. 
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Algebraically, if a:b=c¢:d, 
and c:d=e:f, 
then a:b=e:f. 


The idiomatic use of the imperfect in quoting a result previously obtained 
is noteworthy. Instead of saying “ But ¿f was proved that, if H is in excess 
of Af, G is also in excess of Z,” the Greek text has “ But if 77 was in excess 
of M, G was also in excess of Z,” adAa ei trepeixe rò © roù M, trepetye xai 
tò H rov A. 

This proposition is tacitly used in combination with v. 16 and v. 24 in the 
geometrical passage in Aristotle, Meteorologica 111. 5, 376 a 22—26. 


PROPOSITION 12. 


Jf any number of magnitudes be proportional, as one of 
the antecedents is to one of the consequents, so will all the 
antecedents be to all the conseguents. 


Let any number of magnitudes 4, B, C, D, E, F be 
proportional, so that, as 4 is to Z, so is C to D and £ 
tow 


I say that, as 4 is to S, so are A, C, £ to D, D, F. 











A B c— 
D e p= 
gee — L 
H——————— M 
K N 





For of A, C, £ let equimultiples G, Æ, K be taken, 
and of B, D, F other, chance, equimultiples Z, M, N. 

Then since, as 4 is to #, so is C to D, and & to F, 
and of 4, C, E equimultiples G, 77, X have been taken, 
and of B, D, F other, chance, equimultiples Z, M, N, 


therefore, if G is in excess of Z, // is also in excess of M, 
and Á of V, 


if equal, equal, 

and if less, less ; 

so that, in addition, 

if G is in excess of L, then G, 7/7, X are in excess of L, M, N, 
if equal, equal, 


and if less, less. 
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Now G and G, 77, K are equimultiples of 4 and 4, C, £, 
since, if any number of magnitudes whatever are respec- 
tively equimultiples of any magnitudes equal in multitude, 
whatever multiple one of the magnitudes is of one, that 
multiple also will all be of all. [v. 1] 


For the same reason 
L and Z, M, N are also equimultiples of B and 7, D, F; 
therefore, as 4 is to B, so are A, C, E to B, D, F. 
[v. Def. 5] 
Therefore etc. 
org D. 
Algebraically, if a : a’=4:6'=c:¢' etc., each ratio is equal to the ratio 
(at+bter...): (a+b ++...) 


This theorem is quoted by Aristotle, £74. Nic. v. 7, 1131 b 14, in the 
shortened form “the whole is to the whole what each part is to each part 


(respectively)." 


PROPOSITION 13. 


Lf a first magnitude have to a second the same ratio as a 
third toa fourth, and the third have to the fourth a greater 
ratio than a fifth has to a sixth, the first will also have to the 
second a greater ratio than the fifth to the sixth. 


For let a first magnitude 4 have to a second # the 
same ratio as a third C has to a fourth 2, 


and let the third C have to the fourth D a greater ratio than 
a fifth £ has to a sixth Æ; 


I say that the first 4 will also have to the second # a greater 
ratio than the fifth Æ to the sixth Z. 





Coen M ——— Q 
Ba oS pu————— K 


ff T m m 


For, since there are some equimultiples of C, Æ, 


and of 2D, F other, chance, equimultiples, such that the 
multiple of C is in excess of the multiple of D, 
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while the multiple of Æ is not in excess of the multiple of 7, 


[v. Def. 7] 
let them be taken, 


and let G, 77 be equimultiples of C, Æ, 
and K, Z other, chance, equimultiples of D, 7, 
so that G is in excess of X, but Æ is not in excess of Z ; 


and, whatever multiple G is of C, let M be also that multiple 
of A, 


and, whatever multiple Æ is of D, let V be also that multiple 
of Z. 
Now, since, as 4 is to Z, so is C to D, 
and of A, C equimultiples 77, G have been taken, 
and of B, D other, chance, equimultiples N, X, 
therefore, if M is in excess of N, G is also in excess of X, 
if equal, equal, 
and if less, less. [v. Def. 5] 
But G is in excess of A; 
therefore M is also in excess of JV. 
But 77 is not in excess of Z ; 
and M, H are equimultiples of 4, Æ, 
and JV, Z other, chance, equimultiples of 2, F; 
therefore 4 has to # a greater ratio than Æ has to F. 


[v. Def. 7] 
Therefore etc. 
Q. ©. TX 
Algebraically, if a:b=¢:d, 
and c:d>eif, 
then a:b>e:f. - 


After the words “for, since" in the first line of the proof, Theon added 
“C has to D a greater ratio than Æ has to Æ” so that “there are some 
equimultiples" began, with him, the principal sentence. 

The Greek text has, after “of D, F other, chance, cquimultiples,” “and 
the multiple of C is in excess of the multiple of 2..." The meaning being 
* such that," I have substituted this for “and,” after Simson. 


The following will show the method of Euclid's proof. 
Since cid cs, 


there will be some equimultiples me, me of e, e, and some equimultiples nd, nf 
of d, f, such that 
mc nd, while me > nf. 


H. E. IL. 11 
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But, since . a:b=c¢:d, 
therefore, according as ma > =< nb, mc>=< nd. 

And mc> nd; 

therefore ma > nd, while (from above) me } nf. 
Therefore a:b>e:f. 

Simson adds as a corollary the following : 

“If the first have a greater ratio to the second than the third has to the 
fourth, but the third the same ratio to the fourth which the fifth has to the 
sixth, it may be demonstrated in like manner that the first has a greater ratio 
to the second than the fifth has to the sixth.” 


This however scarcely seems to be worth separate statement, since it only 
amounts to changing the order of the two parts of the hypothesis. 


PROPOSITION 14. 


Jf a first magnitude have to a second the same ratio as a 
third has to a fourth, and the first be greater than the third, 
the second will also be greater than the fourth; if equal, equal; 
and tf less, less. 

For let a first magnitude 4 have the same ratio to a 
second # as a third C has to a fourth D; and let A be 
greater than C; 

I say that B is also greater than D. 


A-— —— c 
B--——— D 


For, since 4 is greater than C, 

and Z is another, chance, magnitude, 

therefore 4 has to Z a greater ratio than C has to Z. (v. 8] 
But, as 4 is to 7, so is C to D; 


therefore C has also to D a greater ratio than C has to Z. 
B [v. 13] 


But that to which the same has a greater ratio is less ; 
[v. 10] 


therefore D is less than 2; 
so that B is greater than D. 
Similarly we can prove that, if A be equal to C, B will 
also be equal to D ; 
and, if A be less than C, Z will also be less than 2. 


Therefore etc. 
QOEM 
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Algebraically, if a:ġb=c¢:d, 
then, according as a >=<6, b>=<d. 

Simson adds the specific proof of the second and third parts of this 
proposition, which Euclid dismisses with “Similarly we can prove...” 

“Secondly, if 4 be equal to C, Z is equal to D; for A is to Bas C, that 
is 4, isto D; 

therefore Z is equal to D. [v. 9] 

Thirdly, if 4 be less than C, Z shall be less than D. 

For C is greater than 4 ; 
and, because C is to D as A is to B, 

D is greater than Ø, by the first case. 


Wherefore 2 is less than D.” 
Aristotle, AMeteorol. 111. 5, 376 a 11—14, quotes the equivalent proposition 
that, if a6, ec» d. 


PROPOSITION 15. 
Parts have the same ratio as the same multiples of them 
taken in corresponding order. 
For let AZ be the same multiple of C that DZ is of F; 
I say that, as C is to Æ, so is AZ to DE. 
G H 
JC 


A B Ce 





D E F 





For, since ABZ is the same multiple of C that DE is of F, 
as many magnitudes as there are in 747 equal to C, so many 
are there also in DE equal to FF. 

Let AB be divided into the magnitudes 4G, GH, HB 
equal to C, 
and DE into the magnitudes DK, KL, LE equal to F; 
then the multitude of the magnitudes 4G, GĦ, HB will be 
equal to the multitude of the magnitudes DK, KZ, LE. 

And, since 4G, GH, HP are equal to one another, 
and DK, KL, LE are also equal to one another, 
therefore, as AG is to D A,so is GH to KL, and HB to LE. 

[v. 7] 

Therefore, as one of the antecedents is to one of the 
consequents, so will all the antecedents be to all the 
consequents ; [v. 12] 

therefore, as AG is to DA, so is AB to DE. 


Ik—2 
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But 4G is equal to C and DK to F; 

therefore, as C is to F, so is AB to DE. 
Therefore etc. Q. E. D. 
Algebraically, a:b=ma: mb, 


PROPOSITION 16. 


Jf four magnitudes be proportional, they will also be 
proportional alternately. 

Let 4, B, C, D be four proportional magnitudes, 
so that, as 4 is to D, so is C to D; 


I say that they will also be so alternately, that is, as 4 is 
to C, so is Z to D. 











A Cc 

B pe 

E 4 Gre 
F— — d H——1 


For of A, B let equimultiples Æ, F be taken, 
and of C, D other, chance, equimultiples G, 77. 
Then, since Æ is the same multiple of 4 that F is of B, 
and parts have the same ratio as the same multiples of 
them, [v. 15] 
therefore, as 4 is to #, so is Æ to Æ. 
But as 4 is to P, so is C to D; 


therefore also, as C is to D, so is Æ to Z. [v. 11] 
Again, since G, H are equimultiples of C, D, 

therefore, as C is to D, so is G to H. [v. 15] 
But, as C is to D, so is Æ to F; 

therefore also, as Æ is to Æ, so is G to 77. [v. 11] 


But, if four magnitudes be proportional, and the first be 

greater than the third, 
the second will also be greater than the fourth ; 

if equal, equal ; 
and if less, less. [v. 14] 

Therefore, if Æ is in excess of G, / is also in excess of 77, 
if equal, equal, l 
and if less, less. 
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Now Æ, F are equimultiples of 4, B, 
and G, H other, chance, equimultiples of C, D ; 
therefore, as 4 is to C, so is B to D. [v. Def. 5] 


Therefore etc. 
Q. E. D. 


" Let A, B, C, D be four proportional magnitudes, so that, as A is to B, so is 
C to D." In a number of expressions like this it is absolutely necessary, when translating 
into English, to interpolate words which are not in the Greek. Thus the Greek here is: 
"Eero réccapa ueyé05 dvddoyow rà A, B, I, A, ws rò A wpos ro B, obrws rò V wpos rà A, 
literally “ Let 4, Z, C, D be four proportional magnitudes, as 4 to B, so Cto D." The 
same remark applies to the corresponding expressions in the next propositions, V. 17, 18, 
and to other forms of expression in v. 20—23 and later propositions: e.g. in v. 20 we have 
a phrase meaning literally “et there be magnitudes... which taken two and two are in the 
same ratio, as A to Z, so D to E," etc.: in v. 21 * (magnitudes)...which taken two and 
two are in the same ratio, and let the proportion of them be perturbed, as 4 to B, so 
E to F,” etc. In all such cases (where the Greek is so terse as to be almost ungrammatical) 
I shall insert the words necessary in English, without further remark. 


Algebraically, if a:ó6zc:d, 
then @:¢=6:@, 


Taking equimultiples ma, mō of a, 6, and equimultiples nc, nd of c, d, we 
have, by v. 15, : 


a:b=ma: mb, 
¢:d=ne: nd. 
And, since a:b=¢: 4, 
we have [v. 11] ma:mb=ne:nd. 
Therefore [v. 14], according as ma > =< nc, mb>=<nd, 
so that a:c=b:d. 


Aristotle tacitly uses the theorem in Meteorologica 111. 5, 376 a 22—24. 
The four magnitudes in this proposition must all be of the same kind, and 
Simson inserts “of the same kind” in the enunciation. 


This is the first of the propositions of Eucl. v. which Smith and Bryant 
(Euchid’s Elements of Geometry, 1901, pp. 298 sqq.) prove by means of vi. 1 
so far as the only geometrical magnitudes in question are straight lines or 
rectilineal areas; and certainly the proofs are more easy to follow than 
Euclid's The proof of this proposition is as follows. 

To prove that, 7f four magnitudes of the same kind [straight lines or 
rectilineal areas] de Propertionals, they will be proportionals when taken 
alternately. 

Let P, Q, &, S be the four magnitudes of the same kind such that 


ASO0-m:$; 
then it is required to prove that 
P IROQ: S: 
First, let all the magnitudes be areas. 
Construct a rectangle aéc equal to the area 2, and to X apply the 


rectangle dcef equal to Q. 
Also to a, èf apply rectangles ag, òk equal to A, S respectively. 
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Then, since the rectangles ac, be have the same height, they are to one 


another as their bases. (vi. 1] 
Hence P: Q=ab: bf. 
But P:QzS & 
Therefore R: S=aéd: bf, [v. 11] 
i.e. rect. ag: rect. 6k — ab : bf. 


Hence (by the converse of vt. 1) the rect- 
angles ag, 6& have the same height, so that 4 
is on the line Ag. 

Hence the rectangles ac, ag have the same 
height, namely a^; also ġe, òk have the same 
height, namely f. 





Therefore rect. ac : rect. ag = bc : dg, 

and rect. de : rect. bk = bc : bg. [vi. 1] 
Therefore rect. ac : rect. ag = rect. de : rect. ba. [v. 11] 

That is, POy-Q e 


Secondly, let the magnitudes be straight lines 47, BC, CD, DE. 
Construct the rectangles 44, Bc, Cd, De with the same height. 


a b € d e 


Then Ab: Bc AB: BC, 
and Cd: De- CD : DE. [vi. 1] 
But AB: BC- CD: DE. 
Therefore Ab: Bo= Cd: De. (v. 11] 
Hence, by the first case, 
Ab: Cd = Be: De, 
and, since these rectangles have the same height, 
AB: CD= BC: DE. 


PROPOSITION 17. 


Jf magnitudes be proportional componendo, they will also 
be proportional separando. 


Let AB, BE, CD, DF be magnitudes proportional com- 
ponendo, so that, as AB is to BE, sois CD to DF; 


I say that they will also be proportional separando, that is, 
as AF is to EB, so is CF to DF. 


For of AE, EB, CF, FD let equimultiples GH, HK, 
LM, MN be taken, 


and of EZ, FD other, chance, equimultiples, KO, VP. 
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Then, since GH is the same multiple of AZ that HK is 
of ZB, 
therefore GH is the same multiple of AE that GX is of AB. 
[v. r] 
But GĦ is the same multiple of AE that LM is of CF; 
therefore GX is the same multiple of AZ that ZLM is of CF. 


k^ _i= 3 6 fF OD 
G H K Q 
L M P 


Again, since ZM is the same multiple of CF that MN 
is of FD, 


therefore LM is the same multiple of CF that LM is of CD. 

v. 1] 

But ZM was the same multiple of CF that CK is of AB; 

therefore GX is the same multiple of 42 that ZN is of CD. 
Therefore GX, LN are equimultiples of A B, CD. 


Again, since /ZZA is the same multiple of Z7 that MN is 
of FD, 


and AO is also the same multiple of EZ that NP is of FD, 


therefore the sum ŽO is also the same multiple of £7 that 
MP 1s of FD. [v. 2] 


And, since, as AB is to BE, so is CD to DF, 
and of AB, CD equimultiples GA, LV have been taken, 
and of EB, FD equimultiples #0, MP, — 


therefore, if GA is in excess of /77O, LN is also in excess of 
MP, 


if equal, equal, 
and if less, less. 
Let GK be in excess of HO; 
then, if 7A be subtracted from each, 
GH is also in excess of AO. 


But we saw that, if GA was in excess of HO, LN was 
also in excess of MP ; 


. therefore ZW is also in excess of MP, 
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and, if MN be subtracted from each, 
L M is also in excess of MP; 


so that, if GH is in excess of KO, LM is also in excess of 
NP. 


Similarly we can prove that, 
if GH be equal to KO, LM will also be equal to NP, 
and if less, less. 


And GH, LM are equimultiples of AE, CF, 
while XO, NP are other, chance, equimultiples of EZ, FD; 
therefore, as AE is to EP, so is CF to FD. 


Therefore etc. 


Q. E. D. 

Algebraically, if a:b=¢:4, 

then (a—b):b=(c-—d): d. 

I have already noted the somewhat strange use of the participles of 
ovyxdcba and d:apetoGa to convey the sense of the technical cvvGeors and 
Siaipeots Acyov, or what we denote by componendo and separando. — àv 
cvyxeipeva. peyéOn avaXoyov jj, xai &aipeÜéyra. avaAoyov. črta: is, literally, ‘if 
magnitudes compounded be proportional, they will also be proportional 
separated," by which is meant “if one magnitude made up of two parts is to 
one of its parts as another magnitude made up of two parts is to one of its 
parts, the remainder of the first whole is to the part of it first taken as the 
remainder of the second whole is to the part of it first taken." In the 
algebraical formula above a, ¢ are the wholes and 2, a - b and d, c- d are the 
parts and remainders respectively. The formula might also be stated thus : 

If a+b:b=¢e+d:4, 
then a:b=c¢:d, 
in which case a +ò, ¢+d are the wholes and a, 6 and ve, 4 the parts and 
remainders respectively. Looking at the last formula, we observe that 
“separated,” ŝiarpehévra, is used with reference not to the magnitudes a, 4, c, d 
but to the compounded magnitudes a + 4, b, c 4 d, d. 

As the proof is somewhat long, it will be useful to give a conspectus of it 
in the more symbolical form. To avoid minuses, we will take for the 
hypothesis the form 

a+dis todas ¢+d is to d. 


Take any equimultiples of the four magnitudes a, 4, ¢, d, viz. 
ma, mb, me ma, 
and any other equimultiples of the consequents, viz. 
nb and "d. 
Then, by v. 1, m (a+), m (c d) are equimultiples of a + 2, c+ d, 
and, by v. 2, (m + n) 5, (m+n) d are equimultiples of 4, d. 
Therefore, by Def. 5, since a+ ^ is to 6 as ¢+d is to d, 
according as m(a+b)>=<(min)b, m(c+d)>=<(m+n)d. 
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Subtract from m (a+), (m+n) the common part mó, and from 
m(¢+d), (m+n)d the common part md; and we have, 

according as ma >= < nb, mc» «nd. 

But ma, mc are any equimultiples of a, c, and nd, nd any equimultiples of 
ó,d; 

therefore, by v. Def. 5, 

a is to^ asc is to d. 


Smith and Bryant's proof follows, mutatis mutandis, their alternative proof 
of the next proposition (see pp. 173—4 below). 


PROPOSITION 18. 
Jf magnitudes be proportional separando, they will also be 
proportional componendo. 


Let AL, EB, CF, FD be magnitudes proportional 
separando, so that, as AZ is 
to EP, so is CF to FD; 


I say that they will also be 


proportional componendo, that g — — — —t-—— ——9 
is, as AB is to BE, so is 


CD to FD. 
For, if CD be not to DF as AB to BE, 


then, as AB is to BE, so will CD be either to some 
magnitude less than DF or to a greater. 


First, let it be in that ratio to a less magnitude DG. 
Then, since, as AP is to BE, so is CD to DG, 
they are magnitudes proportional componendo ; 
so that they will also be proportional separando. — v. 17] 
Therefore, as AF is to EZ, so is CG to GD. 
But also, by hypothesis, 
as AF is to EP, so is CF to FD. 
Therefore also, as CG is to GD, sois CF to FD.  [v. 11] 
But the first CG is greater than the third CZ; 
therefore the second GJ is also greater than the fourth 
FD. [v. 14] 
But it is also less: which is impossible. 
Therefore, as AB is to BE, so is not din to a less 
magnitude than FD. 
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Similarly we can prove that neither is it in that ratio to 
a greater ; 

it is therefore in that ratio to FØ itself. 

Therefore etc. : 

Q. E. D. 
Algebraically, if "(OSC tds 
then (a * 0) :óz (et d) :d. 

In the enunciation of this proposition there is the same special use of 

Siypypeva and ovvrebévra as there was of evyxe«(era and StapeOévra in the 


last enunciation. Practically, as the algebraical form shows, diypypéva might 
have been left out. 


The following is the method of proof employed by Euclid. 
Given that a zózc:d, 
suppose, if possible, that 
l (a+b): b=(c+d) : (d£). 
Therefore, separando |v. 17]. 
a:b=(cFx):(d+x), 


whence, by v. 11, (¢c#x): (dtx)=e:d. 
But (c7 x) «« while (2 * x)» 2, 
and (c * x)» e, while (2— x) «4, 


which relations respectively contradict v. 14. 


Simson pointed out (as Saccheri before him saw) that Euclid's demonstra- 
tion is not legitimate, because it assumes without proof that 4o any three 
magnitudes, two of which, at least, are of the same kind, there exists a fourth 
proportional. Clavius and, according to him, other editors made this an 
axiom. But it is far from axiomatic; it is not till vi. 12 that Euclid shows, 
by construction, that it is true even in the particular case where the three 
given magnitudes are all straight lines. 

In order to remove the defect it is necessary either (1) to prove beforehand 
the proposition thus assumed by Euclid or (2) to prove v. 18 independently 
of it. 

Saccheri ingeniously proposed that the assumed proposition should be 
proved, for areas and straight lines, by means of Euclid vi. 1, 2 and 12. As 
he says, there was nothing to prevent Euclid from interposing these proposi- 
tions immediately after v. 17 and then proving v. 18 by means of them. 
vi. 12 enables us to construct the fourth proportional when the three given 
magnitudes are straight lines; and vi. r2 depends only on vi. 1 and 2. 
“ Now,” says Saccheri, “ when we have once found the means of constructing 
a straight line which is a fourth proportional to three given straight lines, we 
obviously have the solution of the general problem * To construct a straight 
line which shall have to a given straight line the same ratio which two polygons 
have (to one another)" For it is sufficient to transform the polygons into 
two triangles of equal height and then to construct a straight line which shall 
v a fourth proportional to the bases of the triangles and the given straight 
ine. 

The method of Saccheri is, as will be seen, similar to that adopted by 
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Smith and Bryant (/oc. cit.) in proving the theorems of Euclid v. 16, 17, 18, 22, 
so far as straight lines and rectilineal areas are concerned, by means of vi. 1. 

De Morgan gives a sketch of a general proof of the assumed proposition 
that, 7 being any magnitude, and P and Q two magnitudes of the same kind, 
there does exist a magnitude 4 which is to Z in the same ratio as P to Q. 

“The right to reason upon any aliquot part of any magnitude is assumed ; 
though, in truth, aliquot parts obtained by continual bisection would suffice : 
and it is taken as previously proved that the tests of greater and of less ratio 
are never both presented in any one scale of relation as compared with 
another" (see note on v. Def. 7 ad fin.). 

*(1) If M be to Z in a greater ratio than 2 to Q, so is every magnitude 
greater than M, and so are some less magnitudes; and if M be to B in 
a less ratio than P to Q, so is every magnitude less than Af, and so are 
some greater magnitudes. Part of this is in every system: the rest is proved 
thus. If Af be to Z in a greater ratio than 2 to Q, say, for instance, we find 
that 157 lies between 228 and 237, while 157 lies before 22Q. Let 1547 
exceed 227 by Z; then, if /V be less than M by anything less than the 15th 
part of Z, 15W is between 227 and 237 : or X, less than M, is in a greater 
ratio to B than P to Q. And similarly for the other case. 

(2) M can certainly be taken so small as to be in a less ratio to Z than 
P to Q, and so large as to be in a greater; and since we can never pass from 
the greater ratio back again to the smaller by increasing M, it follows that, 
while we pass from the first designated value to the second, we come upon an 
intermediate magnitude 4 such that every smaller is in a less ratio to B than 
P to Q, and every greater in a greater ratio. Now 4 cannot be in a less ratio 
to B than P to Q, for then some greater magnitudes would also be in a less 
ratio; nor in a greater ratio, for then some less magnitudes would be in a 
greater ratio; therefore 4 is in the same ratio to Bas Pto Q. The previously 
proved proposition above mentioned shows the three alternatives to be the 
only ones." 


Alternative proofs of V. 18. 


Simson bases his alternative on v. 5, 6. As the 18th proposition is the 
converse of the 17th, and the latter is proved by means of v. t and 2, of 
which v. 5 and 6 are converses, the proof of v. 18 by v. 5 and 6 would be 
natural; and Simson holds that Euclid must have proved v. 18 in this way 
because "the sth and 6th do not enter into the demonstration of any 
proposition in this book as we have it, nor can they be of any use in any 
proposition of the Elements," and *' the 5th and 6th have undoubtedly been 
put into the 5th book for the sake of some propositions in it, as all the other 
propositions about equimultiples have been." 

Simson's proof is however, as it seems to me, intolerably long and difficult 
to follow unless it be put in the symbolical form as follows. 


Suppose that a is to ^ asc is to d; 
it is required to prove that a * 2 is to b as c+ d is to d. 
Take any equimultiples of the last four magnitudes, say 
m(a+6), mb, m(e+d), md, 


and any equimultiples of 4, d, as 
nó, nd. 
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Clearly, if nó is greater than mò, 
nd is greater than md; 
if equal, equal ; and if less, less. 
I. Suppose #é not greater than ^, so that nd is also not greater than md. 


Now m (a + 6) is greater than md; 
therefore m (a + 6) is greater than nd, 
Similarly m (c + d) is greater than ad. 


II. Suppose nė greater than md. 
Since m (a +b), mb, m (c d), md are equimultiples of (a + 4), 4, (c+ d), 4, 
ma is the same multiple of a that » (a + 4) is of (a + 4), 
and mc is the same multiple of c that » (c + 4) is of (c * 4), 
so that ma, mc are equimultiples of a, c. [v. 5] 
Again 2d, nd are equimultiples of å, d, 
and so are mb, md; 
therefore (n —)5, (n —m)d are equimultiples of 4, d and, whether »— m 
is equal to unity or to any other integer [v. 6], it follows, by Def. s, that, 
since a, 4, c, d are proportionals, 
if ma is greater than (w — m) à, 
then mc is greater than (n — »)d; 
if equal, equal ; and if less, less. 
(1) If now m(a+ 64) is greater than nå, subtracting mô from each, we have 
ma is greater than (# — m) ò; 
therefore mc is greater than (n — m)d, 
and, if we add md to each, 
m (c + d) is greater than nd. 


(2) Similarly it may be proved that, 


if m (a + b) is equal to nd, 
then m (c * d) is equal to nd, 
and (3) that, if m (a + 6) is less than 5», 
then m (c + d) is less than ad. 


But (under I. above) it was proved that, in the case where »ó is not 
greater than mð, 
m (a + b) is always greater than à, 
and m (c * d) is always greater than zd, 


Hence, whatever be the values of »and #, m (c + d) is always greater than, 
equal to, or less than ad according as m (a + 6) is greater than, equal to, or 
less than à. 

Therefore, by Def. 5, 

a+bis to dasc¢+d isto d. 


Todhunter gives the following short demonstration from Austin (Zxami- 
nation of the first six books of Euclid's Elements). 


“Let AE be to EB as CF is to FD: 
AB shall be to BE as CD is to DF. 
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For, because AZ is to EB as CF is to FD, 
therefore, alternately, 


AE is to CFas EB isto FD. [v. 16] 
And, as one of the antecedents is to its consequent, so is the sum of the 
antecedents to the sum of the consequents : [v. 12] 


FD together ; 
that is, AB is to CDas EB is to FD. 
Therefore, alternately, 
AB isto BE as CD is to FD.” 


The objection to this proof is that it is only valid in the case 
where the proposition v. 16 used in it is valid, i.e. where all four 
magnitudes are of the same kind. 
Smith and Bryant's proof avails where all four magnitudes 
are straight lines, where all four magnitudes are rectilineal areas, 
or where one antecedent and its consequent are straight lines and the other 
antecedent and its consequent rectilineal areas. 


Suppose that 4: BzC:D. 


First, let all the magnitudes be areas. 

Construct a rectangle aécd@ equal to A, and to bc apply the rectangle beef 
equal to Z. 

Also to a£, bf apply the rectangles ag, ^£ 
equal to C, 2 respectively. 

Then, since the rectangles ae, de have equal 
heights óc, they are to one another as their 
bases. [vi. 1] 

Hence aé: bf = rect. ac: rect. be 
=A:8 
=€:D 
= rect. ag: rect. $k. 


therefore, as EZ is to FD, so are AZ, EB together to CA A 
C 

E 
F 
Bi D 





Therefore [vi. 1, med the rectangles ag, 64 have the same height, so 
that 4 is on the straight line dg. 


Hence A4 € B:B-rect. ae:rect. be 
= af: bf 
=rect. ak: rect. ^£ 
=C+D:D. 
Secondly, let the magnitudes 4, B be straight lines and the magnitudes 
C, D areas. 
Let ab, óf be equal to the straight lines 4, B, and to ab, ^f apply the 
rectangles ag, 44 equal to C, D respectively. 
Then, as before, the rectangles ag, 44 have the same height. 
Now At BiBzafibf 
z rect. a£ :rect. bk 
=C+ D:D. 
Thirdly, \et all the magnitudes be straight lines. 
Apply to the straight lines C, D rectangles P, Q having the same height. 
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Then P: 0 = CED, [9t 1] 
Hence, by the second case, 
|A*«B:B- P«Q:Q. 
Also P+Q:Q0=C+D:D. 
Therefore A+B: B=C+D:D. 


PROPOSITION 19. 


Tf, as a whole zs to a whole, so is a part subtracted to a 
part subtracted, the remainder will also be to the remainder 
as whole to whole. 


For, as the whole AB is to the whole CD, so let the 
part AZ subtracted be to the part CF 
subtracted ; 

I say that the remainder £7 will also be 
to the remainder FD as the whole 47 to cr o 
the whole CD. 

For since, as AB is to CD, so is AE 
to GF, 
alternately also, as BA is to AF, so is DC to CF. [v. 16] 

And, since the magnitudes are proportional componendo, 
they will also be proportional separando, [v. 17] 
that is, as BE is to EA, sois DF to CF, 
and, alternately, 

as BE is to DF, so is EA to FC. [v. 16] 

But, as AE is to CF, so by hypothesis is the whole AB 
to the whole CD. 

Therefore also the remainder EZ will be to the remainder 
FD as the whole AB is to the whole CD. [v. 11] 

Therefore etc. 





[Ponisw. From this it is manifest that, if magnitudes be 
proportional componendo, they will also be proportional 
convertendo.] 

Q. E. D. 


Algebraically, if a : à = c: d (where c « a and d <4), then 
(a-c):(6-d)=a:b. 
The “ Porism” at the end of this proposition is led up to by a few lines 
which Heiberg brackets because it is not Euclid’s habit to explain a 
Porism, and indeed a Porism, from its very nature, should not need any 
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explanation, being a sort of by-product appearing without effort or trouble, 
ampayparevtws (Proclus, p. 303, 6). But Heiberg thinks that Simson does 
wrong in finding fault with the argument leading to the “Porism,” and that 
it does contain the true demonstration of conversion of a ratio. In this it 
appears to me that Heiberg is clearly mistaken, the supposed proof on the 
basis of Prop. 19 being no more correct than the similar attempt to prove the 
inversion of a ratio from Prop. 4. The words are: “And since it was 
proved that, as AB is to CD, so is EJ to FD, 


alternately also, as, 4B is to BE, so is CD to FD: 
therefore magnitudes when compounded are proportional. 


But it was proved that, as BA is to AZ, sois DC to CF, and this is 
convertendo." 

It will be seen that this amounts to proving from the Aypothesis a: b —c:d 
that the following transformations are simultaneously true, viz. : 


a:a—¢=6:b-d, 
and a:c—b:d. 


The former is not proved from the latter as it ought to be. if it were. intended 
to prove conversion. 

The inevitable conclusion is that both the **Porism" and the argument 
leading up to it are interpolations, though no doubt — as Heiberg says, 
before Theon’s time. 

The conversion of ratios does not depend upon v. 19 at all but, as Simson 
shows in his Proposition E (containing a proof already given by Clavius), on 
Props. 17 and 18. Prop. E is as follows. 


Lf four magnitudes be proportionals, they are also proportionals by conversion, 
that is, the first is to its excess above the second as the third is to 
its excess above the fourth. 


Let AB be to BE as CD to DF: ‘ 
then BA is to AZ as DC to CF. > E y 
Because AB is to BE as CD to DF, . R 
by division [separando], Plon i 
AE is to EB as CF to FD, - [v. r7] 


and, by inversion, i 


BE is to EA as DF to FC. 
[Simson's Prop. B directly obtained from v. Def. 5] 
Wherefore, by composition [componendo], 
BA isto AE as DC to CF. [v. 18] 


PROPOSITION 20. 


Jf there be three magnitudes, and others egual to them in 
multitude, which taken two and two are in the same ratio, and 
if ex aequali the first be greater than the third, the fourth will 
also be greater than the sixth; uf equal, equal; and, if less, less. 
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Let there be three magnitudes 4, B, C, and others 
D, E, F equal to them in multitude, which taken two and 
two are in the same ratio, so that, 

as A is to B, so is D to £, 

and as B is to C, so is £ to F; 
and let 4 be greater than C ex aegua/t ; 
I say that D will also be greater than Æ; if A is equal to C, 
equal; and, if less, less. 


A—————— D 
B—— E— 
C———— F—— 


For, since A is greater than C, 
and Z is some other magnitude, 
and the greater has to the same a greater ratio than the less 
has, [v. 8] 
therefore 4 has to Z a greater ratio than C has to 7. 

But, as 4 is to B, so is D to Æ, 
and, as C is to B, inversely, so is F to £; 
therefore D has also to £ a greater ratio than F has to Æ. [v. 13] 


But, of magnitudes which have a ratio to the same, that 
which has a greater ratio is greater ; [v. 10] 


therefore D is greater than F. 


Similarly we can prove that, if £ be equal to C, D will 
also be equal to Æ; and if less, less. 
Therefore etc. 
Q. F. D. 


Though, as already remarked, Euclid has not yet given us any definition 
of compounded ratios, Props. 20—23 contain an important part of the theory 
of such ratios. The term “compounded ratio" is not used, but the propositions 
connect themselves with the definitions of ex aeguali in its two forms, the 
ordinary form defined in Def. 17 and that called perturbed proportion in 
Def. 18. The compounded ratios dealt with in these propositions are those 
compounded of successive ratios in which the consequent of one is the 
antecedent of the next, or the antecedent of one is the consequent of 
the next. 

Prop. 22 states the fundamental proposition about the ratio ex aeguali in 
its ordinary form, to the effect that, 

if a is to ġ as d is to e, 


and b is to c as e is to f, 
then a is to c as d is to f, 
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with the extension to any number of such ratios; Prop. 23 gives the 
corresponding theorem for the case of perturbed proportion, namely that, 


if a is to das eis to f, 
and b isto cas d is to e, 
then a is to cas d is to f. 


Each depends on a preliminary proposition, Prop. 22 on Prop. 20 and 
Prop. 23 on Prop. 21. "The course of the proof will be made most clear by 
using the algebraic notation. 

The preliminary Prop. 20 asserts that, 


if a:ó-d:e, 
and bc =e: f, 
then, according as@>=<¢, d>=</f. 
For, according as a is greater than, equal to, or less than v, 
the ratio a: 4 is greater than, equal to, or less than the ratio ¢:4, [v. 8 or v. 7] 
or (since d:e-a:b, 
and ¢:b=f:e) 
the ratio 7: e is greater than, equal to, or less than the ratio f:e, 
[by aid of v. 13 and v. 11] 
and therefore d is greater than, equal to, or less than. [v. 10 or v. 9] 
It is next proved in Prop. 22 that, by v. 4, the given proportions can be 
transformed into 
ma : nb = md :ne, 
and nb: pc — ne : pf, 
whence, by v. 20, 
according as ma is greater than, equal to, or less than f, 
md is greater than, equal to, or less than Af, 
so that, by Def. s, 
a:c=d:f. 
Prop. 23 depends on Prop. 21 in the same way as Prop. 22 on Prop. 20, 
but the transformation of the ratios in Prop. 23 is to the following : 


(1) ma mb =ne: nf 
(by a double application of v. 15 and by v. 11), 
(2) mb ; nc = md : ne 


(by v. 4, or equivalent steps), 
and Prop. 21 is then used. 
Simson makes the proof of Prop. 20 slightly more explicit, but the main 


difference from the text is in the addition of the two other cases which Euclid 
dismisses with “Similarly we can prove." "These cases are: 


:condly, let 4 be equal to C ; then shall D be equal to £ 
Because A and C are equal to one another, 


A is to Bas C is to B. (v. 7) 

But A isto Bas Dis to £, 

and C is to Bas F is to Æ, 
wherefore D is to Eas Fto E; [v. 11] 
and therefore 2 is equal to Æ [v. 9] 


H. E. II 12 
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Next, let 4 be less than C; then shall D be less than Æ 
For C is greater than 4, 
and, as was shown in the first case, 


C is to Bas Fto £, 
and, in like manner, 
B isto 4 as £ to D; 


therefore is greater than 2, by the first case; and therefore 2 is less 
than E" 


PROPOSITION 21. 


Jf there be three magnitudes, and others equal to them in 
multitude, which taken two and two together are in the same 
ratio, and the proportion of them be perturbed, then, if ex 
aequali the first magnitude is greater than the third, the 
fourth will also be greater than the sixth; if equal, egual; 
and if less, less. 


Let there be three magnitudes A, B, C, and others D, £, F 
equal to them in multitude, which taken two and two are in 
the same ratio, and let the proportion of them be perturbed, 
so that, 

as A is to B, so is E to F, 


and, as Z is to C, so is D to £, 
and let 4 be greater than C ex aequat ; 


I say that D will also be greater than Æ; if A is equal to 
C, equal ; and if less, less. 


A— — —— D 
B————  : E 
c— F 
For, since 4 is greater than C, 
and Z is some other magnitude, 
therefore A has to Z a greater ratio than C has to B. [v.8] 
But, as 4 is to D, so is £ to F, 
and, as C is to #, inversely, so is £ to D. 
Therefore also Æ has to /a greater ratio than Æ has to D. 


[v. 13] 
But that to which the same has a greater ratio is less ; 


[v. 10] 


therefore Æ is less than D ; 
therefore D is greater than 7. 
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Similarly we can prove that, 
if A be equal to C, D will also be equal to F; 
and if less, less. 


Therefore etc. Q. €& D. 
Algebraically, if esd=e:/, 
and b:¢=d:6, 


then, according asa>=<¢, d>=<f 
Simson's alterations correspond to those which he makes in Prop. 20. After 


the first case he proceeds thus. 
“Secondly, let 4 be equal to C; then shall D be equal to Æ 


Because A and C are equal, 


A is to Bas Cis to B. (31 
But A isto Bas E isto Æ, 
and C is to Bas E isto D: 
wherefore E isto Fas Eto D, [v. 11] 
and therefore D is equal to Æ [v. 9] 


Next, let 4 be less than C ; then shall D be less than Æ 
For C is greater than A, 


and, as was shown, 
C isto Bas E to D, 


and, in like manner, 
B isto 4 as Fto E; 


therefore Fis greater than D, by the first case, 
and therefore 2 is less than E" 
The proof may be shown thus. 
According as 4» — «6, a:56»-«c:6. 
But a :ó =e: f, and, by inversion, ¢: 6 — e:d. 
Therefore, according as a» — «ec ¢:f>=<e:d, 
and therefore 7 — « f. 


PROPOSITION 22. 


Lf there be any number of magnitudes whatever, and others 
equal to them in multitude, which taken two and two together 
are in the same ratio, they will also be in the same ratio ex 
aequali. 

Let there be any number of magnitudes 4, B, C, and 
others D, £, / equal to them in multitude, which taken two 
and two together are in the same ratio, so that, 

as A is to Z, so is D to Æ, 
and, as 2 is to C, so is Æ to f; 
I say that they will also be in the same ratio ex aegua/i, 


« that is, as Æ is to C, so is D to F>. 
12—2 
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For of A, D let equimultiples G, 77 be taken, 
and of B, E other, chance, equimultiples K, Z ; 
and, further, of C, F other, chance, equimultiples M, N. 











A-— B———— e 
D E= F 
G ——— + K M 
H L—————— N- 





Then, since, as A is to P, so is D to £, 
and of 4, D equimultiples G, 77 have been taken, 
and of B, £ other, chance, equimultiples A, Z, 
therefore, as G is to A, so is Æ to L. [v. 4] 
For the same reason also, 
as K is to AZ, so is Z to W. 


Since, then, there are three magnitudes C, K, M, and 
others Æ, L, N equal to them in multitude, which taken two 
and two together are in the same ratio, 


therefore, ex aequat, if G is in excess of AZ, H is also in excess 
of N; 
if equal, equal; and if less, less. [v. 20] 
And G, H are equimultiples of 4, D, 
and M, N other, chance, equimultiples of C, F. 


Therefore, as A is to C, so is D to F. [v. Def. 5] 
Therefore etc. 
Q. BD. 


Euclid enunciates this proposition as true of any number of magnitudes 
whatever forming two sets connected in the manner described, but his proof is 
confined to the case where each set consists of three magnitudes only. The 
ee to any number of magnitudes is, however, easy, as shown by 

imson 

“Next let there be four magnitudes 4, 4, C, D, and other four Æ, F, G, 77, 
which two and two have the same ratio, viz. : 

as A is to B, so is £ to Æ 
and as B is to C, so is Fto G, ABCD 
and as C is to D, so is G to 77; E F G H 
A shall be to Das £ to H. 


Because A, B, C are three magnitudes, and Æ, Æ G other three, which 
taken two and two have the same ratio, 
by the foregoing case, 
A is to C as E to G. 
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But C is to Das G isto F; 
wherefore again, by the first case, 
A is to D as £ to H. 
And so on, whatever be the number of magnitudes." 


PROPOSITION 23. 


Jf there be three magnitudes, and others equal to them in 
multitude, which taken two and two together are in the same 
ratio, and the proportion of them be perturbed, they will also 
be in the same ratio ex aequali. 

Let there be three magnitudes 4, B, C, and others equal 
to them in multitude, which, taken two and two together, are 
in the same proportion, namely D, £, F; and let the propor- 
tion of them be perturbed, so that, 

as A is to D, so is £ to Æ, 
and, as B is to C, so is D to E; 
I say that, as 4 is to C, so is D to F. 


























A 8— C 
o—— E — F—— 
G - H L 
K M N 


Of A, B, D let equimultiples G, 77, Æ be taken, 
and of C, £, F other, chance, equimultiples Z, M, N. 
Then, since G, 77 are equimultiples of 4, B, 
and parts have the same ratio as the same multiples of 


them, [v. 15] 
therefore, as A is to D, so is G to 77. 


For the same reason also, 
as Æ is to Z^, so is M to N. 
And, as A is to D, so is Æ to F; 


therefore also, as G is to Æ, so is M to N. [v. 11] 
Next, since, as 2 is to C, so is D to Æ, 
alternately, also, as B is to Ø, so is C to Æ. [v. 16] 


And, since ZZ, Æ are equimultiples of 2, D, 
and parts have the same ratio as their equimultiples, 
therefore, as B is to D, so is // to K. [v. 15] 
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But, as Bis to D, so is:C to E ; 


therefore also, as 77 is to X, so is C to £. [v. 11] 
Again, since Z, M are equimultiples of C, Æ, 
therefore, as C is to Æ, so is Z to M. [v. 15] 
But, as C isto E, 60 te 77 to K ; 
therefore also, as // is to X, so is Z to M, [v. 11] 
and, alternately, as Æ is to Z, so is K to M. [v. 16] 


But it was also proved that, 
as G is to /7, so is M to N. 


Since, then, there are three magnitudes G, //, L, and 
others equal to them in multitude A, M, W, which taken two 
and two together are in the same ratio, 


and the proportion of them is perturbed, 
therefore, ex aeguali, if G is in excess of L, X is also in excess 
of N; 
if equal, equal ; and if less, less. [v. 21] 
And G, X are equimultiples of 4, D, 
and L, NV of C, Z. 
Therefore, as 4 is to C, so is D to £. 


Therefore etc. 
Q. E. D. 


There is an important difference between the version given by Simson of 
one part of the proof of this proposition and that found in the Greek text of 
Heiberg. Peyrard's ms. has the version given by Heiberg, but Simson's 
version has the authority of other mss. The Basel editio princeps gives both 
versions (Simson's being the first). After it has been proved by means of 
v. 15 and v. r1 that, 

as G is to 77, so is M to N, 
or, with the notation used in the note on Prop. 20, 
ma :; mb — ne:nf, 
it has to be proved further that, 
as Histo Z, so is X to M, 
or mb : uc — md: ne, 
and it is clear that the latter result may be directly inferred from v. 4. The 
reading translated by Simson makes this inference : 

* And because, as J is to C, so is D to Æ, 
and #, X are equimultiples of Z, D, 
and Z, M of C, E, 

therefore, as Æ is to Z, so is Æ to AM." [v. 4] 

The version in Heiberg's text is not only much longer (it adopts the 

roundabout method of using each of three Propositions v. 11, 15, 16 twice 
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over), but it is open to the objection that it uses v. 16 which is only applicable 
if the four magnitudes are of the same kind ; whereas v. 23, the proposition 
now in question, is not subject to this restriction. 

Simson rightly observes that in the last step of the proof it should be 
stated that “ C, X are any equimultiples whatever of A, D, and Z, N any 
whatever of C, F” 

He also gives the extension of the proposition to any number of magnitudes, 
enunciating it thus : 

** [f there be any number of magnitudes, and as many others, which, taken 
two and two, in a cross order, have the same ratio; the first shall have to the 
last of the first magnitudes the same ratio which the first of the others has to 
the last”; 
and adding to the proof as follows : 

“Next, let there be four magnitudes 4, B, C, D, and other four Æ, A G, 77, 
which, taken two and two in a cross order, have the same ratio, viz. : 

Ato B as G to A, 
B to C as F to G, A 8 
and Cto Das £ to £j F 
then 4 is to D as £ to Z7. 

Because 4, B, C are three magnitudes, and Æ, G, 77 other three which, 
taken two and two in a cross order, have the same ratio, 

by the first case, A is to C as Fto H. 

But C is to Das E is to F; 
wherefore again, by the first case, 
A is to Das E to H. 
And so on, whatever be the number of magnitudes." 


C D 
G H 


PROPOSITION 24. 


Jf a first magnitude have to a second the same ratio as a 
third has to a fourth, and also a fifth have to the second the 
same ratio as a sixth to the fourth, the first and fifth added 
together will have to the second the same ratio as the third and 
sexth have to the fourth. 


Let a first magnitude 47 have to a second C the same 
ratio as a third DE has to a 
fourth Æ; NEL n e n 
and let also a fifth BG have to o 
the second C the same ratioas o 
a sixth £A has to the fourth g—— — — 
des 
I say that the first and fifth added together, 4G, will have 
to the second C the same ratio as the third and sixth, DH, 
has to the fourth F. 


E H 
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For since, as BG is to C, so is EH to F, 
inversely, as C is to BG, so is F to EH. 
Since, then, as 4B is to C, so is DE to F, 
and, as C is to ZG, so is F to EA, 
therefore, ex aequali, as AB is to BG, so is DE to EZ. [v. 22] 


And, since the magnitudes are proportional separando, they 
will also be proportional componendo ; [v. 18] 


therefore, as 4G is to GP, so is DH to HE. 
But also, as PG is to C, so is EH to F; 
therefore, ex aegualt, as AG is to C, sois DH to F. [v. 22] 


Therefore etc. Q. E. D. 
Algebraically, if &: em d: f, 
and b:¢f=8:7 
then (a - £5) cz (d e): 


This proposition is of the same character as those which precede the 
propositions relating to compounded ratios; but it could not be placed earlier 
than it is because v. 22 is used in the proof of it. 

Inverting the second proportion to 


ea Et, 
it follows, by v. 22, that a:b6=4:6, 
whence, by v. 18, (a+b):b=(d+e):e, 


and from this and the second of the two given proportions we obtain, by a 
fresh application of v. 22, 
(a *5):e- (do): 


The first use of v. 22 is important as showing that the opposite process to 
compounding ratios, or what we should now call division of one ratio by 
another, does not require any new and separate propositions. 

Aristotle tacitly uses v. 24 in combination with v. 11 and v. 16, Afeteorologica 
WI. 5, 376a 22—26. 

Simson adds two corollaries, one of which (Cor. 2) notes the extension to 
any number of magnitudes. 

“The proposition holds true of two ranks of magnitudes whatever be their 
number, of which each of the first rank has to the second magnitude the same 
ratio that the corresponding one of the second rank has to a fourth magnitude; 
as is manifest." 

Simson's Cor. 1 states the corresponding proposition to the above with 
separando taking the place of componendo, viz., that corresponding to the 


algebraical form 
(a - 2) :e2 (d-e): f. 


"Con. r. If the same hypothesis be made as in the proposition, the 
excess of the first and fifth shall be to the second as the excess of the third 
and sixth to the fourth. The demonstration of this is the same with that of 
the proposition if division be used instead of composition." That is, we use 
V. 17 instead of v. 18, and conclude that 


(a - 2) :ó- (d— e):e. 
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PROPOSITION 25. 


Jf four magnitudes be proportional, the greatest and the 
least are greater than the remaining two. 


Let the four magnitudes 48, CD, £, F be proportional 
so that, as ABZ is to CD, so is Æ to 
F,and let AZ be the greatest of them 
and Æ the least; 9 B 
I say that A45, F are"greater thia ge 
CD E. H D 
For let 4G be made equal to Æ, 
and CH equal to 7. 
Since, as AP is to CD, so is £ 
to £F, 


and Æ is equal to 4G, and F to CH, 
therefore, as AB is to CD, so is AG to CH. 


And since, as the whole AF is to the whole CZ, so is 
the part AG subtracted to the part C// subtracted, 


the remainder GA will also be to the remainder 77D as 
the whole AZ is to the whole CD. [v. 19] 


But AZ is greater than CD; 
therefore GZ is also greater than 772. 
And, since AG is equal to Æ, and CH to F, 
therefore AG, F are equal to CH, £. 


And if, GB, HD being unequal, and G7 greater, AG, F 
be added to GÆ and CH, £ be added to 77D, 


it follows that AB, F are greater than CD, £. 
Therefore etc. 





Q. E. D. 


Algebraically, if a:b=¢:d, 

and a is the greatest of the four magnitudes and d the least, 
atd>b+e 

Simson is right in inserting a word in the setting-out, “let 48 be the 
greatest of them and <conseguently> F the least.” This follows from the 
particular case, really included in Def. 5, which Simson makes the subject of 
his proposition A, the case namely where the equimultiples taken are once the 
several magnitudes. 

The proof is as follows. 

Since a: 


[v. 19] 
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But a>; therefore (a - v) > (^ — 4). [v. 16 and 14] 
Add to each (c 2); 
therefore (a * 4) » (6 4 c). 


There is an important particular case of this proposition, which is, 
however, not mentioned here, viz. the case where 2-«. "The result shows, in 
this case, that the arithmetic mean between two magnitudes is greater than 
their geometric mean. The truth of this is proved for straight lines in vi. 27 
by "geometrical algebra," and the theorem forms the iopo pós for equations 
of the second degree. 

Simson adds at the end of Book v. four propositions, F, G, H, K, which, 
however, do not seem to be of sufficient practical use to justify their inclusion 
here. But he adds at the end of his notes to the Book the following 
paragraph which deserves quotation word for word. 

“The sth book being thus corrected, I most readily agree to what the 
learned Dr Barrow says, ‘that there is nothing in the whole body of the 
elements of a more subtile invention, nothing more solidly established, and 
more accurately handled than the doctrine of proportionals.’ And there is 
some ground to hope that geometers will think that this could not have been 
said with as good reason, since Theon's time till the present." 

Simson's claim herein will readily be admitted by all readers who are 
competent to form a judgment upon his criticisms and elucidations of Book v. 


BOOK VI. 


INTRODUCTORY NOTE. 


The theory of proportions has been established in Book v. in a perfectly 
general form applicable to all kinds of magnitudes (although the representation 
of magnitudes by straight lines gives it a geome(rical appearance) ; it is now 
necessary to apply the theory to the particular case of geometrical investigation. 
The only thing still required in order that this may be done is a proof of the 
existence of such a magnitude as bears to any given finite magnitude any 
given finite ratio; and this proof is supplied, so far as regards the subject 
matter of geometry, by vi. 12 which shows how to construct a fourth pro- 
portional to three given straight lines. 

A few remarks on the enormous usefulness of the theory of proportions 
to geometry will not be out of place. We have already in Books 1. and it. 
made acquaintance with one important part of what has been well called 
geometrical algebra, the method, namely, of application of areas. We have 
seen that this method, working by the representation of products of two 
quantities as rectangles, enables us to solve some particular quadratic equations. 
But the limitations of such a method are obvious. So long as general 
quantities are represented by sfraigAt lines only, we cannot, if our geometry 
is Plane, deal with products of more than two such quantities; and, even 
by the use of three dimensions, we cannot work with products of more 
than three quantities, since no geometrical meaning could be attached to 
such a product. ‘This limitation disappears so soon as we can represent any 
general quantity, corresponding to what we denote by a letter in algebra, by 
a ratio; and this we can do because, on the general theory of proportion 
established in Book v., a ratio may be a ratio of two incommensurable 
quantities as well as of commensurables. Ratios can be compounded ad 
infinitum, and the division of one ratio by another is equally easy, since it is 
the same thing as compounding the first ratio with the inverse of the second. 
Thus e.g. it is seen at once that the coeficients in a quadratic of the most 
general form can be represented by ratios between straight lines, and the 
solution by means of Books 1. and 11. of problems corresponding to quadratic 
equations with particular coefficients can now be extended to cover any 
quadratic with real roots. As indicated, we can perform, by composition of 
ratios, the operation corresponding to multiplying algebraical quantities, and 
this to any extent. We can divide quantities by compounding a ratio with 
the inverse of the ratio representing the divisor. For the addition and 
subtraction of quantities we have only to use the geometrical equivalent of 
bringing to a common denominator, which is effected by means of the fourth 
proportional. 
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DEFINITIONS. 


1. Similar rectilineal figures are such as have their 
angles severally equal and the sides about the equal angles 
proportional. 


[2. Reciprocally related figures. See note.] 


3. A straight line is said to have been cut in extreme 
and mean ratio when, as the whole line is to the greater 
segment, so is the greater to the less. 


4. The height of any figure is the perpendicular drawn 
from the vertex to the base. 


DEFINITION I. 


v , , P te 43 v , , LÀ Y a 9 a 
Opoa oxnpata evOvypappd éotw, 00a Tas Te yovías (cas Exar xarà. iav xai 
Tas wept Tas (Gas ywrias wAevpas dvaAoyov. 


This definition is quoted by Aristotle, Anal. post. 11. 17, 99 a 13, where 
he says that similarity (trò cpovov) in the case of figures "consists, let us say 
(tows), in their having their sides proportional and their angles equal.” The 
use of the word (ows may suggest that, in Aristotle’s time, this definition had 
not quite established itself in the text-books (Heiberg, Afathematisches su 
Aristoteles, p. 9). 

It was pointed out in Van Swinden's Elements of Geometry (Jacobi's 
edition, 1834, pp. 114— 5) that Euclid omits to state an essential part of the 
definition, namely that *the corresponding sides must be opposite to equal 
angles," which is necessary in order that the corresponding sides may follow 
in the same order in both figures. 

At the same time the definition states more than is absolutely necessary, 
for it is true to say that zwo polygons are similar when, if the sides and angles 
are taken in the same order, the angles are equal and the sides about the equal 
angles are proportional, omitting 


(1) three consecutive angles, 
or (2) hwo consecutive angles and the side common to them, 
or (3) two consecutive sides and the angle included by them, 
and making no assumption with regard to the omitted sides and angles. 


Austin objected to this definition on the ground that it is not obvious that 
the properties (1) of having their angles respectively equal and (2) of having 
the sides about the equal angles proportional can co-exist in two figures ; but, 
a definition not being concerned to prove the existence of the thing defined, 
the objection falls to the ground. We are properly left to satisfy ourselves as 
to the existence of similar figures in the course of the exposition in Book v1., 
where we learn how to construct on any given straight line a rectilineal figure 
similar to a given one (vi. 18). 
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DEFINITION 2. 


The Greek text gives here a definition of reciprocally related figures 
(dvrererovÜora oxýpara). ""[Two] figures are reciprocally related when there 
are in each of the two figures antecedent and consequent ratios’ ut AvrimerovO6ra 
à cXjpará doti, orav èv éxarépo TOV oynpaTwr Hyovpevol TE xai éwopevot Aoyot 
wow). No intelligible meaning can be attached to “antecedent and con- 
sequent ratios” here; the sense would require rather “an antecedent and a 
consequent of (two equal) ratios in each figure.” Hence Candalla and 
Peyrard read Adywv dpa (“terms of ratios") instead of Aeye. Camerer reads 
Aeyev without dpo. But the objection to the definition lies deeper. It is 
never used; when we come, in vi. 14, 15, XI. 34 etc. to parallelograms, 
triangles etc. having the property indicated, they are not called “reciprocal " 
parallelograms etc. but parallelograms etc. “the sides of which are reciprocally 
proportional, ” ov even e ai wAevpai. Hence Simson appears to be 
right in condemning the definition; it may have been interpolated from Heron, 
who has it. 

Simson proposes in his note to substitute the following definition. Two 
magnitudes are said to be reciprocally proportional to two others when one 
of the first is to one of the other magnitudes as the remaining one of the last 
two is to the remaining one of the first.” ‘This definition requires that the 
magnitudes shall be all of the same kind. 


DEFINITION 3. 


"Axpov xai pécov Aóyov evOeia rerpnobar Aéyerat, Grav ]] ws vj OAM mpós tò 
peior uua, ovrws Tò pnei(ov mpos rò &Aarrov. 


DEFINITION 4. 


, 


"Ywos dori wavrós oxyparos 9 amd THs Kopudyns émi ryv Baow xáÜeros 
dyopévy. 

The definition of “height” is not found in Campanus and is perhaps 
rightly suspected, since it does not apply in terms to parallelograms, parallele- 
pipeds, cylinders and prisms, though it is used in the ements with reference 
to these latter figures. Aristotle does not appear to know altitude (vos) in 
the mathematical sense; he uses xáÜeros of triangles {Meteorologica it. 3, 
373 a 11). The term is however readily understood, and scarcely requires 
definition. 


[DEFINITION 5. 


Aoyos èx Aoyov cvykeia ha A€yerat, Grav ai rwr Àoyov mQÀworgres ef’ éavràs 
mwodAarAacacbeioa rout tiva. 

* A ratio is said to be compounded of ratios when the sizes (ryAuxorgres) of 
the ratios multiplied together make some (? ratio, or size).”] 


As already remarked (pp. 116, 132), it is beyond doubt that this definition 
of ratio is interpolated. It has little Ms. authority. The best Ms. (P) only has 
it in the margin; it is omitted altogether in Campanus’ translation from the 
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Arabic; and the other Mss. which contain it do not agree in the position 
which they give to it. There is no reference to the definition in the place 
where compound ratio is mentioned for the first time (vt. 23), nor anywhere 
else in Euclid; neither is it ever referred to by the other great geometers, 
Archimedes, Apollonius and the rest. It appears to be only twice mentioned 
at all, (1) in the passage of Eutocius referred to above (p. 116) and (2) by 
Theon in his commentary on Ptolemy's avvragis. Moreover the content of 
the definition is in itself suspicious. It speaks of the “sizes of ratios being 
multiplied together (literally, into themselves)" an operation unknown to 
geometry. There is no wonder that Eutocius, and apparently Theon also, in 
their efforts to explain it, had to give the word mpduxérns a meaning which has 
no application except in the case of such ratios as can be expressed by | 
numbers (Eutocius e.g. making it the “number by which the ratio is called"). 
Nor is it surprising that Wallis should have found it necessary to substitute 
for the “quantitas” of Commandinus a different translation, “quantuplicity,” 

which he said was represented by the “exponent of the ratio” (rationis 
exponens), what Peletarius had described as “denominatio ipsae proportionis" 

and Clavius as "denominator." The fact is that the definition is ungeometrical 
and useless, as was already seen by Savile, in whose view it was one of the 
two blemishes in the body of geometry (the other beigg of course Postulate 5). 


BOOK VI. PROPOSITIONS. 


PROPOSITION r. 


Triangles and parallelograms which are under the same 
height are to one another as their bases. 


Let ABC, ACD be triangles and EC, CF parallelograms 
under the same height ; 


sl say that, as the base AC is to the base CØ, so is the 
triangle AAC to the triangle ACD, and the parallelogram 
EC to the parallelogram CF. 


E A F 


H G B cot D "NM L 


For let BD be produced in both directions to the points 
H, L and let [any number of straight lines] BG, GH be 
10 made equal to the base BC, and any number of straight lines 
DK, KL equal to the base CD ; 
let AG, AH, AK, AL be joined. 
Then, since CB, BG, GH are equal to one another, 
the triangles ABC, AGB, AHG are also equal to one 
15 another. [1. 38] 
Therefore, whatever multiple the base ÆC is of the base 
BC, that multiple also is the triangle AHC of the triangle 
ABC. 
For the same reason, 
2 Whatever multiple the base ZC is of the base CD, that 
multiple also is the triangle AZC of the triangle ACD ; 


and, if the base ÆC is equal to the base CZ, the triangle 
AHC is also equal to the triangle A CL, [1. 38] 


192 BOOK VI [vi. 1 


if the base ÆC is in excess of the base CZ, the triangle AHC 
25 is also in excess of the triangle A4 CZ, 


and, if less, less. 


Thus, there being four magnitudes, two bases BC, CD 
and two triangles ABC, ACD, 


equimultiples have been taken of the base C and the 
30 triangle AAC, namely the base //C and the triangle AHC, 


and of the base CY and the triangle ADC other, chance, equi- 
multiples, namely the base ZC and the triangle ALC ; 


and it has been proved that, 


if the base /7C is in excess of the base CZ, the triangle AHC 
35 is also in excess of the triangle ALC ; 


if equal, equal ; and, if less, less. 
Therefore, as the base BC is to the base CJ, so is the 


triangle 4 BC to the triangle ACD. [v. Def. 5] 
Next, since the parallelogram ÆC is double of the triangle 
4o A BC, (1. 41] 


and the parallelogram FC is double of the triangle ACD, 


while parts have the same ratio as the same multiples of 
them, [v. 15] 


therefore, as the triangle AAC is to the triangle 44 C2, so is 
45 the parallelogram ÆC to the parallelogram FC. 


Since, then, it was proved that, as the base BC is to CD, 
so is the triangle AAC to the triangle ACD, 


and, as the triangle AAC is to the triangle 44 CD, so is the 
parallelogram ÆC to the parallelogram C, 


so therefore also, as the base BC is to the base CD, so is the 
parallelogram ÆC to the parallelogram 7C. [v. 11] 


Therefore ete. 
@. E. Di 


4. Under the same height. The Greek text has **under the same height 4C," with 
a figure in which the side 4C common to the two triangles is perpendicular to the base and 
is therefore itself the **height." But, even if the two triangles are placed contiguously so as 
to have a common side AC, it is quite gratuitous to require it to be perpendicular to the base. 
Theon, on this occasion making an improvement, altered to '* which are (órra) under the 
same height, (namely) the perpendicular drawn from 4 to BD.” I have ventured to alter so 
far as to omit “AC” and to draw the figure in the usual way. 

14. ABC, AGB, AHG. Euclid, indifferent to exact order, writes “AZG, AGB, ABC.” 

46. Since then it was proved that, as the base BC is to CD, so is the triangle 
ABC to the triangle ACD. Here again words have to be supplied in translating the 
extremely terse Greek érei of» édelxOn, ws uiv h Bdows BI’ xpos ri» TA, oórws rd ABI 
tplywrow mpòs rò ATA rpiywvov, literally ** since was proved, as the base JC to CD, so the 
triangle AZC to the triangle ACD.” Cf. note on v. 16, p. 165. 
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The proof assumes—what is however an obvious deduction from 1. 38— 
that, of triangles or parallelograms on unequal bases and between the same 
parallels, the greater is that which has the greater base. 

It is of course not necessary that the two given triangles should have a 
common side, as in the figure; the proof is just as easy if they have not. 
The proposition being equally true of triangles and parallelograms of egua/ 
heights, Simson states this fact in a corollary thus: 

“From this it is plain that triangles and parallelograms that have equal 
altitudes are to one another as their bases. 

Let the figures be so placed as to have their bases in the same straight 
line ; and, if we draw perpendiculars from the vertices of the triangles to the 
bases, the straight line which joins the vertices is parallel to that in which 
their bases are, because the perpendiculars are both equal and parallel to one 
another (1. 33]. Then, if the same construction be made as in the proposition, 
the demonstration will be the same.’ 

The object of placing the bases in one straight line is to get the triangles 
and parallelograms within the same parallels. Cf. Proclus’ remark on 1. 38 
(p. 405, 17) that having the same height is the same thing as being in the 
same parallels. 

Rectangles, or right-angled triangles, which have one of the sides about 
the right angle of the same length can be placed so that the equal sides 
coincide and the others are in a straight line. If then we call the common 
side the base, the rectangles or the right-angled triangles are to one another 
as their heights, by vi. 1. Now, instead of each right-angled triangle or 
rectangle, we can take any other triangle or parallelogram respectively with an 
equal base and between the same parallels. Thus 

Triangles and parallelograms having equal bases are to one another as their 
heights. 


Legendre and those authors of modern text-books who follow him in 
basing their treatment of proportion on the algebraical definition are obliged 
to divide their proofs of propositions like this into two parts, the first of 
which proves the particular theorem in the case where the magnitudes are 
commensurable, and the second extends it to the case where they are 
incommensurable. 

Legendre (Eléments de Géométrie, 1. 3) uses for this extension a rigorous 
method by reductio ad absurdum similar to that 
used by Archimedes in his treatise On the p FK c 
equilibrium of planes, 1. 7. The following is 
Legendre's proof of the extension of vi. 1 to in- 
commensurable parallelograms and bases. 

The proposition. having been proved for 
commensurable bases, let there be two rectangles 
ABCD, AEFD as in the figure, on bases A47, A [e] 8 
A E which are incommensurable with one another. 

To prove that rect. 4BCD:rect. AEFD- AB: AE. 

For, if not, let rect. ABCD :rect. M EFD s AB: AO, ................ (1) 
where 4O is (for instance) greater than AZ. 

Divide AZ into equal parts each of which is less than £O, and mark off 
on AO lengths equal to one of the parts; then there will be at least one point 


of division between Æ and O. 
Let it be 7, and draw /K parallel to EF 


H. E. H. 13 
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Then the rectangles ABCD, A/KD are in the ratio of the bases 4B, 4 7, 
since the latter are commensurable. 
Therefore, inverting the proportion, 
rect. MID Nac AR CD ANTO... ue eee (2). 
From this and (1), ex aeguali, 
rect. AZAD: rect. AEFD = AT: AO. 


But 40 > 47; therefore rect. A EFD > rect. ATAD. 

But this is impossible, for the rectangle AZ F2 is less than the rectangle 
AIK D. 

Similarly an impossibility can be proved if 40 < AE. 

Therefore rect. ABCD rect. 4EFD- AB: AE. 


Some modern American and German text-books adopt the less rigorous 
method of appealing to the theory of /imits. 


PROPOSITION 2. 


f a straight line be drawn parallel to one of the sides of a 
triangle, it will cut the sides of the triangle proportionally ; 
and, of the sides of the triangle be cut proportionally, the line 
joining the points of section will be parallel to the remaining 
side of the triangle. 


For let DE be drawn parallel to BC, one of the sides of 
the triangle ABC; 
I say that, as BD is to DA, so is CE to A 
BA, 

For let BZ, CD be joined. 

Therefore the triangle BD Z is equal to 


the triangle CDE ; S 
for they are on the same base DE and in P s 
the same parallels DE, BC. [1. 38] 

And the triangle 4 DZ is another area. 

But equals have the same ratio to the same ; [v. 7] 


therefore, as the triangle BDE is to the triangle ADE, so 
is the triangle CDE to the triangle ADE. 


But, as the triangle BDE is to ADE, so is BD to DA; 


for, being under the same height, the perpendicular drawn 
from Æ to AB, they are to one another as their bases. (vi. 1] 


For the same reason also, 
as the triangle CDZ is to ADE, so is CE to EA. 
Therefore also, as BD is to DA, so is CE to EA. (v. 11] 
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Again, let the sides 48, AC of the triangle ABC be cut 
proportionally, so that, as BD is to DA, so is CE to EA; 
and let DE be joined. 

I say that ZZ is parallel to BC. 

For, with the same construction, 


since, as BD is to DA, so is CE to £A, 


but, as BD is to DA, so is the triangle BDE to the triangle 
ADE, 


and, as C£ is to FA, so is the triangle CDE to the triangle 
ADE, (vi. 1] 


therefore also, 


as the triangle ZDE is to the triangle 4E, so is the 
triangle CDE to the triangle ADE. [v. 11] 


Therefore each of the triangles BDZ, CDE has the same 
ratio to ADE. 
Therefore the triangle BDE is equal to the triangle CDE; 


[v. 9] 
and they are on the same base DE. 


But equal triangles which are on the same base are also 
in the same parallels. [1. 39] 
Therefore D is parallel to BC. 
Therefore etc. 
Q. E .. 


Euclid evidently did not think it worth while to distinguish in the 
enunciation, or in the figure, the cases in which the parallel to the base cuts 
the other two sides produced (a) beyond the point in which they intersect, 
(4) in the other direction. Simson gives the three figures and inserts words 
in the enunciation, reading “it shall cut the other sides, or those sides produced, 
proportionally” and “if the sides, or the sides produced, be cut proportionally.” 

Todhunter observes that the second part of the enunciation ought to 
make it clear which segments in the proportion correspond to which. Thus 
e.g., if AD were double of DB, and CE double of EA, the sides would be 
cut proportionally, but DÆ would not be parallel to AC. The omission 
could be supplied by saying “and if the sides of the triangle be cut 
proportionally so ‘hat the segments adjacent to the third side are corresponding 
terms in the proportion.” 


PROPOSITION 3. 


Jf an angle of a triangle be bisected and the straight line 
cutting the angle cut the base also, the segments of the base 
will have the same ratio as the remaining sides of the triangle; 
and, if the segments of the base have the same ratio as the 


I3—2 
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remaining sides of the triangle, the straight line joined from 
the vertex to the point of section will bisect the angle of the 
triangle. 

Let 4 BC be a triangle, and let the angle BAC be bisected 
by the straight line 4D; 
I say that, as BD is to CD, so 
is BA to AC. 


For let CE be drawn through 
C parallel to DA, and let BA 
be carried through and meet it 
at 77. 
Then, since the straight line / V 
AC falls upon the parallels 4D, ® 
ze, 
the angle 4CE is equal to the angle CAD. — [r. 29] 
But the angle CAD is by hypothesis equal to the angle 
BAD; 
therefore the angle BAD is also equal to the angle ACE. 
Again, since the straight line BAZ falls upon the parallels 
AU, DEC, 
the exterior angle BAD is equal to the interior angle 
HAEC. [1. 29] 


But the angle ACE was also proved equal to the angle 
BAD; 


therefore the angle ACE is also equal to the angle AAC, 
so that the side AZ is also equal to the side AC. [1. 6] 


And, since 44D has been drawn parallel to EC, one of 
the sides of the triangle BCE, 


therefore, proportionally, as BD is to DC, so is BA to AE. 
But AZ is equal to AC; ld 
therefore, as BD is to DC, so is BA to AC. 


Again, let BA be to dC as BD to DC, and let AD be 
joined ; 
I say that the angle BAC has been bisected by the straight 
line AD. 

For, with the same construction, 
since, as BD is to DC, so is BA to AC, 
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and also, as BD is to DC, so is BA to AE: for AD has 
been drawn parallel to ÆC, one of the sides of the triangle 


BCE: {vr 2] 
therefore also, as BA is to AC, so is BA to AE. [v. 11] 
Therefore AC is equal to AZ, [v. 9] 


so that the angle 4£C is also equal to the angle ACE. [1. 5] 
But the angle 4£C is equal to the exterior angle BAD, 


[1. 29] 
and the angle ACF is equal to the alternate angle CAD; [id] 


therefore the angle 2.4 D is also equal to the angle CAD. 


Therefore the angle BAC has been bisected by the straight 
line 4D. 


Therefore etc. 
Q. E. D. 


The demonstration assumes that CE wil! meet BA produced in some 
point Æ. This is proved in the same way as it is proved in vi. 4 that BA, ED 
will meet if produced. The angles 48D, BDA in the figure of vi. 3 are 
together less than two right angles, and the angle BDA is equal to the angle 
BCE, since DA, CE are parallel. Therefore the angles ABC, BCE are 
together less than two right angles; and BA, CE must meet, by 1. Post. 5. 

The corresponding proposition about the segments into which AC is 
divided externally by the bisector of the external angle at A when that 
bisector meets BC produced (i.e. when the sides 44, AC are not equal) is 
important. Simson gives it as a separate proposition, A, noting the fact that 
Pappus assumes the result without proof (Pappus, vil. p. 730, 24). 

The best plan is however, as De Morgan says, to combine Props. 3 and A 
in one proposition, which may be enunciated thus: 7f an angle of a triangle 
be bisected internally or externally by a straight line which cuts the opposite side 
or the opposite side produced, the segments of that side will have the same ratio 
as the other sides of the triangle; and, tf a side of a triangle be divided internally 
or externally so that its segments have the same ratio as the other sides of the 
triangle, the straight line drawn from the point of section to the angular point 
which is opposite to the first mentioned side will bisect the interior or exterior angle 
at that angular point. 





B c D 


Let AC be the smaller of the two sides AB, AC, so that the bisector A D 
of the exterior angle at 4 may meet BZC produced beyond C. Draw CE 
through C parallel to DA, meeting BA in £F. 

Then, if FAC is the exterior angle bisected by 4D in the case of external 
bisection, and if a point Fis taken on AB in the figure of vi. 3, the proof of 
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vi. 3 can be used almost word for word for the other case. We have only to 
speak of the angle “ FAC” for the angle “ BAC,” and of the angle “ FAD” 
for the angle “ 84D” wherever they occur, to say “let 84, or BA produced, 
meet CE in Æ,” and to substitute “ BA or BA produced" for “BAE” 
lower down. 


B D C E 


If AD, AE be the internal and external bisectors of the angle 4 in a 
triangle of which the sides 48, AC are unequal, 4C being the smaller, and 
if AD, AE meet BC and BC produced in 2, £ respectively, 


the ratios of BD to DC and of BE to EC are alike equal to the ratio of 
BA to AC. 


Therefore BE isto EC as BD to DC, 


that is, BE is to EC as the difference between BF and ED is to the 
difference between £D and EC, , 


whence BE, ED, EC are in harmonic progression, or DE is a harmonic mean 
between ZZ and EC, or again B, D, C, £ is a harmonic range. 


Since the angle DAC is half of the angle BAC, 

and the angle CAE half of the angle CAF, 
while the angles BAC, CAF are equal to two right angles, 

the angle DAE is a right angle. 

Hence the circle described on DE as diameter passes through 4. 

Now, if the ratio of BA to AC is given, and if BC is given, the points 
D, E on BC and BC produced are given, and therefore so is the circle on 
D, E as diameter. Hence the locus of a point such that its distances from two 
given points are in a given ratio (not being a ratio of equality) ts a circle. 

This locus was discussed by Apollonius in his Plane Loci, Book t1., as we 
know from Pappus (vu. p. 666), who says that the book contained the 
theorem that, if from two given points straight lines inflected to another 
point are in a given ratio, the point in which they meet will lie on either a 
straight line or a circumference of a circle. ‘The straight line is of course the 
locus when the ratio is one of equality. ‘The other case is quoted in the 
following form by Eutocius (Apollonius, ed. Heiberg, 1t. pp. 180—4). 

Given two points in a plane and a proportion between unequal straight lines, 
it is possible to describe a circle in the plane so that the straight lines inflected 
from the given points to the circumference of the circle shall have a ratio the 
Same as the given one. 

Apollonius’ construction, as given by Eutocius, is remarkable because he 
makes no use of either of the points D, Æ. He finds O, the centre of the 
required circle, and the length of its radius directly from the data BC and the 
given ratio which we will call 4:4. But the construction was not discovered 
by Apollonius; it belongs to a much earlier date, since it appears in exactly 
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the same form in Aristotle, Meteorologica il. 5, 376 a 3 sqq. The 
analysis leading up to the construction is, as usual, not given either by 
Aristotle or Eutocius. We are told to take three straight lines x, CO (a 
length measured along ZC produced beyond C, where B, C are the points at 
which the greater and smaller of the inflected lines respectively terminate), 
and z, such that, if 4: & be the given ratio and A4» 4, 





This determines the position of O, and the length of rz, the radius of the 
required circle. The circle is then drawn, any point P is taken on it and 
joined to Æ, C respectively, and it is proved that 


PB: PC=h:k. 


We may conjecture that the analysis proceeded somewhat as follows. 

It would be seen that A, C are “conjugate points " with reference to the 
circle on DÆ as diameter. (Cf. Apollonius, Comics, 1. 36, where it is proved, 
in terms, for a circle as well as for an ellipse and a hyperbola, that, if the 
polar of B meets the diameter DE in C, then EC: CD= EB: BD.) 

If O be the middle point of DZ, and therefore the centre of the circle, 
D, E may be eliminated, as in the Conies, 1. 37, thus, 


Since EC:CD= EB.: BD, 
it follows that EC+CD:EC~CD=EB+ BD: EB- BD, 
or 20D:20C 302 :20D, 
that is, BO. O0OC= 0D =r, say. 


If therefore P be any point on the circle with centre O and radius r, 
BO: UDP-OI OC, 

so that BOP, POC are similar triangles. 

In addition, 4:4= BD: DC BE: EC 

=BD+BE:DE=BO0:r. 
Hence we require that 
BO Wiel OC BP PCEM R nensem 
Therefore, alternately, 
k: CO=h:r, 

which is the second relation in (8) above. 

Now assume a length x such that each of the last ratios is equal to x: BC, 


as in (£). 
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Then x: BEak: CO=K:r, 
Therefore x+k:BO=A:r, 
and, alternately, xv-b:À-BO:r 


=Å : k, from (ô) above ; 
and this is the relation (a) which remained to be found. 


Apollonius’ proof of the construction is given by Eutocius, who begins by 
saying that it is manifest that r is a mean proportional between BO and OC. 
This 1s seen as follows: 


From (f) we derive 
x:BC=k:CO=A:r=(k+ x): BO, 


whence BO:r=(k+x):h 
=h:h, by (a), 
=r: CO, by (B), 
and therefore r?*= BO. CO. 


But the triangles BOP, POC have the angle at O common, and, since 
BO: OP - OF: OC, the triangles are similar and the angles OPC, OBP 


are equal. 


[Up to this point Aristotle's proof is exactly the same; from this point it 
diverges slightly.] 


If now CZ be drawn parallel to BP meeting OF in Z, the angles BPC 
LCP are equal also. 
Therefore the triangles BPC, PCL are similar, and 


BE "RC aPC VEL, 
whence BP”, Pom BP: OL 
= BO: OC, by parallels, 
= BO": OF? (since BO: OP = OP: OC). 
Therefore BP: PCa BOs: OP 
=Å:k (for OP =r). 
[Aristotle infers this more directly from the similar triangles POB, COP. 
Since these triangles are similar, 
OP: CP=OB: BP, 
whence BP: PC= B0: OP 
=h:h.] 
Apollonius proves lastly, by reductio ad absurdum, that the last equation 


cannot be true with reference to any point Z which is not on the circle so 
described. 


PROPOSITION 4. 


In equiangular triangles the sides about the egual angles 
are proportional, and those are corresponding sides which 
subtend the equal angles. 
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Let ABC, DCE be equiangular triangles having the 
angle ABC equal to the angle 
DCE, the angle BAC to the 
angle CDE, and further the angle 
ACB to the angle CED; 

I say that in the triangles 4 AC, 
DCE the sides about the equal 
angles are proportional, and those 
are ai Merk sides which 
subtend the equal angles. 8 C E 

For Jet BC be placed in a 
straight line with CZ. 

Then, since the angles ABC, ACB are less than two right 
angles, [r. 17] 
and the angle ACB is equal to the angle DEC, 
therefore the angles 42C, DEC are less than two right 
angles ; 
therefore BA, ED, when produced, will meet. [1. Post. 5] 

Let them be produced and meet at 7. 


Now, since the angle DCE is equal to the angle A BC, 


F 


BF is parallel to CD. [1. 28] 
Again, since the angle ACB is equal to the angle DEC, 
AC is parallel to FZ. (1. 28] 
Therefore FACD is a parallelogram ; 
therefore FA is equal to DC, and AC to FD. [1. 34] 


And, since 4C has been drawn parallel to FÆ, one side 
- of the triangle FBZ, 


therefore, as BA is to AF, so is BC to CE. [vr. 2] 
But AF is equal to CD ; 
therefore, as BA is to CD, so is BC to CF, 


and alternately, as Æ B is to BC, so is DC to CE. [v. 16] 
Again, since C2 is parallel to BF, 
therefore, as BC is to CZ, so is FD to DE. [192] 


But FD is equal to AC; 
therefore, as BC is to C£, so is AC to DE, 
and alternately, as BC is to CA, so is CE to ED. [v. 16] 
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Since then it was proved that, 
as AB is to BC, so is DC to CE, 

and, as BC is to CA, $0 is CE to ED; 
therefore, ex aeguali, as BA is to AC, so is CD to DE. [v. 22] 

Therefore etc. 

Q. E. D. 

Todhunter remarks that “the manner in which the two triangles are to be 
placed is very imperfectly described; their bases are to be in the same straight 
line and contiguous, their vertices are to be on the same side of the base, and 
each of the two angles which have a common vertex is to be equal to the 
remote angle of the other triangle." But surely Euclid's description is 


sufficient, except for not saying that B and D must be on the same side 
of BCE. 

vi. 4 can be immediately deduced from vt. 2 if we superpose one triangle 
on the other three times in succession, so that each angle successively 
coincides with its equal, the triangles being similarly situated, e.g. if (4, B, C 
and D, Æ, F being the equal angles respectively) we apply the angle DEF to 
the angle AZC so that P lies on 4B (produced if necessary) and Fon BC 
(produced if necessary). De Morgan prefers this method. ‘ Abandon,” he 
says, “ the peculiar mode of construction by which Euclid proves two cases at 
once; make an angle coincide with its equal, and suppose this process repeated 
three times, one for each angle.” - 


PROPOSITION 5. 


Jf two triangles have their sides proportional, the triangles 
will be equiangular and will have those angles equal which the 
corresponding sides subtend. 


Let ABC, DEF be two triangles having their sides 
proportional, so that, 


as 47 is to BC, so is DE to EF, 
as BC is to CA, so is EF to FD, 
and further, as BA is to AC, so is ED to DF; 
I say that the triangle ABC is equiangular with the triangle 
DEF, and they will have those angles equal which the corre- 
sponding sides subtend, namely the angle AAC to the angle 
DEF, the angle BCA to the angle AFD, and further the 
angle BAC to the angle EDF. 
For on the straight line £7, and at the points Æ, F on 
it, let there be constructed the angle “EG equal to the angle 
A BC, and the angle E FG equal to the angle ACB; [x 23] 
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therefore the remaining angle at 4 is equal to the remaining 
angle at G. [1. 32] 


Therefore the triangle ABC is equiangular with the 
triangle GEF. 


A D 


AA 


G 


Therefore in the triangles ABC, GEF the sides about 
the equal angles are proportional, and those are corresponding 
sides which subtend the equal angles ; [vi. 4] 


therefore, as AB is to BC, sois GE to EF. 
But, as AB is to BC, so by hypothesis is DE to EF; 
therefore, as DE is to EF, sois GE to EF. [v. 11] 


Therefore each of the straight lines DE, GZ has the 
same ratio to EZ; 


therefore DE is equal to GE. [v. 9] 
For the same reason 
DF is also equal to GF. 
Since then DÆ is equal to EG, 
and £F is common, 
the two sides DE, £F are equal to the two sides GZ, EF; 
and the base DF is equal to the base FC ; 
therefore the angle DEF is equal to the angle GEF, — (8) 
and the triangle DEF is equal to the triangle GEF, 


and the remaining angles are equal to the remaining angles, 
namely those which the equal sides subtend. ^ wa 


Therefore the angle DFE is also equal to the angle GFE, 
and the angle EDF to the angle EGF. 
And, since the angle FED is equal to the angle GES, 
while the angle GE is equal to the angle 4 BC, 
therefore the angle 44 JC is also equal to the angle DEF. 
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For the same reason 
the angle 4C is also equal to the angle DFE, 
and further, the angle at 4 to the angle at D; 


therefore the triangle 4 AC is equiangular with the triangle 
DEF, 


Therefore etc. 
Q: E. 3D. 


This proposition is the complete converse, vi. 6 a partial converse, of VI. 4. 

Todhunter, after Walker, remarks that the enunciation should make it 

clear that the sides of the triangles /a&en tn order are proportional. It is quite 

possible that there should be two triangles AZC, DEF such that 

AB is to BCas DE to EF, 

and BC is to CA as DF is to ED (instead of EF to FD), 
so that AB isto ACas DFto EF 

(ex aequali in perturbed proportion); 

in this case the sides of the triangles are proportional, but not in the same 

order, and the triangles are not necessarily equiangular to one another. Fora 

numerical illustration we may suppose the sides of one triangle to be 3, 4 and 

5 feet respectively, and those of another to be 12, 15 and 20 feet respectively. 


In vi. 5 there is the same apparent avoidance of indirect demonstration 
which has been noticed on 1. 48. 


PROPOSITION 6. 


Jf two triangles have one angle equal to one angle and the 
sides about the equal angles proportional, the triangles will be 
equiangular and will have those angles equal which the corre- 
sponding sides subtend. 


Let ABC, DEF be two triangles having one angle BAC 
equal to one angle “DF and the sides about the equal angles 
proportional, so that, 


as DA is to AC, so is ED to DF; 


I say that the triangle AZC is equiangular with the triangle 
DEF, and will have the angle ABC equal to the angle DEF, 
and the angle ACZ to the angle DFE. 


For on the straight line DF, and at the points D, F on it, 
let there be constructed the angle FDG equal to either of the 
angles BAC, EDF, and the angle DFG equal to the angle 
ACB; [1. 23] 

therefore the remaining angle at Z is equal to the remaining 


angle at G. [1. 32] 
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Therefore the triangle AAC is equiangular with the 
triangle DGF. 


Therefore, proportionally, as BA is to AC, so is GD to 


DF. [vi. 4] 
But, by hypothesis, as BA is to AC, so also is ED to DF; 
therefore also, as £D is to DF, sois GD to DF. [v. 11] 
A 
D 
G 
E F 
B c 
Therefore £D is equal to DG ; [v. 9] 


and DF is common ; 


therefore the two sides £D, DF are equal to the two sides 
GD, DF; and the angle EDF is equal to the angle GDF; 


therefore the base ZF is equal to the base GA, 
and the triangle DEF is equal to the triangle DGF, 


and the remaining angles will be equal to the remaining angles, 
namely those which the equal sides subtend. 1. 4] 


Therefore the angle DFG is equal to the angle DFE, 

and the angle DGF to the angle DEF. 

But the angle DFG is equal to the angle ACB; 
therefore the angle 44 C7 is also equal to the angle DFE. 


And, by hypothesis, the angle BAC is also equal to the 
angle EDF; 


therefore the remaining angle at Z is also equal to the 
remaining angle at Æ; [1. 32] 


therefore the triangle ABC is equiangular with the triangle 
DEF. 


Therefore etc. 
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PROPOSITION 7. 


Jf two triangles have one angle equal to one angle, the 
stdes about other angles proportional, and the remaining angles 
either both less or both not less than a right angle, the triangles 
will be equiangular and will have those angles equal, the sides 
about which are proportional. 


Let ABC, DEF be two triangles having one angle equal 
to one angle, the angle BAC to 
the angle EDF, the sides about 
other angles ABC, DEF propor- A 
tional, so that, as APB is to BC, 
so is DE to EF, and, first, each 
of the remaining angles at C, F 
less than a right angle ; 
I say that the triangle ABC i g a 
equiangular with the triangle c 
DEF, the angle ABC will be 
equal to the angle DEF, and the remaining angle, namely 
the angle at C, equal to the remaining angle, the angle 
at F. 
For, if the angle ABC is unequal to the angle DEF, one 
of them is greater. 
Let the angle ABC be greater ; 
and on the straight line AB, and at the point Z on it, let the 
angle ABG be constructed equal to the angle DEF. [u 23] 
Then, since the angle 4 is equal to Ø, 
and the angle ABG to the angle DEF, 
therefore the remaining angle 4G 7 is equal to the remaining 
angle DFE. [1. 32] 
Therefore the triangle AG is equiangular with the 
triangle DEF. 

Therefore, as AB is to BG, so is DE to EF. [vi. 4] 
But, as DE is to EF, so by hypothesis is AB to BC; 
therefore AB has the same ratio to each of the straight 
lus 4c, BG; [v. 11] 

therefore BC is equal to BG, [v. 9] 
so that the angle at C is also equal to the angle BGC. [1.5] 


— 
"ha 
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But, by hypothesis, the angle at C is less than a right 
angle ; 
therefore the angle 2GC is also less than a right angle; 
so that the angle 44 G7 adjacent to it is greater than a right 
angle. [i 13] 
And it was proved equal to the angle at 7; 
therefore the angle at F is also greater than a right angle. 


But it is by hypothesis less than a right angle: which is 
absurd. 
Therefore the angle ABC is not unequal to the angle 
ZR: 


therefore it is equal to it. 
But the angle at 4 is also equal to the angle at D; 


therefore the remaining angle at C is equal to the remaining 
angle at Æ [1. 32] 

Therefore the triangle A BC is equiangular with the triangle 
DEF. 


But, again, let each of the angles at C, F be supposed not 
less than a right angle; 


I say again that, in this case too, the 


A 
triangle 44 AC is equiangular with the b 
triangle DEF. 
For, with the same construction, /\ 
we can prove similarly that G t 
BC is equal to BG; oe F 

so that the angle at C is also equal to 

the angle BGC. [t. 5] 

But the angle at C is not less than a right angle; 


therefore neither is the angle BGC less than a right angle. 
Thus in the triangle ZGC the two angles are not less 
than two right angles: which is impossible. (1. 17] 
Therefore, once more, the angle ABC is not unequal to 
the angle DEF; 
therefore it is equal to it. 
But the angle at 4 is also equal to the angle at D; 
therefore the remaining angle at C is equal to the remaining 
angle at 7. [1. 32] 
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Therefore the triangle 4 AC is equiangular with the triangle 
DEF. 
Therefore etc. 
q E. D: 


Todhunter points out, after Walker, that some more words are necessary 
to make the enunciation precise: “If two triangles have one angle equal to one 
angle, the sides about other angles proportional «so that the sides subtending 
the equal angles are homologous >...” 

This proposition is the extension to similar triangles of the ambiguous case 
already mentioned as omitted by Euclid in relation to eguality of triangles in 
all respects (cf. note following 1. 26, Vol. 1. p. 306). The enunciation of vi. 7 
has suggested the ordinary method of enunciating the ambiguous case where 
equality and not similarity is in question. Cf. Todhunter's note on 1. 26. 

Another possible way of presenting this proposition is given by Todhunter. 
The essential theorem to prove is: 

Jf two triangles have two sides of the one proportional to two sides of the 
other, and the angles opposite to one pair of corresponding sides equal, the angles 
which are opposite to the other pair of corresponding sides shall either be equal or 
be together equal to two right angles. 


For the angles included by the proportional sides must be either equal or 
unequal. 

If they are equal, then, since the triangles have two angles of the one 
equal to two angles of the other, respectively, they are equiangular to one 
another. 

We have therefore only to consider the case in which the angles included 
by the proportional sides are unequal. 

The proof is, except at the end, like that of v1. 7. 

Let the triangles ABC, DEF have the angle at A equal to the angle at D; 

let AB be to BC as DE to EF, 


but let the angle 4 AC be not equal to the angle DEZ: 


D 


The angles ACB, DFE shall be together equal to two right angles. 
For one of the angles ABC, DEF must be the greater. 
Let ABC be the greater; and make the angle ABG equal to the angle 


DEF. 
Then we prove, as in vI. 7, that the triangles ABG, DEF are equiangular, 


whence 
AB isto BG as DE is to EF. 


But AB isto BC as DE is to EF, by hypothesis. 
Therefore BG is equal to BC, 
and the angle BGC is equal to the angle BCA. 
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Now, since the triangles ABG, DEF are equiangular, 
the angle BGA is equal to the angle EZD. 
Add to them respectively the equal angles BGC, BCA; therefore the 
angles BCA, EFD are together equal to the angles BGA, BGC, i.e. to two 
right angles. 


It follows therefore that the angles BCA, EFD must be either equal or 
supplementary. 


But (1), if each of them is less than a right angle, they cannot be 
supplementary, and they must therefore be equal; 


(2) if each of them is greater than a right angle, they cannot be 
supplementary and must therefore be equal; 


(3) if one of them is a right angle, they are supplementary and also equal. 


Simson distinguishes the last case (3) in his enunciation: “then, if each of 
the remaining angles be either less or not less than a right angle, or if one of 
them be a right angle...” 

The change is right, on the principle of restricting the conditions to the 
minimum necessary to enable the conclusion to be inferred. Simson adds a 
separate proof of the case in which one of the remaining angles is a right 
angle. 

* Lastly, let one of the angles at C, Æ viz. the angle at C, bea right angle; 
in this case likewise the triangle 4 BC 
is equiangular to the triangle DEF. A 

For, if they be not equiangular, D 
make, at the point Z of the straight 
line AB, the angle ABG equal to the 
angle DEF; then it may be proved, 
as in the first case, that BG is equal 8 c 
to BC. F 

But the angle BCG is a right 
angle ; 
therefore the angle BGC is also a 
right angle ; 
whence two of the angles of the tri- 
angle BGC are together not less than 
two right angles: which is impossible. 


Therefore the triangle AAC is equiangular to the triangle DEZ” 


o 


o 
O 


e 


PROPOSITION 8. 


Jf in a right-angled triangle a perpendicular be drawn 
from the right angle to the base, the triangles adjoining the 
perpendicular are similar both to the whole and to one another. 


Let ABC be a right-angled triangle having the oe 
BAC right, and let AD be drawn from 4 perpendicular 
to BC; 

I say that each of the triangles ABD, ADC is similar to 
the whole AAC and, further, they are similar to one another. 


H. E, I 14 
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For, since the angle BAC is equal to the angle ADB, 
for each is right, 
and the angle at 7 is common to the x 
two triangles ABC and ABD, 
therefore the remaining angle 4CB 
is equal to the remaining angle 
BAD; [1. 32] 
therefore the triangle ABC is equi- 8 
angular with the triangle 44 BD. 

Therefore, as ÆC which subtends the right angle in the 
triangle ABC is to BA which subtends the right angle in 
the triangle A BD, so is AB itself which subtends the angle 
at C in the triangle ABC to BD which subtends the equal 
angle BAD in the triangle 44 BD, and so also is AC to AD 
which subtends the angle at Z common to the two triangles. 

[vi. 4] 

Therefore the triangle ABC is both equiangular to the 
triangle ABD and has the sides about the equal angles 
proportional. 

Therefore the triangle AAC is similar to the triangle 
ABD. (vi. Def. 1] 

Similarly we can prove that 
the triangle 4 BC is also similar to the triangle 4DC ; 
therefore each of the triangles 4BD, ADC is similar to the 
whole ABC. 

I say next that the triangles 4BD, ADC are also similar 
to one another. 

For, since the right angle BDA is equal to the right angle 
ADC, 
and moreover the angle 24D was also proved equal to the 
angle at C, 
therefore the remaining angle at 7 is also equal to the 
remaining angle DAC; [1. 32] 
therefore the triangle ABD is equiangular with the triangle 
ADC. 

Therefore, as ZD which subtends the angle BAD in the 
triangle ABD is to DA which subtends the angle at C in the 
triangle ADC equal to the angle BAD, so is AD itself 
which subtends the angle at Z in the triangle ABD to DC 
which subtends the angle DAC in the triangle ADC equal 


D C 
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to the angle at Z, and so also is BA to AC, these sides 


subtending the right angles ; [vr 4] 
therefore the triangle 44 AD is similar to the triangle ADC. 
[vi. Def. 1] 


Therefore etc. 


PorisM. From this it is clear that, if in a right-angled 
triangle a perpendicular be drawn from the right angle to the 
base, the straight line so drawn is a mean proportional 
between the segments of the base. Q. E. b. 


Simson remarks on this proposition: “It seems plain that some editor 
has changed the demonstration that Euclid gave of this proposition: For, 
after he has demonstrated that the triangles are equiangular to one another, 
he particularly shows that their sides about the equal angles are proportionals, 
as 1f this had not been done in the demonstration of prop. 4 of this book : 
this superfluous part is not found in the translation from the Arabic, and is 
now left out." 

This seems a little hypercritical, for the “particular showing" that the 
sides about the equal angles are proportionals is really nothing more than 
a somewhat full citation of vi. 4. Moreover to shorten his proof still 
more, Simson says, after proving that each of the triangles ABD, ADC is 
similar to the whole triangle 48C, “And the triangles ABD, ADC being 
both equiangular and similar to 4BC are equiangular and similar to one 
another," thus assuming a particular case of vi. 21, which might well be 
proved here, as Euclid proves it, with somewhat more detail. 

We observe that, here as generally, Euclid seems to disdain to give the 
reader such small help as might be afforded by arranging the letters used to 
denote the triangles so as to show the corresponding angular points in the 
same order for each pair of triangles; 4 is the first letter throughout, and the 
other two for each triangle are in the order of the figure from left to right. It 
may be in compensation for this that he states at such length which side 
corresponds to which when he comes to the proportions. 

In the Greek texts there is an addition to the Porism inserted after 
“ (Being) what it was required to prove," viz. “and further that between the 
base and any one of the segments the side adjacent to the segment is a mean 
proportional"  Heiberg concludes that these words are an interpolation 
(1) because they come after the words owep ée: eigar which as a rule follow the 
Porism, (2) they are absent from the best Theonine mss., though P and 
Campanus have them without the óz«p ¿be Sega. — Heiberg's vicw seems to 
be confirmed by the fact noted by Austin, that, whereas the first part of the 
Porism is quoted later in vi. 13, in the lemma before x. 33 and in the lemma 
after x1. 13, the second part is proved in the former lemma, and elsewhere, 
as also in Pappus (111. p. 72, 9—23). 


PROPOSITION 9. 


From a given straight line to cut off a prescribed part. 
Let AB be the given straight line ; 
thus it is required to cut off from AZ a prescribed part. 


14—2 


5 


10 


15 
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Let the third part be that prescribed. 
Let a straight line AC be drawn through from A con- 
taining with AŻ any angle; 


let a point D be taken at random on 
AC, and let DE, EC be made equal 
to AD. (1. 3] 


Let BC be joined, and through D 
let DF be drawn parallel to it. — (1. 31] 


Then, since FD has been drawn 
parallel to BC, one of the sides of the triangle A&C, 


therefore, proportionally, as CD is to DA, so is BF to FA. 


[vi. 2] 
But CD is double of DA ; 
therefore AF is also double of FA ; 
therefore BA is triple of AF. 


Therefore from the given straight line 447 the prescribed 
third part AF has been cut off. 





Q. E. F. 


6. any angle. The expression here and in the two following propositions is rvxoüca 
yala, corresponding exactly to rvxóv anuetow which I have translated as *'a point (taken) 
at random”; but “an angle (taken) at random" would not be so appropriate where it is a 
question, not of faking any angle at all, but of drawing a straight line casually so as to make 
any angle with another straight line. 


Simson observes that **this is demonstrated in a particular case, viz. that 
in which the third part of a straight line is required to be cut off; which is 
not at all like Euclid's manner. Besides, the author of that demonstration, 
from four magnitudes being proportionals, concludes that the third of them is 
the same multiple of the fourth which the first is of the second ; now this is 
nowhere demonstrated in the sth book, as we now have it; but the editor 
assumes it from the confused notion which the vulgar have of proportionals." 

The truth of the assumption referred to is proved by Simson in his 
proposition D given above (p. 128); hence he is 
able to supply a general and legitimate proof 
of the present proposition. A 

“Let AB be the given straight line; it is 
required to cut off any part from it. 

From the point A draw a straight line AC 
making any angle with 42; in AC take any 
point 2, and take AC the same multiple of 4D 
that AB is of the part which is to be cut off 
from it ; 


join BC, and draw DE parallel to it: B C 
then AZ is the part required to be cut off. 
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Because E is parallel to one of the sides of the triangle 4 BC, viz. to BC, 


as CD is to DA, sois BE to EA, [vi. 2] 
and, componendo, 
CA is to AD, as BA to AE. [v. 18] 
But C4 is a multiple of AD; 
therefore BA is the same multiple of AZ. [Prop. D] 


Whatever part therefore AD is of AC, AE is the same part of AB; 
wherefore from the straight line 4B the part required is cut off." 


The use of Simson's Prop. D can be avoided, as noted by Camerer after 
Baermann, in the following way. We first prove, as above, that 
CA is to AD as BA is to AE. 


Then we infer that, alternately, 


CA is to BA as AD to AE. [v. 16] 

But 4D isto AE as n. AD ton. AE 
(where » is the number of times that 4D is contained in AC) ; [v. 15] 
whence AC is to AB as n. AD is ton. AE. [v. 11] 


In this proportion the first term is equal to the third; therefore [v. 14] 
the second is equal to the fourth, 


so that AB is equal to » times AE. 
Prop. 9 is of course only a particular case of Prop. 1o. 


PROPOSITION 10. 


To cut a given uncut straight line similarly to a given cut 
straight line. 


Let AB be the given uncut straight line, and AC the 
straight line cut at the points 2, 
E ; and let them be so placed as 
to contain any angle ; 
let CB be joined, and through 2, 
E let DF, EG be drawn parallel 
to BC, and through D let DHK 
be drawn parallel to 4B. (1. 31] 

Therefore each of the figures 
FH, HB is a parallelogram ; 
therefore DH is equal to FG and //K to GB. [1. 34] 


Now, since the straight line 77 has been drawn parallel 

to KC, one of the sides of the triangle DAC, 
therefore, proportionally, as CE is to ED, so is KH to HD. 
[vi. 2) 
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But XH is equal to BG, and HD to GF; 
therefore, as CE is to ED, so is BG to GF. 
Again, since FD has been drawn parallel to GZ, one of 
the sides of the triangle AGE, 
therefore, proportionally, as £D is to DA, so is GF to FA s 
[vi. 2 


But it was also proved that, 
as CE is to ED, so is BG to GF; 
therefore, as CE is to ED, so is BG to GF, 
and, as ED is to DA, so is GF to FA. 
Therefore the given uncut straight line AB has been cut 
similarly to the given cut straight line 4C. 
QE TF. 


PROPOSITION 11. 
To two given straight lines to find a third proporttonal. 


Let BA, AC be the two given straight lines, and let 
them be placed so as to contain any 
angle ; 
thus it is required to find a third pro- 
portional to BA, AC. 

For let them be produced to the 
points D, Æ, and let BD be made equal 
to AC; [193] 
let BC be joined, and through D let DE 
be drawn parallel to it. [1. 31] È 

Since, then, BC has been drawn 
parallel to DÆ, one of the sides of the triangle ADE, 
proportionally, as 4B is to BD, so is AC to CE. [vi. 2] 

But BD is equal to 4C; 
therefore, as AB is to AC, so is AC to CE. 

Therefore to two given straight lines 48, AC a third 
proportional to them, C£, has been found. 


9 


Q. E. F. 
1. to find. The Greek word, here and in the next two propositions, is © poctupeir, 
literally “to find i» addition.” 
This proposition is again a particular case of the succeeding Prop. 12. 


Given a ratio between straight lines, vi, 11 enables us to find the ratio 
which is its duplicate. 
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PROPOSITION 12. 


To three given straight lines to find a fourth proportional. 


Let A, B, C be the three given straight lines ; 
thus it is required to find a fourth proportional to 4, B, C. 


G A 
B 
c 
D H F 


Let two straight lines DZ, DF be set out containing any 
angle EDF; 


let DG be made equal to 4, GE equal to B, and further DH 
equal to C ; 


let GH be joined, and let £F be drawn through Æ parallel 
to it. [r. 31] 

Since, then, GÆ has been drawn parallel to EZ, one of 
the sides of the triangle DEF, 


therefore, as DG is to GE, so is DH to HF. [vi. 2] 
But DG is equal to A, GE to P, and DH to C; 
therefore, as 4 is to D, so is C to AF. 


Therefore to the three given straight lines 4, B, C a fourth 
proportional ZTF has been found. 
Q. E. F. 


We have here the geometrical equivalent of the “rule of three.” 
It is of course immaterial whether, as in Euclid's proof, the first and 
‘second straight lines are measured on one of the lines forming the angle and 
the third on the other, or the first and third are measured on one and the 
second on the other. 

If it should be desired that the first and the required fourth be measured 
on one of the lines, and the second and third on 
the other, we can use the following construction. 
Measure DE on one straight line equal to 4, and 
on any other straight line making an angle with F 
the first at the point D measure DF equal to B, 
and DG equal to C. Join £7, and through G 
draw GH anti-parallel to EF, i.e. make the angle 
DGH equal to the angle DEF; let GH meet P H E 
DE (produced if necessary) in 77. 
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DH is then the fourth proportional. 
For the triangles EDF, GDA are similar, and the sides about the equal 
angles are proportional, so that 


DE isto DF as DG to DH, 
or A isto Bas Cto DH. 


PROPOSITION 13. 


To two given straight lines to find a mean proportional. 


Let AB, BC be the two given straight lines ; 


thus it is required to find a mean 
proportional to AB, BC. 


Let them be placed in a straight 
line, and let the semicircle ADC be 
described on AC; 


let BD be drawn from the point B at A T 
right angles to the straight line 4C, 
and let 4D, DC be joined. 

Since the angle ADC is an angle in a semicircle, it is 
right. [n1 31] 

And, since, in the right-angled triangle 4DC, DB has 
been drawn from the right angle perpendicular to the base, 
therefore DB is a mean proportional between the segments of 
the base, 47, BC. [vi. 8, Por.] 

Therefore to the two given straight lines 48, BC a mean 
proportional DZ has been found. 

Q. E. F. 


This proposition, the Book vi. version of 11. 14, is equivalent to the 
extraction of the square root. It further enables us, given a ratio between 
straight lines, to find the ratio which is its sub-duplicate, or the ratio of which 
it is duplicate. 


PROPOSITION 14. 


In equal and equiangular parallelograms the sides about 
the equal angles are reciprocally proportional; and equiangular 
parallelograms in which the sides about the equal angles are 
reciprocally proportional are equal. 


vi. 14] PROPOSITIONS 12—14 217 


Let AB, BC be equal and equiangular parallelograms 
having the angles at Z equal, and 


let DB, BE be placed in a straight E c 
line ; 

therefore FB, BG are also in f 
a straight line. [r. 14] 8 G 


I say that, in AB, BC, the 
sides about the equal angles are 


reciprocally proportional, that is to ¿£ J 
say, that, as DB is to BE, so is 
GB to BF. 


For let the parallelogram FE be completed. 
Since, then, the parallelogram 44 is equal to the parallelo- 


gram BC, 
and FE is another area, 
therefore, as APB is to FZ, so is BC to FE. [v. 7] 
But, as AB is to FEL, so is DP to BE, [vi. 1] 
and, as BC is to FZ, so is GB to BF. [4a] 
therefore also, as DB is to BE, so is GB to BF. [v. 11] 


Therefore in the parallelograms 447, BC the sides about 
the equal angles are reciprocally proportional. 

Next, let GB be to BF as DB to BE; 
I w that the parallelogram 4B is equal to the parallelogram 
BC. 

For since, as DZ is to BE, so is GP to BF, 
while, as DB is to BE, so is the parallelogram 447 to the 


parallelogram FZ, [vi. 1] 
and, as GB is to BF, so is the parallelogram BC to the 
parallelogram FÆ, [vi. 1] 
therefore also, as AB is to FZ, so is BC to FE; [v. 11] 
therefore the parallelogram 74 is equal to the parallelogram 
Zi. [v. 9] 


Therefore etc. 
Q. E. D. 


De Morgan says upon this proposition : “ Owing to the disjointed manner 
in which Euclid treats compound ratio, this proposition is strangely out of 
place. It is a particular case of vi. 23, being that in which the ratio of the 
sides, compounded, gives a ratio of equality. The proper definition of four 
magnitudes being reciprocally proportional is that the ratio compounded of 
their ratios is that of equality." 
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It is true that vi. 14 isa particular case of vi. 23, but, if either is out of 
place, it is rather the latter that should be placed before vr. 14, since most of 
the propositions between vi. 15 and vi. 23 depend upon vi. 14 and 15. But 
it is perfectly consistent with Euclid's manner to give a particular case first 
and its extension later, and such an arrangement often has great advantages 
in that it enables the more difficult parts of a subject to be led up to more 
easily and gradually. Now, if De Morgan's view were here followed, we 
should, as it seems to me, be committing the mistake of explaining what is 
relatively easy to understand, viz. two ratios of which one is the inverse of 
the other, by a more complicated conception, that of compound ratio. In 
other words, it is easier for a learner to realise the relation indicated by the 
statement that the sides of equal and equiangular parallelograms are *recipro- 
cally proportional" than to form a conception of parallelograms such that 
“the ratio compounded of the ratio of their sides 1s one of equality." For 
this reason I would adhere to Euclid's arrangement. 

The conclusion that, since DB, BE are placed in a straight line, FB, BG 
are also in a straight line is referred to 1. 14. The deduction is made clearer 
by the following steps. 


The angle DBF is equal to the angle GBE; 
add to each the angle FBE; 
therefore the angles DBF, FBE are together equal to the angles one Aa 
. N. 2 
But the angles DBF, FBE are together equal to two right angles, [1. 13] 
therefore the angles GBE, FBE are together equal to two right angles, 
(C. X. 1] 
and hence FB, BG are in one straight line. (1. 14] 


The result is also obvious from the converse of 1. 15 given by Proclus 
(see note on 1. 15). 


The proposition vi. 14 contains a theorem and one partial converse of it ; 
so also does vi. 15. To each proposition may be added the other partial 
converse, which may be enunciated as follows, the words in square brackets 
applying to the case of triangles (v1. 15). 


ie 


o^ 





Equal parallelograms (triangles) which have the sides about one angle in 
each reciprocally proportional are equiangular [have the angles included by those 
sides either equal or supplementary.) 


Let AB, BC be equal parallelograms, or let FBD, EBG be equal 
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triangles, such that the sides about the angles at # are reciprocally propor- 


tional, i.e. such that 
DB : BE = GB : BEF 
We shall prove that the angles FBD, EBG are either equal or supple- 
mentary. 
Place the figures so that DB, BE are in one straight line. 
Then FB, BG are either in a straight line, or not in a straight line. 


(1) If FB, BG are in a straight line, the figure of the proposition 
(with the diagonals FD, EG drawn) represents the facts, and 
the angle FBD is equal to the angle ZAG. [1. 15] 
(2) If F2, BG are not in a straight line, 
produce FB to H so that BH may be equal to AG. 
Join EH, and complete the parallelogram EB HK. 
Now, since DB:BE=GB: BF 
and GB = HB, 
DB: BE = HB: BF, 
and therefore, by vr. 14 or 15, 
the parallelograms 44 B, BK are equal, or the triangles FBD, EBH are equal. 
But the parallelograms 48, BC are equal, and the triangles FBD, EBG 
are equal ; 
therefore the parallelograms BC, BX are equal, and the triangles EBA, 
E BG are equal. 


Therefore these parallelograms or triangles are within the same parallels :. 
that is, G, C, Æ, X are in a straight line which is parallel to DÆ. [1. 39] 
Now, since 8G, BH are equal, 


the angles BGH, BHG are equal. 
By parallels, it follows that 
the angle ZAG is equal to the angle 054, 
whence the angle ZG is supplementary to the angle FBD. 


PROPOSITION 15. 


In equal triangles which have one angle equal to one angle 
the sides about the equal angles are reciprocally proportional ; 
and those triangles which have one angle equal to one angle, 
and in which the sides about the equal angles are reciprocally 
proportional, are egual. 

Let ABC, ADE be equal triangles having one angle 
equal to one angle, namely the angle BAC to the angle 
DAE ; 

I say that in the triangles 4BC, ADE the sides about the 
equal angles are reciprocally proportional, that is to say, that, 


as CA is to AD, so is EA to AB. 


220 BOOK VI [vi. 15 


For let them be placed so that CA is in a straight 
line with AD; 


therefore ZA is also in a straight line with B 
AB. [r. 14] D 
Let BD be joined. 
Since then the triangle ABC is equal to A 
the triangle ADE, and BAD is another 


area, 


Oo 


therefore, as the triangle CAB is to the 
triangle BAD, so is the triangle EAD to E 
the triangle BAD. [v. 7] 
But, as CAB is to BAD, so is CA to AD, [vi. 1] 
and, as EAD is to BAD, so is EA to AR. [/2-] 
Therefore also, as CA is to AD, so is EA to AB. [v. 11] 


Therefore in the triangles 4 BC, ADE the sides about 
the equal angles are reciprocally proportional. 


Next, let the sides of the triangles 4C, ADE be reci- 
procally proportional, that is to say, let EA be to AB as CA 
to AD; 


I say that the triangle ABC is equal to the triangle ADE. 
For, if BD be again joined, 
since, as CA is to AD, so is FA to AB, 


while, as CA is to AD, so is the triangle 44 BC to the triangle 
BAD, 


and, as EA is to AÐ, so is the triangle EAD to the triangle 


BAD, (vi. x] 
therefore, as the triangle 4 AC is to the triangle BAD, so is 
the triangle ZAD to the triangle BAD. [v. 11] 


Therefore each of the triangles ABC, EAD has the same 
ratio to BAD. 
Therefore the triangle 4 BC is equal to the triangle EAD. 


[v. 9] 


à. ED 


Therefore etc. 


As indicated in the partial converse given in the last note, this proposition 
is equally true if the angle included by the two sides in one triangle is 
supplementary, instead of being equal, to the angle included by the two sides 
in the other. 
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Let ABC, ADE be two triangles such that the angles BAC, DAE are 

supplementary, and also 
CA: AD = EA: AB. B 

In this case we can place the triangles so that 
CA is in a straight line with 42, and AB lies 
along AE (since the angle ZAC, being supple- 
mentary to the angle EAD, is equal to the angle 
BAC). 

If we join BD, the proof given by Euclid 
applies to this case also. 

It is true that vr. 15 can be immediately inferred from vi. 14, since a 
triangle is half of a parallelogram with the same base and height. But, 
Euclid’s object being to give the student a grasp of methods rather than 
results, there seems to be no advantage in deducing one proposition from the 
other instead of using the same method on each. 


Cc A D 


PROPOSITION 16. 


Jf four straight lines be proportional, the rectangle con- 
tained by the extremes is egual to the rectangle contained by 
the means ; and, if the rectangle contained by the extremes be 
egual to the rectangle contained by the means, the four straight 
lines will be proportional. 


Let the four straight lines 42, CD, £, F be proportional, 
so that, as 747! is to CD, so is £ to F; 


I say that the rectangle contained by 447, / is equal to the 
rectangle contained by CD, Æ. 


boat Ga. 


F 








€E 


Let AG, CH be drawn from the points A, C at right 
angles to the straight lines 42, CD, and let AG be made 
equal to F, and CH equal to Æ. 

Let the parallelograms 2G, DH be completed. 

Then since, as 4B is to CD, so is £ to F, 
while Æ is equal to CZZ, and F to AG, 
therefore, as AP is to CD, so is CH to AG. 


Therefore in the parallelograms 2G, DH the sides about 
the equal angles are reciprocally proportional. 
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But those equiangular parallelograms in which the sides 
about the equal angles are reciprocally proportional are pua 
VI. 14 
therefore the parallelogram ZG is equal to the parallelogram 
DH. 
And BG is the rectangle AB, F, for AG is equal to F; 
and DH is the rectangle CD, E, for Æ is equal to C/7; 


therefore the rectangle contained by AB, F is equal to the 
rectangle contained by CD, £. 


Next, let the rectangle contained by AB, F be equal to 
the rectangle contained by CD, £ ; 
I say that the four straight lines will be proportional, so that, 
as AB isto CD, so is Æ to 7. 


For, with the same construction, 
since the rectangle 4B, F is equal to the rectangle CD, £E, 
and the rectangle 48, F is BG, for AG is equal to 7, 
and the rectangle CD, £ is DH, for CH is equal to Æ, 
therefore BG is equal to DH. 


And they are equiangular. 
But in equal and equiangular parallelograms the sides about 


the equal angles are reciprocally proportional. [vi. 14] 
Therefore, as AB is to CD, so is CH to AG. 
But CH is equal to Æ, and AG to F; 


therefore, as 4B is to CD, so is £ to F. 
Therefore etc. QU De 


This proposition is a particular case of vt. 14, but one which is on all 
accounts worth separate statement. It may also be enunciated in the follow- 
ing form : 

Rectangles which have their bases reciprocally proportional to their heights 
are equal in area ; and equal rectangles have their bases reciprocally proportional 
to their heights. 

Since any parallelogram is equal to a rectangle of the same height and 
on the same base, and any triangle with the same height and on the same 
base is equal to half the parallelogram or rectangle, it follows that Egua/ 
parallelograms or triangles have their bases reciprocally proportional to their 
heights and vice versa. 

The present place is suitable for giving certain important propositions, 
including those which Simson adds to Book v1. as Props. B, C and D, which 
are proved directly by means of v1. 16. 


I. Proposition B is a particular case of the following theorem. 


Lf a circle be circumscribed about a triangle ABC and there be drawn through 
A any two straight lines either both within or both without the angle BAC, viz. 
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AD meeting BC (produced if necessary) in D and AE meeting the circle again 
tn E, such that the angles DAB, EAC are equal, then the rectangle AD, AE ts 
equal to the rectangle BA, AC. 





A 
E 
Ò B E 
Join CE. 
The angles BAD, EAC are equal, by hypothesis ; 
and the angles ABD, AEC are equal. [n 21, 22] 
Therefore the triangles 47D, AEC are equiangular. 
Hence BA is to AD as EA is to AC, 
` and therefore the rectangle BA, AC is equal to the rectangle AD, AE. 


[vi. 16] 
There are now two particular cases to be considered. 
(a) Suppose that AD, AE coincide; 
ADE will then bisect the angle BAC. 


(b) Suppose that AD, AE are in one straight line but that D, Æ are on 
opposite sides of 4 ; 


AD will then bisect the external angle at 4. 





In the first case (a) we have 
the rectangle BA, AC equal to the rectangle EA, AD; 


and the rectangle £A, AD is equal to the rectangle E, DA together with 
the square on 42, [1. 3] 


i.e. to the rectangle BD, DC together with the square on 4D. [itr. 35] 


Therefore the rectangle BA, AC is equal to the rectangle BD, DC 
together with the square on AD, [This is Simson's Prop. B] 


In case (4) the rectangle ÆA, AD is equal to the excess of the rectangle 
ED, DA over the square on 42; 


therefore the rectangle 5.4, AC is equal to the excess of the rectangle BD, 
DC over the square on AD. 
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The following converse of Simson’s Prop. B may be given: Zf a straight 
line AD be drawn from the vertex A of a triangle to meet the base, so that the 
square on AD together with the rectangle BD, DC ts equal to the rectangle BA, 
AC, the line AD will bisect the angle BAC except when the sides AB, AC are 
equal, in which case every line drawn to the base will have the property men- 
tioned. 

Let the circumscribed circle be drawn, and let 4D produced meet it in 
E; join C£. 

The rectangle BD, DC is equal to the rectangle ED, DA. [m. 35] 

Add to each the square on 42; 
therefore the rectangle BA, AC is equal to the rectangle £4, AD. 

[hyp. and 11. 3] 

Hence AB isto 4D as AE to AC. (vi. 16] 

But the angle ABD is equal to the angle AEC. (mi. 21] 

Therefore the angles BDA, ECA are either equal or supplementary. 

[vi. 7 and note] 

(a) If they are equal, the angles BAD, EAC 
are also equal, and 44 D bisects the angle BAC. 


(^) If they are supplementary, the angle ADC 
must be equal to the angle ACE. 

Therefore the angles BAD, ABD are together 
equal to the angles 4CB, BCE, i.e. to the angles 
ACD, BAD. 

Take away the common angle BAD, and 

the angles 47D, ACD are equal, or 
AB is equal to AC. 

Euclid himself assumes, in Prop. 67 of the Data, the result of so much of 
this proposition as relates to the case where BA = 4C. He assumes namely, 
without proof, that, if BA = AC, and if D be any point on BC, the rectangle 
BD, DC together with the square on 4 D is equal to the square on AB. 





PROPOSITION C. 


Jf from any angle of a triangle a straight line be drawn perpendicular to the 
opposite side, the rectangle contained by the other two sides of the triangle is equal 
to the rectangle contained by the perpendicular and the diameter of the circle 
circumscribed about the triangle. 

Let ABC be a triangle and AD the perpendicular on AB. Draw the 
diameter A Æ of the circle circumscribed about the triangle 4 BC. 


Then shall the rectangle BA, AC be equal to the rectangle E A, AD. 
Join EC. 
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Since the right angle BDA is equal to the right angle ECA in a semi- 


circle, [1.31] 

and the angles ABD, AEC in the same segment are equal, (ur. 21] 
the triangles 48D, AEC are equiangular. 

Therefore, as BA isto AD, so is EA to AC, [vi. 4] 


whence the rectangle BA, AC is equal to the rectangle EA, AD. — [vi. 16] 
This result corresponds to the trigonometrical formula for Æ, the radius of 
the circumscribed circle, 


pat 
4^ 


PROPOSITION D. 


This is the highly important lemma given by Ptolemy (ed. Heiberg, Vol. 1, 
pp. 36—7) which is the basis of his calculation of the table of chords in the 
section of Book 1. of the peyaAn otvragis entitled “concerning the size of the 
straight lines [i.e. chords] in the circle” (mepi ris rqAuxorqros rv & rà kóxAo 
ebbe). 

The theorem may be enunciated thus. 

The rectangle contained by the diagonals of any quadrilateral inscribed in a 
circle is equal to the sum of the rectangles contained by the pairs of opposite sides. 

I shall give the proof in Ptolemy’s words, with the addition only, in 
brackets, of two words applying to a second figure not given by Ptolemy. 

“Let there be a circle with any quadrilateral 4C inscribed in it, and 
let AC, BD be joined. 

It is to be proved that the rectangle contained by AC and AD is equal 
to the sum of the rectangles 48, DC and AD, BC. 

For let the angle ABE be made equal to the angle contained by DAB, BC. 


B 





A A 


If then we add [or subtract] the angle EBD, 
the angle 4 BD will also be equal to the angle EAC. 

But the angle BDA is also equal to the angle ACE, (ur. 21) 
for they subtend the same segment ; 
therefore the triangle 472 is equiangular with the triangle ZAC. 

Hence, proportionally, 


as BC is to CE, sois BD to DA. [vt. 4] 
Therefore the rectangle BC, AD is equal to the rectangle BD, E 
vi. 16 


Again, since the angle ABE is equal to the angle DBC, 
and the angle BAE is also equal to the angle BDC, (im. 21] 
the triangle 4 BZ is equiangular with the triangle DBC. 


H. E. II. 15 
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Therefore, proportionally, 
as BA isto AE, sois BD to DC; [vi. 4] 

therefore the rectangle BA, DC is equal to the rectangle BD, AZ.  [vr. 16] 

But it was also proved that 

the rectangle BC, AD is equal to the rectangle BD, CE; 
therefore the rectangle 4C, BD as a whole is equal to the sum of the 
rectangles AB, DC and AD, BC: 
(being) what it was required to prove.” 

Another proof of this proposition, and of its converse, is indicated by 
Dr Lachlan (Elements of Euclid, pp. 273—4). It depends on two preliminary 
propositions. 

(1) Zf two circles be divided, by a chord in each, into segments which are 
similar respectively, the chords are proportional to the corresponding diameters. 

The proof is instantaneous if we join the ends of each chord to the centre 
of the circle which it divides, when we obtain two similar triangles. 

(2) 4f D be any point on the circle circumscribed about a triangle ABC, and 
DX, DY, DZ be perpendicular to the sides BC, CA, AB of the triangle 
respectively, then X, Y, Z lie in one straight line; and, conversely, if the feet of 
the perpendiculars from any point 1) on the sides of a triangle lie in one straight 
line, D lies on the circle circumscribed about the triangle. 

The proof depending on 111. 21, 22 is well known. 

Now suppose that D is any point in the plane of a triangle 48C, and 
that DX, DY,'DZ are perpendicular to the sides 
BC, CA, AB respectively. 

Join YZ, DA. 

Then, since the angles at Y, Z are right, 
A, Y, D, Z lie on a circle of which DA is the 
diameter. 

And YZ divides this circle into segments which 
are similar respectively to the segments into which 
BC divides the circle circumscribing ABC, since 
the angles 24 Y, BAC coincide, and their supple- 
ments are equal. 

Therefore, if d be the diameter of the circle 
circumscribing 4 BC, 





BCistodas YZis to DA; 

and therefore the rectangle AD, AC is equal to the rectangle d, YZ. 

Similarly the rectangle BD, CA is equal to the rectangle d, ZX, and the 
rectangle CD, AB is equal to the rectangle d, X Y. 

Hence, in a quadrilateral in general, the rectangle 
contained by the diagonals is less than the sum of the D A 
rectangles contained by the pairs of opposite sides. 

Next, suppose that 2 lies on the circle circum- 
scribed about ABC, but so that A, B, C, D follow 
each other on the circle in this order, as in the figure C B 
annexed. 

Let DX, DY, DZ be perpendicular to BC, CA, 
AB respectively, so that X, F, Zare in a straight line. 

Then, since the rectangles 4D, BC; BD, CA; CD, AB are equal to the 
rectangles d, YZ; d, ZX; d, XY respectively, and XZ is equal to the sum of 
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XY, YZ, so that the rectangle d, XZ is equal to the sum of the rectangles 
d, X Y and d, YZ, it follows that 

the rectangle AC, BD is equal to the sum of the rectangles 4D, BC and 
AB, CD. 


Conversely, if the latter statement is true, while we are supposed to know 
nothing about the position of 2, it follows that 
XZ must be equal to the sum of XY, YZ, 
so that X, Y, Z must be in a straight line. 
Hence, from the theorem (2) above, it follows that D must lie on the 
circle circumscribed about ABC, i.e. that ABCD is a quadrilateral about 
which a circle can be described. 


All the above propositions can be proved on the basis of Book 11. and 
without using Book vı., since it is possible by the aid of 111. 21 and 35 alone 
to prove that in eqguiangular triangles the rectangles contained by the non- 
corresponding sides about equal angles are equal to one another (a result arrived 
at by combining vi. 4 and vi. 16). This is the method adopted by Casey, 
H. M. Taylor, and Lachlan; but I fail to see any particular advantage in it. 


Lastly, the following proposition may be given which Playfair added as 
vi. E. It appears in the Dafa of Euclid, Prop. 93, and may be thus 
enunciated. 


Lf the angle BAC of a triangle ABC be bisected by the straight line AD 
meeting the circle circumscribed about the triangle in D, and if BD be joined, 
then 

the sum of BA, AC ts fo AD as BC is fo BD. 


Join CD. Then, since AD bisects the angle BAC, the subtended arcs 
BD, DC, and therefore the chords BD, DC, are 
equal. s 
(1) The result can now be easily deduced from 
Ptolemy’s theorem. 
For the rectangle AD, ZC is equal to the sum of 
the rectangles 448, DC and AC, BD, ie. (since 
BD, CD are equal) to the rectangle contained by 
BA + AC and BD. 


Therefore the sum of B4, AC istoADas BC 8 C 
is to BD. [vr. 16] 
(2) Euclid proves it differently in Data, Prop. 93. E 
Let AD meet BC in £. 
Then, since 4£ bisects the angle BAC, 
BA is to AC as BE to EC, [95 3] 
or, alternately, 
AB isto BE as AC to CE. [v. 16] 
Therefore also 
BA + AC isto BC as AC to CE. [v. 12] 
. Again, since the angles BAD, EAC are equal, and the angles ADB, ACE 
are also equal, (1. 21] 
the triangles ABD, AEC are equiangular. 
Therefore AC is to CE as 4D to BD. [vi. 4] 


15—2 
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Hence BA + ACisto BCas AD to BD, [v. 11] 
and, alternately, 
BA * ACisto AD as BC is to BD. [v. 16] 


Euclid concludes that, if the circle ABC is given in magnitude, and the 
chord BC cuts off a segment of it containing a given angle (so that, by Data 
Prop. 87, BC and also AD are given in magnitude), 

the ratio of BA + AC to AD is given, 


and further that (since, by similar triangles, BD is to DE as AC is to CE, 
while BA + AC is to BC as AC is to CE), 


the rectangle (BA + AC), DE, being equal to the rectangle BC, BD, is 
also given. 


PROPOSITION 17. 


Jf three straight lines be proportional, the rectangle con- 
tained by the extremes is equal to the square on the mean; 
and, tf (he rectangle contained by the extremes be equal to the 
square on the mean, the three straight lines will be proportional. 


Let the three straight lines 4, B, C be proportional, so 
that, as 4 is to Ø, so is 7 to C; 


I say that the rectangle contained by 4, C is equal to the 
square on Z7. 


^ 
8————— — p—————- 
C 
Let D be made equal to &. 
Then, since, as 4 is to Z, so is Z to C, 
and Z is equal to D, 
therefore, as 4 is to B, so is D to C. 


But, if four straight lines be proportional, the rectangle 
contained by the extremes is equal to the rectangle contained 
by the means. [vr. 16] 

Therefore the rectangle 4, C is equal to the rectangle 
B, D. 

But the rectangle Z, D is the square on Ø, for B is 
equal to 2; 


therefore the rectangle contained by 4, C is equal to the 
square on 7. 


Next, let the rectangle 4, C be equal to the square on 2 ; 
I say that, as 4 is to B, so is Z to C. 





m 
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For, with the same construction, 
since the rectangle 4, C is equal to the square on 7, 
while the square on 7! is the rectangle 2, D, for B is equal 
to DJ, 
therefore the rectangle 4, C is equal to the rectangle 4, D. 
But, if the rectangle contained by the extremes be equal 
to that contained by the means, the four straight lines are 
proportional. [vi. 16] 
Therefore, as 4 is to Z, so is D to C. 
But # is equal to D; 
therefore, as 4 is to B, so is B to C. 
Therefore etc. Q. E. D. 


VI. 17 is, of course, a particular case of vi. 16. 


PROPOSITION 18. 


On a given straight line to describe a rectilineal figure 
similar and similarly situated to a given rectilineal figure. 


Let ABP be the given straight line and CE the given 
rectilineal figure ; 


thus it is required to describe on the straight line AB a 


rectilineal figure similar and similarly situated to the recti- 
lineal figure CZ. 





A B 


Let DF be joined, and on the straight line AB, and at 
the points 4, B on it, let the angle GAB be constructed 
equal to the angle at C, and the angle ABG equal to the 


angle CDF. [1. 23] 
Therefore the remaining angle CFD is equal to the angle 
AGB; (1. 32] 


therefore the triangle FCD is equiangular with the triangle 


Therefore, proportionally, as FD is to GA, so is FC to 
GA, and CD to AB. 
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Again, on the straight line JG, and at the points Z, G on 
it, let the angle BGH be constructed equal to the angle DFE, 


and the angle GBH equal to the angle FDE. [1. 23] 
Therefore the remaining angle at Æ is equal to the re- 
maining angle at 77; [1. 32] 


therefore the triangle FDÆ is equiangular with the triangle 
GBH; 


therefore, proportionally, as FD is to GB, so is FE to 
GH, and ED to HB. [vi 4] 


But it was also proved that, as FD is to GB, so is FC to 
GA, and CD to AB; 


therefore also, as FC is to AG, so is CD to AB, and FE 
to GĦ, and further ED to HB. 


And, since the angle CFD is equal to the angle AGA, 
and the angle DFE to the angle 2G 77, 


therefore the whole angle CFE is equal to the whole angle 
AGH. 


For the same reason 
the angle CD is also equal to the angle ABH. 
And the angle at C is also equal to the angle at 4, 
and the angle at £ to the angle at 77. 
Therefore AH is equiangular with CE ; 
and they have the sides about their equal angles proportional; 


therefore the rectilineal figure AH is similar to the 
rectilineal figure CZ. [vt. Def. 1] 


Therefore on the given straight line AZ the rectilineal 
figure AH has been described similar and similarly situated 
to the given rectilineal figure CZ. 

Q. E. F. 


Simson thinks the proof of this proposition has been vitiated, his grounds 
for this view being (1) that it is demonstrated only with reference to 
quadrilaterals, and does not show how it may be extended to figures of five or 
more sides, (2) that Euclid infers, from the fact of two triangles being 
equiangular, that a side of the one is to the corresponding side of the other as 
another side of the first is to the side corresponding to it in the other, i.e. he 
permutes, without mentioning the fact that he does so, the proportions 
obtained in vi. 4, whereas the proof of the very next proposition gives, in a 
similar case, the intermediate step of permutation. I think this is hyper- 
criticism. As regards (2) it should be noted that the permuted form of the 
proportion is arrived at first in the roof of vi. 4; and the omission of the 
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intermediate step of alternando, whether accidental or not, is of no importance. 
On the other hand, the use of this form of the proportion certainly simplifies 
the proof of the proposition, since it makes unnecessary the subsequent 
ex aequali steps of Simson's proof, their place being taken by the inference 
[v. 11] that ratios which are the same with a third ratio are the same with one 
another. 

Nor is the first objection of any importance. We have only to take as the 


K 


A B Cc D 


given polygon a polygon of five sides at least, as CDEFG, join one extremity 
of CD, say D, to each of the angular points other than C and £, and then 
use the same mode of construction as Euclid's for any number of successive 
triangles as ABL, LAK, etc, that may have to be made.  Euclid's con- 
struction and proof for a quadrilateral are quite sufficient to show how to deal 
with the case of a figure of five or any greater number of sides. 

Clavius has a construction which, given the power of moving a figure 


F' 


G E' 


— 


C D D' E o — — — 9g 


bodily from one position to any other, is easier. CDEFG being the given 
polygon, join CZ, CF. Place AB on CD so that A falls on C, and let B 
fall on Z', which may either lie on C2 or on C2 produced. 

Now draw DE’ parallel to DZ, meeting CZ, produced if necessary, in E', 
E' F' parallel to ZF, meeting C7, produced if necessary, in Æ, and so on. 

Let the parallel to the last side but one, ÆG, meet CG, produced if 
necessary, in G’. 

Then CZ'E'F'G' is similar and similarly situated to CDEFG, and it is 
constructed on CZ, a straight line equal to 42. 

The proof of this is obvious. 

A more general construction is indicated in the subjoined figure. If 
CDE FG be the given polygon, suppose its angular points all joined to any 
point O and the connecting straight lines produced both ways. Then, if CD’, 
a straight line equal to 4A, be placed so that it is parallel to CD, and C’, D 
lie respectively on OC, OD (this can of course be done by finding fourth 
proportionals), we have only to draw DE, EF, etc, parallel to the 
corresponding sides of the original polygon in the manner shown. 
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De Morgan would rearrange Props. 18 and 20 in the following manner. 
He would combine Prop. 18 and the first part of Prop. 20 into one, with the 
enunciation : 
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Pairs of. similar triangles, similarly put together, give similar figures ; and 
every pair of similar figures is composed of pairs of similar triangles similarly 
put together. 

He would then make the problem of vi. 18 an application of the first part. 
In form this would certainly appear to be an improvement; but, provided that 
the relation of the propositions is understood, the matter of form is perhaps 
not of great importance. 


PROPOSITION 19. 
Similar triangles ave to one another in the duplicate ratio 
of the corresponding sides. 


Let ABC, DEF be similar triangles having the angle at 
B equal to the angle at Æ, and such that, as AB is to BC, so 
sis DE to EF, so that BC corresponds to EF; [v. Def. 11] 


I say that the triangle 4 AC has to the triangle DEF a ratio 
duplicate of that which BC has to £F. 


A 
D 


ÁA 


For let a third proportional 2G be taken to BC, EF, so 
that, as BC is to EF, sois EF to BG; [vi. 11] 


1o and let AG be joined. 
Since then, as AB is to BC, so is DE to EF, 
therefore, alternately, as AB is to DE, so is BC to EF. [v. 16] 


B G C 
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But, as BC is to EF, sois EF to BG: 
therefore also, as AB is to DE, so is EF to PG. [v. 11] 


15 Therefore in the triangles ABG, DEF the sides about 
the equal angles are reciprocally proportional. 
But those triangles which have one angle equal to one 
angle, and in which the sides about the equal angles are 
reciprocally proportional, are equal; [vi. 15] 


2o therefore the triangle ABG is equal to the triangle DEF. 
Now since, as AC is to EF, sois EF to AG, 


and, if three straight lines be proportional, the first has to 
the third a ratio duplicate of that which it has to the second, 
[v. Def. 9] 


therefore BC has to AG a ratio duplicate of that which CB 
25 has to EF. 

But, as CB is to BG, so is the triangle ABC to the 
triangle ABC; [vi. 1] 
therefore the triangle ABC also has to the triangle dBG a 
ratio duplicate of that which ZC has to EF. 


3  Butthe triangle ABG is equal to the triangle DEF; 


therefore the triangle AAC also has to the triangle DEF a 
ratio duplicate of that which AC has to EF. 


Therefore etc. 


PorisM. From this it is manifest that, if three straight 
35 lines be proportional, then, as the first is to the third, so is 
the figure described on the first to that which is similar and 
similarly described on the second. 
Q. E. D. 


4. and such that, as AB is to BC, so is DE to EF, literally ‘* (triangles) having 
the angle at Z equal to the angle at £, and having), as AB to BC, so DE to EF. 


Having combined Prop. 18 and the first part of Prop. 20 as just indicated, 
De Morgan would tack on to Prop. 19 the second part of Prop. 2o, which 
asserts that, if similar polygons be divided into the same number of similar 
triangles, the triangles are “ homologous to the wholes” (in the sense that the 
polygons have the same ratio as the corresponding triangles have), and that 
the polygons are to one another in the duplicate ratio of corresponding sides. 
This again, though no doubt an improvement of form, would necessitate the 
drawing over again of the figure of the altered Proposition 18 and a certain 
amount of repetition. 

Agreeably to his suggestion that Prop. 23 should come before Prop. 14 
which is a particular case of it, De Morgan would prove Prop. 19 for 
parallelograms by means of Prop. 23, and thence infer the truth of it for 
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triangles or the halves of the parallelograms. He adds: “The method of 
Euclid is an elegant application of the øperation requisite to compound equal 
ratios, by which the conception of the process is lost sight of." For the 
general] reason given in the note on vi. 14 above, I think that Euclid showed 
the sounder discretion in the arrangement which he adopted. Moreover it is 
not easy to see how performing the actual operation of compounding two 
equal ratios can obscure the process, or the fact that two equal ratios are 
being compounded. On the definition of compounded ratios and duplicate 
ratio, De Morgan has himself acutely pointed out that “composition " is here 
used for the process of detecting the single alteration which produces the 
effect of two or more, the duplicate ratio being the result of compounding two 
equal ratios. ‘The proof of vi. 19 does in fact exhibit the single alteration 
which produces the effect of two. And the operation was of the essence of 
the Greek geometry, because it was the manipulation of ratios in this manner, 
by simplification and transformation, that gave it so much power, as every one 
knows who has read, say, Archimedes or Apollonius. Hence the introduction 
of the necessary operation, as well as the theoretical proof, in this proposition 
seems to me to have been distinctly worth while, and, as it is somewhat 
simpler in this case than in the more general case of vi. 23, it was in 
accordance with the plan of enabling the difficulties of Book v1. to be more 
easily and gradually surmounted to give the simpler case first. 

That Euclid wished to emphasise the importance of the method adopted, 
as well as of the result obtained, in vi. 19 seems to me clearly indicated by 
the Porism which follows the proposition. It is as if he should say: “I have 
shown you that similar triangles are to one another in the duplicate ratio of 
corresponding sides; but I have also shown you incidentally how it is possible 
to work conveniently with duplicate ratios, viz. by transforming them into 
simple ratios between straight lines. I shall have occasion to illustrate the 
use of this method in the proof of vi. 22." 

The Porism to vi. 19 presents one difficulty. It will be observed that it 
speaks of the figure (Qåos) described on the first straight line and of that which 
is similar and similarly described on the second. If “figure” could be 
regarded as loosely used for the figure of the proposition, i.e. for a triangle, 
there would be no difficulty. If on the other hand “the figure" means any 
rectilineal figure, i.e. any polygon, the Porism is not really established until 
the next proposition, v1. 20, has been proved, and therefore it is out of place 
here. Yet the correction rpéyevov, triangle, for «lóos, figure, is due to Theon 
alone; P and Campanus have “figure,” and the reading of Philoponus and 
Psellus, rerpáyovov, square, partly supports el8os, since it can be reconciled with 
elóos but not with rpcyevov. Again the second Porism to vi. 20, in which this 
Porism is reasserted for any rectilineal figure, and which is omitted by 
Campanus and only given by P in the margin, was probably interpolated by 
Theon. Heiberg concludes that Euclid wrote “figure” (e«l8os), and "Theon, 
seeing the difficulty, changed the word into “ triangle" here and added Por. 2 
to VI. 20 in order to make the matter clear. If one may hazard a guess as to 
how Euclid made the slip, may it be that he first put it after vt. 20 and then, 
observing that the expression of the duplicate ratio by a single ratio between 
two straight lines does not come in vi. 20 but in vi. 19, moved the Porism to 
the end of vi. 19 in order to make the connexion clearer, without noticing 
that, if this were done, «%es would need correction ? 

The following explanation at the end of the Porism is bracketed by 
Heiberg, viz. “Since it was proved that, as CB is to BG, so is the triangle 
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ABC to the triangle 4 BG, that is DEF.” Such explanations in Porisms are 
not in Euclid’s manner, and the words are not in Campanus, though they date 
from a time earlier than Theon. 


PROPOSITION 20. 


Similar polygons are divided into similar triangles, and 
into triangles equal in multitude and in the same ratio as 
the wholes, and the polygon has to the polygon a ratio duplicate 
of that which the corresponding side has to the corresponding 

s sede. 


Let ABCDE, FGH KL be similar polygons, and let AB 
correspond to FG ; 


I say that the polygons ABCDE, FG/T KL are divided into 
similar triangles, and into triangles equal in multitude and in 

io the same ratio as the wholes, and the polygon ABCDE has 
to the polygon FG/7KL a ratio duplicate of that which AB 
has to FG. 


bet ZA, EC, GLL AH be joined, 





Now, since the polygon ABCDE is similar to the polygon 
i5 FGHKL, 


the angle BAE is equal to the angle GFL ; 
and, as BA is to AF, so is GF to FL. [v1. Def. i] 


Since then ABE, FGL are two triangles having one 
angle equal to one angle and the sides about the equal angles 
zo proportional, 
therefore the triangle ABE is equiangular with the triangle 
BOE: [vi. 6] 


so that it is also similar; (vt. 4 and Def. 1] 
therefore the angle ABE is equal to the angle FG. 
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25 But the whole angle AAC is also equal to the whole angle 
FGH because of the similarity of the polygons ; 


therefore the remaining angle ZAC is equal to the angle 
LGH. 


And, since, because of the similarity of the triangles 4 BZ, 
3o FGL, 
as EP is to BA, so is LG to GF, 
and moreover also, because of the similarity of the polygons, 
as AB is to BC, so is FG to GH, 
therefore, ex aequa/t, as EB is to BC, sois LG to GĦ; [v. 22] 
35 that is, the sides about the equal angles EBC, LGH are 
proportional ; 
therefore the triangle EAC is equiangular with the triangle 


EGIT, [vi. 6] 
so that the triangle EBC is also similar to the triangle 
40 LGH. (vi. 4 and Def. 1] 


For the same reason 
the triangle ECV is also similar to the triangle LÆ. 

Therefore the similar polygons ABCDE, FG/7KL have 
been divided into similar triangles, and into triangles equal in 

45 multitude. 

I say that they are also in the same ratio as the wholes, 
that is, in such manner that the triangles are proportional, 
and ABE, EBC, ECD are antecedents, while FGL, LGH, 
LHK are their consequents, and that the polygon ABCDE 

so has to the polygon FGĦXZL a ratio duplicate of that which 
the corresponding side has to the corresponding side, that is 
AE to FG. 
For let 4C, FH be joined. 
Then since, because of the similarity of the polygons, 


55 the angle 4 AC is equal to the angle FGAT, 
and, as AB is to PC, so is FG to GA, 
the triangle ABC is equiangular with the triangle i. 
vi. 6 
therefore the angle BAC is equal to the angle G777, 
and the angle 2CA to the angle G777. 
é And, since the angle BAM is equal to the angle GEN, 
and the angle ABM is also equal to the angle FGN, 
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therefore the remaining angle AMB is also equal to the 

remaining angle FNG ; [1. 32] 

therefore the triangle ABM is equiangular with the triangle 
6s FGN. 

Similarly we can prove that 
the triangle BAVC is also equiangular with the triangle GW 77. 

Therefore, proportionally, as AM is to MB, so is FN to 

7o and, as BM is to MC, so is GN to NH; 
so that, in addition, ex aequa/i, 
as AM is to MC, so is FN to NH. 

But, as AM is to MC, so is the triangle ABM to MBC, 

and AME to EMC; for they are to one another as their 
75 bases. (vi. 1] 
Therefore also, as one of the antecedents is to one of the 
consequents, so are all the antecedents to all the consequents ; 
V. 12 
d is as the triangle AMB is to BMC, so is ABE i 
BE. 
80 But, as AMB is to BMC, so is AM to MC; 
therefore also, as AM is to MC, so is the triangle ABE to 
the triangle EAC. 

For the same reason also, 

as FN is to M/Z, so is the triangle FGZ to the triangle 
85 GLH. 

And, as AM is to MC, so is FN to NAH; 
therefore also, as the triangle AEF is to the triangle BEC, 
so is the triangle FGZ to the triangle GZ 77 ; 
and, alternately, as the triangle A EZ is to the triangle FGZ, 

go so is the triangle BEC to the triangle GLH. 

Similarly we can prove, if BD, GK be joined, that, as the 
triangle BEC is to the triangle ZGA, so also is the triangle 
ECD to the triangle LHX. 

And since, as the triangle ABE is to the triangle FG, 

gs0 is ELC to LEGIT, and further ECD to £LZ77, 
therefore also, as one of the antecedents is to one of the 
consequents, so are all the antecedents to all the dic 
V. I2 
therefore, as the triangle ABZ is to the triangle FGL, 
so is the polygon ABCDE to the polygon FG7/7KL. 
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1o But the triangle ABE has to the triangle FGZ a ratio 
duplicate of that which the corresponding side 74 has to the 
corresponding side 7G; for similar triangles are in the 
duplicate ratio of the corresponding sides. [vt. 19] 

Therefore the polygon ABC DE also has to the polygon 

105 #GHKL a ratio duplicate of that which the corresponding 

side AB has to the corresponding side FG. 
Therefore etc. 


Porism. Similarly also it can be proved in the case of 
quadrilaterals that they are in the duplicate ratio of the 
110 Corresponding sides. And it was also proved in the case of 
triangles; therefore also, generally, similar rectilineal figures 
are to one another in the duplicate ratio of the corresponding 


sides. 
Q. E. D. 


2. in the same ratio as the wholes. The same word óuóXoyos is used which I have 
generally translated by “corresponding.” But here it is followed by a dative, óuóXoya rois 
bros '* homologous with the wholes,” instead of being used absolutely. The meaning can 
therefore here be nothing else but “in the same ratio with” or *' proportional to the 
wholes”; and Euclid seems to recognise that he is making a special use of the word, 
because he explains it lower down (I. 46): **the triangles are homologous to the wholes, that 
is, in such manner that the triangles are proportional, and ABE, EBC, ECD are ante- 
cedents, while FGL, LGH, HK are their consequents." 

49. éÉémÓóuera abr Or, "their consequents,” is a little awkward, but may be supposed to 
indicate which triangles correspond to which as consequent to antecedent. 


An alternative proof of the second part of this proposition given after the 
Porisms is relegated by August and Heiberg to an Appendix as an interpolation. 
It is shorter than the proof in the text, and is the only one given by many 
editors, including Claviüs, Billingsley, Barrow and Simson. It runs as follows: 

“We will now also prote that the triangles are homologous in another and 
an easier manner. 


C D H K 


Again, let the polygons ABCDE, FG/IKL be set out, and let BE, £C, 
GL, LH be joined. 

I say that, as the triangle 4 ZZ is to FGZ, sois EBC to LGH and CDE 
to HKL. 

For, since the triangle ABE is similar to the triangle FG Z, the triangle 
ABE has to the triangle “GZ a ratio duplicate of that which ZZ has to GZ. 
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For the same reason also 
the triangle BEC has to the triangle GZH a ratio duplicate of that which 
BE has to GZ. 

Therefore, as the triangle 4BZ is to the triangle FGZ, so is BEC 
to GLH. 

Again, since the triangle EBC is similar to the triangle LGH, 


EBC has to LG a ratio duplicate of that which the straight line CZ has 
to HL. 


For the same reason also 


the triangle ECD has to the triangle Z77K a ratio duplicate of that which 
CE has to ZZ. 

Therefore, as the triangle E BC is to LGA, so is ECD to ZHK. 

But it was proved that, 
as EBC is to ZG A, so also is ABE to FGL. 


Therefore also, as ABE is to FGL, so is BEC to GLH and ECD to 
LHK. 


0,5 Dp.” 


Now Euclid cannot fail to have noticed that the second part of his 
proposition could be proved in this way. It seems therefore that, in giving 
the other and longer method, he deliberately wished to avoid using the result 
of vI. 19, preferring to prove the first two parts of the theorem, as they can be 
proved, independently of any relation between the areas of similar triangles. 

The first part of the Porism, stating that the theorem is true of guadrilaterals, 
would be superfluous but for the fact that technically, according to Book 1. 
Def. 19, the term “polygon” (or figure of many sides, roAvmAevpor) used in the 
enunciation of the proposition is confined to rectilineal figures of more than 
four sides, so that a quadrilateral might seem to be excluded. "The mention 
of the triangle in addition fills up the tale of “similar rectilineal figures." 

The second Porism, Theon's interpolation, given in the text by the editors, 
but bracketed by Heiberg, is as follows: 

“ And, if we take O a third proportional to AB, FG, then BA has to Oa 
ratio duplicate of that which 47 has to FG. 

But the polygon has also to the polygon, or the quadrilateral to the 
quadrilateral, a ratio duplicate of that which the corresponding side has to 
the corresponding side, that is AB to FG; 
and this was proved in the case of triangles also ; 


so that it is also manifest generally that, if three straight lines be proportional, 
as the first is to the third, so will the figure described on the first be to the 
similar and similarly described figure on the second." 


PROPOSITION 21. 


Figures which are similar to the same rectilineal figure 
are also similar to one another. 


For let each of the rectilineal figures 4, B be similar to C; 
I say that 4 is also similar to Z. 
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For, since 4 is similar to C, 


it is equiangular with it and has the sides about the equal 
angles proportional. [vi. Def. 1] 


Ue» 
Again, since Z is similar to C, 


it is equiangular with it and has the sides about the equal 
angles proportional. 


Therefore each of the figures 4, # is equiangular with C 
and with C has the sides about the equal angles proportional; 
therefore A is similar to 7. 

| Q. E. D. 

It will be observed that the text above omits a step which the editions 
generally have before the final inference “ Therefore A is similar to B.” The 
words omitted are “so that 4 is also equiangular with Z and [with Z] has the 


sides about the equal angles proportional.” Heiberg follows P in leaving 
them out, conjecturing that they may be an addition of Theon's. 


PROPOSITION 22. 


Lf four straight lines be proportional, the rectilineal figures 
similar and similarly described upon them will also be pro- 
portional; and, if the rectilineal figures similar and similarly 
described upon them be proportional, the straight lines will 
themselves also be proportional. 


Let the four straight lines 44, CD, EF, GH be pro- 
portional, 
so that, as AŻ is to CD, so is EF to GH, 
and let there be described on AB, CY the similar and similarly 
situated rectilineal figures KA P, LCD, 
and on EZ, GA the similar and similarly situated rectilineal 
figures Mr, NA; 
I say that, as XAB is to LCD, so is MF to NH. 

For let there be taken a third proportional O to 4 Z, CD, 
and a third proportional P to EF, GH. [vi. 11] 


VI. 22] PROPOSITIONS 21, 22 241 


Then since, as A7 is to CD, so is EF to GH, 
and, as CD is to O, so is GH to P, 
therefore, ex aequa/z, as AB is to O, so is EF to P. [v. 22] 
But, as AB is to O, so is KAP to LCD, 
and, as E is to P, so is MF to NA: 
therefore also, as XAB is to LCD, so is MF to NH. [v. 11] 


" L 
£i um T 
E EA 4 Ww 
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Next, let MF be to WH as KAB isto LCD; 
I say also that, as 4B is to CD, so is EF to GH. 
For, if EF is not to GH as AB to CD, 
let EF be to QR as AP to CD, (vi. 12] 


and on QA let the rectilineal figure SR be described similar 
and similarly situated to either of the two MF, NH. — [vr. 18] 


Since then, as 4B is to CD, so is EF to QR, 


and there have been described on 4B, CD the similar and 
similarly situated figures XAB, LCD, 


and on ZF, QR the similar and similarly situated figures 
MF, SR, 
therefore, as KA P is to LCD, so is MF to SR. 
But also, by hypothesis, 
as KAB is to LCD, so is ME to NA; 
therefore also, as ME is to SR, so is ME to NH. [v. 11] 
Therefore ME has the same ratio to each of the figures 
NU, SR; 
therefore V 77 is equal to SA. [v. 9] 
But it is also similar and similarly situated to it ; 
therefore G77 is equal to QA. 


H.E. 11. 16 


[vr. 19, Por.] 
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And, since, as AP is to CD, so is EF to OR, 
while QA is equal to GĦ, 
therefore, as AP is to CD, so is EF to GH. 


Therefore etc. 
Q. E. D. 


The second assumption in the first step of the first part of the proof, viz. 
that, as CD is to O, so GH to P, should perhaps be explained. It is a 
deduction [by v. 11] from the facts that 


AB is to CD as CD to O, 
EFis to GH as GH to P, 
and AB isto CDas EF to GH. 


The defect in the proof of this proposition is well known, namely the 
assumption, without proof, that, because the figures WH, SR are equal, 
besides being similar and similarly situated, their corresponding sides GH, QA 
are equal. Hence the minimum addition necessary to make the proof 
complete is a proof of a lemma to the effect that, £f two similar figures are also 
equal, any pair of corresponding sides are equal. 

To supply this lemma is one alternative; another is to prove, as a 
preliminary proposition, a much more general theorem, viz that, if the 
duplicate ratios of two ratios are equal, the two ratios are themselves equal. 
When this is proved, the second part of vi. 22 is an immediate inference from 
it, and the effect is, of course, to substitute a new proof instead of 
supplementing Euclid's. 


I. It is to be noticed that the lemma required as a minimum is very like 
what is needed to supplement vr. 28 and 29, in the proofs of which Euclid 
assumes that, ¿f two similar parallelograms are unequal, any side in the greater 
ts greater than the corresponding side in the smaller. Therefore, on the whole, it 
seems preferable to adopt the alternative of proving the simpler lemma which 
will serve to supplement all three proofs, viz. that, sf of two similar rectilineal 
figures the first ts greater than, equal to, or less than, the second, any side of the 
first is greater than, equal to, or less than, the corresponding side of the second 
respectively. 

The case of egua/ity of the figures is the case required for vi. 22; and the 
proof of it is given in the Greek text after the proposition. Since to give such 
a “lemma” after the proposition in which it is required is contrary to Euclid's 
manner, Heiberg concludes that it is an interpolation, though it is earlier than 
Theon. The lemma runs thus: 


“But that, if rectilineal figures be equal and similar, their corresponding 
sides are equal to one another we will prove thus. 


Let NH, SR be equal and similar rectilineal figures, and suppose that, 
as HG is to GV, so is RQ to QS; 
I say that RQ is equal to HG. 
For, if they are uncqual, one of them is greater; 
let RQ be greater than HG. 
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Then, since, as RQ is to QS, so is HG to GN, 
alternately also, as RQ is to HG, so is QS to GN; 
and QA is greater than HG ; 

therefore QS is also greater than GW; 
so that RS is also greater than HN *. 

But it is also equal : which is impossible. 

Therefore QA is not unequal to GH; 
therefore it is equal to it.” 


{The step marked * is easy to see if it is remembered that it is only 
necessary to prove its truth in the case of /ríang/es (since similar polygons are 
divisible into the same number of similar and similarly situated triangles 
having the same ratio to each other respectively as the polygons have). If the 
triangles be applied to each other so that the two corresponding sides of each, 
which are used in the question, and the angles included by them coincide, 
the truth of the inference is obvious. } 


The lemma might also be arrived at by proving that, ¿f a ratio is greater than 
a ratio of equality, the ratio which is its duplicate is also greater than a ratio of 
equality; and if the ratio which is duplicate of another ratio is greater than a 
ratio of equality, the ratio of which it is the duplicate is also greater than a ratio 
of equality. It is not difficult to prove this from the particular case of v. 25 in 
which the second magnitude is equal to the third, i.e. from the fact that in 
this case the sum of the extreme terms is greater than double the middle term. 


II. We now come to the alternative which substitutes a new proof for the 
second part of the proposition, making the whole proposition an immediate 
inference from one to which it is practically equivalent, viz. that 

(1) Lf two ratios be equal, their duplicate ratios are equal, and (2) con- 
versely, tf the duplicate ratios of two ratios be equal, the ratios are equal. 

The proof of part (1) is after the manner of Euclid’s own proof of the first 
part of v1. 22. 

Let A be to Bas C to D, 


and let X be a third proportional to 4, B, and Y a third proportional to C, D, 


so that 
A is to Bas Z to X, 


and Cisto Das Dto Y; 
whence A is to X in the duplicate ratio of A to B, 
and C is to Y in the duplicate ratio of C to 2. 
Since A isto Bas C is to D, 
and B is to X as A is to B, 


i.e. as C is to D, 

ie. as D is to Y, 
therefore, ex aequali, A is to X as Cis to Y. 
Part (2) is much more difficult and is the crux of the whole thing. 
Most of the proofs depend on the assumption that, B being any magnitude 


and / and Q two magnitudes of the same kind, there does exist a magnitude 
A which is to Z in the same ratio as 7 to Q. It is this same assumption 


16—2 


[v. 11] 
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which makes Euclid's proof of v. 18 illegitimate, since it is nowhere proved 
in Book v. Hence any proof of the proposition now in question which 
involves this assumption even in the case where Z, /, Q are all straight lines 
should not properly be given as an addition to Book v. ; it should at least be 
postponed until we have learnt, by means of vi. 12, giving the actual 
construction of a fourth proportional, that such a fourth proportional exists. 

'Two proofs which are given of the proposition depend upon the following 
lemma. 

Jf A, B, C be three magnitudes of one kind, and D, E, F three magnitudes 
of one kind, then, if 


the ratio of A to B ts greater than that of D to E, 
and the ratio of B to C greater than that of E, to F, 
ex aequali, the ratio of A to C is greater than that of D to F. 


One proof of this does not depend upon the assumption referred to, and 
therefore, if this proof is used, the theorem can be added to Book v. The 
proof is that of Hauber (Camerer’s Euclid, p. 358 of Vol. 11.) and is reproduced 
by Mr H. M. Taylor. For brevity we will use symbols. 

Take equimultiples mA, mD of A, D and nB, nE of B, E such that 


mA>nB, but mD»nE. 


Also let B, JE be equimultiples of B, Æ and gC, gF equimultiples of 
C, F such that 
pP 4C, but E Pg F. 
Therefore, multiplying the first line by ^ and the second by #, we have 
pmA »pnB, pn D» pnE, 


and np B ngC,npE > ng, 

whence pmA » ng C, pm D ng F. 
Now mA, pm D are equimultiples of mA, mD, 

and ngC, ng F equimultiples of gC, gF 
Therefore [v. 3] they are respectively equimultiples of 4, D and of C, F. 
Hence [v. Def. 7) ae: C>D:F 


Another proof given by Clavius, though depending on the assumption 
referred to, 1s neat. 
Take G such that 





G:C=E:F. 
A ————— D 
B ————— E 
Cc F 
G 
H 
Therefore B:€>6: 6, [v. 13] 
and B>G. [v. 10] 


Therefore A:G>A: 2B. [v. 8] 
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But A: B>D:E. 
Therefore, a fortiori, A: G>D:E. 
Suppose Æ taken such that 
H: G&D: E. 
Therefore A> H. [v i310] 
Hence a: C>H: G, [v. 8] 
But H:G=D:E, 
G: C=£: £ 
Therefore, ex aequali, H:C=D:F. [v. 22] 
Hence ACS D [v. 13] 
Now we can prove that 
Ratios of which equal ratios are duplicate are equal, 
Suppose that n iua 
and DBsE:S 
and further that A: C=D:F 
it is required to prove that 
A: en: 
For, if not, one of the ratios must be greater than the other. 
Let A : B be the greater. 
Then, since A R= BC, 
and JD: ELE 
while A:B>D:E, 
it follows that B: CE [v. 13] 
Hence, by the lemma, ex aequa/t, 
We CSD iS 


which contradicts the hypothesis. 
Thus the ratios 4:8 and D: £ cannot be unequal; that is, they are equal. 
Another proof, given by Dr Lachlan, also assumes the existence of a 
fourth proportional, but depends upon a simpler lemma to the effect that 
Jt is impossible that two different ratios can have the same duplicate ratio. 
Ses if possible, let the ratio 4 : B be duplicate both of 4 : X and 4: Y, 
so that 


As X XH, 
and A: Y=Y:ÐB. 
Let X be greater than Y. 
Then M OX ed Y; [v. 8] 
that is, X UM e EG, [v. 11, 35] 
or X<Y. [v. 10] 


But X is greater than Y : which is absurd, etc. 
Hence X=Y. 
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Now suppose that Babs C, 
D: Baz: B 

and A:C=D: F 

To prove that 4A: B=D: E. 


If this is not so, suppose that 


Ar H-.2 
Since A: C=D Ff, 
therefore, inversely, C:A=F:D 
Therefore, ex aequali, 
C:B=F:Z, [v. 22] 
or, inversely, B CSak. 
Therefore ABeE. [v. 11] 
But A: B=D: Z by hypothesis. 
Therefore D yek F, (veir 
Also, by hypothesis, D: Bole: F ; 
whence, by the lemma, £=Z. 
Therefore AaB = Dank. 


De Morgan remarks that the best way of remedying the defect in Euclid 
is to insert the proposition (the lemma to the last proof) that sé is impossible 
that two different ratios can have the same duplicate ratio, ** which," he says, 
"immediately proves the second (or defective) case of the theorem.” But this 
seems to be either too much or too little: too much, if we choose to make 
the minimum addition to Euclid (for that addition is a lemma which shall prove 
that, if a duplicate ratio is a ratio of equality, the ratio of which it is duplicate 
is also one of equality), and too little if the proof is to be altered in the more 
fundamental manner explained above. : 

I think that, if Euclid's attention had been drawn to the defect in his 
proof of vi. 22 and he had been asked to remedy it, he would have done so 
by supplying what I have called the minimum lemma and not by making the 
more fundamental alteration. This I infer from Prop. 24 of the Dafa, where 
he gives a theorem corresponding to the proposition that ratios of which equal 
ratios are duplicate are equal. The proposition in the Dafa is enunciated 
thus: Jf three straight lines be proportional, and the first have to the third a 
given ratio, it will also have to the second a given ratio. 

A, B, C being the three straight lines, so that 


A: B=B:C, 
and 4: C being a given ratio, it is required to prove that 4 : B is also a 


given ratio. 
Euclid takes any straight line D, and first finds another, Æ, such that 


D:FeA4:1C, 
whence 2 : F must be a given ratio, and, as D is given, Æ is therefore given. 
Then he takes Æ a mean proportional between D, F, so that 
D:EzZE:F. 
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It follows [vt. 17] that 
the rectangle D, Fis equal to the square on Æ. 
But D, Fare both given; 
therefore the square on Æ is given, so that Æ is also given. 
(Observe that De Morgan’s lemma is here assumed without proof. It 
may be proved (1) as it is by De Morgan, whose proof is that given above, 
© p. 245, (2) in the manner of the “minimum lemma,” pp. 242 —3 above, or 
(3) as it is by Proclus on 1. 46 (see note on that proposition).] 
Hence the ratio D : Æ is given. 


Now, since de CD, 
and A : C= (square on A): (rect. A, C), 
while D : F= (square on D): (rect. D, F), [vi. 1] 
therefore (square on 4): (rect. A, C) = (square on 2): (rect. D, £). 9. 11] 
But, since 4 : B= B : C, (rect. A, C) 2 (sq. on 2); [vi. 17] 


and (rect. D, F) - (sq. on E), from above; 
therefore (square on 4) : (square on Z) = (sq. on D) : (sq. on Æ}. 
Therefore, says Euclid, 
A= DE, 
that is, Ae assumes the truth of vi. 22 for squares. 


Thus he deduces his proposition from vi. 22, instead of proving vi. 22 by 


means of it (or the corresponding proposition used by Mr Taylor and 
Dr Lachlan). 


PROPOSITION 23. 
Equiangular parallelograms have to one another the ratio 
compounded of the ratios of thetr sides. 
Let AC, CF be equiangular parallelograms having the 
angle BCD equal to the angle ECG; | 


s I say that the parallelogram AC has to the parallelogram 
CF the ratio compounded of the ratios of the sides. 


K 
L 
M 





For let them be placed so that ZC is in a straight line 
with CG; 
therefore DC is also in a straight line with CZ. 
1o Let the parallelogram DG be completed ; 
let a straight line A be set out, and let it be contrived that, 
as BC is to CG, so is X to L, 
and, as DC is to C£, so is L to M. [vi. 12] 
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Then the ratios of X to Z and of Z to M are the same 
15 as the ratios of the sides, namely of BC to CG and of DC 
to CE. 


But the ratio of X to M is compounded of the ratio of X 
to L and of that of L to Jf; 


so that Æ has also to M the ratio compounded of the ratios 
20 of the sides. 


Now since, as BC is to CG, so is the parallelogram 4C 


to the parallelogram CZ, (vi. 1] 

while, as BC is to CG, so is K to L, 

therefore also, as K is to Z, so is AC to CH. [v. 11] 
25 — Again, since, as DC is to CZ, so is the parallelogram CH 

to CF, [vi. 1] 


while, as DC is to C£, so is £L to M, 


therefore also, as Z is to M, so is the parallelogram C77 to 
the parallelogram C. [v. 11] 


30 Since then it was proved that, as Æ is to Z, so is the 
parallelogram AC to the parallelogram C77, 


and, as L is to M, so is the parallelogram CH to the 
parallelogram CA, 


therefore, ex aequalz, as X is to A, so is AC to the parallelo- 
35 gram CF, 


But Æ has to M the ratio compounded of the ratios of 
the sides ; 


therefore AC also has to CF the ratio compounded of the 
ratios of the sides. 


40 Therefore etc. 
Q. E. D. 


1,6, 19, 36. the ratio compounded of the ratios of the sides, Aóyor ràr ovyxeipevov 
éx rôv wNevpov which, meaning literally **the ratio compounded of the sides,” is negligently 
written here and commonly for Aóyor rò» avykeluevov éx Tay rv wrevpdy (sc. Adywr). 

1. let it be contrived that, as BC is to CG, so is K to L. The Greek phrase is 
of the usual terse kind, untranslatable literally: xai yeyouérw ws uév ù BI’ wpós ri» TH, 
ofrws ñ K vpós rò A, the words meaning "and let (there) be made, as BC to CG, so X to 
L," where Z is the straight line which has to be constructed. 


The second definition of the Dafa says that A ratio ts said to be given if 
we can find (xopicaaBat) [another ratio that is] the same with tt. Accordingly 
VI. 23 not only proves that equiangular parallelograms have to one another a 
ratio which is compounded of two others, but shows that that ratio is “given” 
when its component ratios are given, or that it can be represented as a simple 
ratio between straight lines. 
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Just as vi. 23 exhibits the operation necessary for compounding two 
ratios, a proposition (8) of the Data indicates the operation by which we may 
divide one ratio by another. The proposition proves that Things which 
have a given ratio to the same thing have also a given ratio to one another. 
Euclid’s procedure is of course to compound one ratio with the inverse of the 
other; but, when this is once done and the result of Prop. 8 obtained, he 
uses the result in the later propositions as a substitute for the method of 
composition. Thus he uses the division of ratios, instead of composition, 
in the propositions of the Data which deal with the same subject-matter as 
vi. 23. The effect is to represent the ratio of two equiangular parallelograms 
as a ratio between straight lines one of which is one side of one of the 
parallelograms. Prop. 56 of the Data shows us that, if we want to express 
the ratio of the parallelogram AC to the parallelogram CZ in the figure 
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of vi. 23 in the form of a ratio in which, for example, the side AC is the 
antecedent term, the required ratio of the parallelograms is BC : X, where 


DE: CE = GE X, 
or X is a fourth proportional to DC and the two sides of the parallelogram CF. 
Measure CX along CZ, produced if necessary, so that 
BC: CE = COVER 
(whence CX is equal to X). 
[This may be ry d done by joining DG and then drawing EK parallel 
to it meeting CZ in Æ] 
Complete the parallelogram 4X. 


Then, since DC: CE = CG : CK, 
the parallelograms DA, CF are equal. [vt. 14] 
Therefore (4C): (CP) =(4C): (DK) (vs 
= 2C: CK [vi. 1] 
= BC X. 


Prop. 68 of the Data uses the same construction to prove that, Zf two 
equiangular parallelograms have to one another a given ratio, and one side have 
fo one side a given ratio, the remaining side will also have to the remaining side 
a given ratio. 

I do not use the figure of the Data but, for convenience’ sake, I adhere 
to the figure given above. Suppose that the ratio of the parallelograms is 
given, and also that of CD to CE. 

Apply to CD the parallelogram DX equal to CF and such that CK, rx 
coincide in direction. [LE 

Then the ratio of AC to A is given, being equal to that of AC to CE 

And (AC): Dye CB: CK; 


therefore the ratio of CZ to CK is given. 
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But, since KD - CF, 
CDOCESQG 0A. [vi. 14] 
Hence CG : CK is a given ratio. 
And C7 : CK was proved to be a given ratio. 
Therefore the ratio of CB to CG is given. [ Data, Prop. 8) 
Lastly we may refer to Prop. 7o of the Data, the first part of which proves 
what corresponds exactly to vt. 23, namely that, /f in two equiangular paral. 
lelograms the sides containing the equal angles have a given ratio fo one another 
[i.e. one side in one to one side in the other], the para//elograms themselves will 
also have a given ratio to one another. (Here the ratios of BC to CG and of 
CD to CE are given.] 
The construction is the same as in the last case, and we have AD equal 
to CF, so that 
OP): Gi= CG : COR. [vi. 14] 
But the ratio of CD to CE is given; 
therefore the ratio of CG to CK is given. 


And, by hypothesis, the ratio of CG to CB is given. 

Therefore, by dividing the ratios [ Data, Prop. 8], we see that the ratio of 
CB to CK, and therefore [vi. 1] the ratio of AC to DK, or of AC to CF, 
is given. 

Euclid extends these propositions to the case of two parallelograms which 
have given but not equal angles. 

Pappus (vil. p. 928) exhibits the result of vi. 23 in a different way, 
which throws new light on compounded ratios. He proves, namely, that a 
parallelogram is to an equiangular parallelogram as the rectangle contained by 
the adjacent sides of the first is to the rectangle contained by the adjacent sides 


of the second. 
A 
| | 
B G E H F 


Let AC, DF be equiangular parallelograms on the bases BC, £F, and let 
the angles at 4, Æ be equal. 

Draw perpendiculars 4G, DH to BC, EF respectively. 

Since the angles at B, G are equal to those at E, 77, 


the triangles ABG, DEZ are equiangular. 


Therefore DAS AG= BD : DI. [vi. 4] 
But BA : AG - (rect. BA, BC) : (rect. 4G, BC), 
and — £D: DAL s (rect. ED, EF): (rect. DH, ZF) [vi. 1] 


Therefore [v. 11 and v. 16] 
(rect. AB, BC): (rect. DE, EF) = (rect. AG, BC): (rect. DH, EF) 
- (4C) : (DF). 
Thus it is proved that the ratio compounded of the ratios 48: DE and 


BC: EF is equal to the ratio of the rectangle 44, AC to the rectangle 
DE, EF. 
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Since each parallelogram in the figure of the proposition can be divided 
into pairs of equal triangles, and all the triangles which are the halves of either 
parallelogram have two sides respectively equal and the angles included by 
them equal or supplementary, it can be at once deduced from vi. 23 (or it 
can be independently proved by the same method) that /rianges which have 
one angle of the one equal or supplementary to one angle of the other are in the 
ratio compounded of the ratios of the sides about the equal or supplementary 
angles. Cf. Pappus vri. pp. 894—6. 

vi. 23 also shows that rectangles, and therfore parailelograms or triangles, 
are to one another in the ratio compounded of the ratios of their bases and 
heights. 

The converse of vi. 23 is also true, as is easily proved by reductio ad 
absurdum. More generally, if two parallelograms or triangles are in the ratio 
compounded of the ratios of two adjacent sides, the angles included by those sides 
are either equal or supplementary. 


PROPOSITION 24. 


In any parallelogram the parallelograms about the diameter 
are similar both to the whole and to one another. 


Let ABCD be a parallelogram, and AC its diameter, 
and let EG, HK be parallelograms 
about 4C; A A AEN B 


I say that each of the parallelograms ES 
EG, HK is similar both to the whole 9 
ABCD and to the other. 


For, since AF has been drawn i 
parallel to BC, one of the sides of the O K C 
triangle AAC, 


proportionally, as BÆ is to EA, sois CF to FA. [vu 2] 


Again, since FG has been drawn parallel to CD, one of 
the sides of the triangle ACD, 


proportionally, as CF is to FA, so is DG to GA. {vı 2] 
But it was proved that, 
as CF is to FA, so also is BE to EA; 
therefore also, as BF is to £A, so is DG to GA, 
and therefore, componendo, 


as BA is to AE, so is DA to AG, [v. 18] 
and, alternately, 
as BA is to AD, so is EA to AG. [v. 16] 


Therefore in the parallelograms ABCD, EG, the sides 
about the common angle BAD are proportional. 


And, since GF is parallel to DC, 
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the angle AFG is equal to the angle DCA ; 
and the angle DAC is common to the two triangles ADC, 
AGF: 


therefore the triangle 4 DC is equiangular with the triangle 
AGF, 
For the same reason 
the triangle ACB is also equiangular with the triangle 
AFE, . 
and the whole parallelogram ABCD is equiangular with the 
parallelogram ÆG. 
Therefore, proportionally, 
as AD is to DC, so is AG to GF, 
as DC is to CA, so is GF to FA, 
as AC is to CZ, so is AF to FE; 
and further, as CB is to BA, so is FE to EA. 
And, since it was proved that, 
as DC is to CA, so is GF to FA, 
and, as AC ts to CB, so is AF to FE, 
therefore, ex aegualt, as DC is to CB, so is GF to FE. [v. 22] 
Therefore in the parallelograms ABCD, EC the sides 
about the equal angles are proportional ; 
therefore the parallelogram ACD is similar to the parallelo- 
gram EG. [vi. Def. 1] 
For the same reason 
the parallelogram ACD is also similar to the parallelogram 
ATI 
therefore each of the parallelograms ÆG, 77K is similar to 
ABCD. 


But figures similar to the same rectilineal figure are also 
similar to one another ; [vr 21] 


therefore the parallelogram ÆG is also similar to the parallelo- 
gram 77K. 


Therefore etc. 
Q. È. b. 


Simson was of opinion that this proof was made up by some unskilful 
editor out of two others, the first of which proved by parallels (vi. 2) that 
the sides about the common angle in the parallelograms are proportional, 
while the other used the similarity of triangles (v1. 4). It is of course true 
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that, when we have proved by vi. 2 the fact that the sides about the common 
angle are proportional, we can infer the proportionality of the other sides 
directly from 1. 34 combined with v. 7. But it does not seem to me unnatural 
that Euclid should (1) deliberately refrain from making any use of 1. 34 and 
(2) determine beforehand that he would prove the sides proportional 7» a 
definite order beginning with the sides “A, AG and BA, AD about the 
common angle and then taking the remaining sides in the order indicated 
by the order of the letters 4, G, A E. Given that Euclid started the proof 
with such a fixed intention in his mind, the course taken presents no difficulty, 
nor is the proof unsystematic or unduly drawn out. And its genuineness 
seems. to me supported by the fact that the proof, when once the first two 
sides about the common angle have been disposed of, follows closely the 
order and method of vi. 18. Moreover, it could readily be adapted to the 
more general case of two polygons having a common angle and the other 
corresponding sides respectively parallel. 

The parallelograms in the proposition are of course similarly situated as 
well as similar; and those “about the diameter" may be *'about" the 
diameter Produce! as well as about the diameter itself. 

From the first part of the proof it follows that parallelograms which have 
one angle equal to one angle and the sides about those angles proportional 
are similar. 

Prop. 26 is the converse of Prop. 24, and there seems to be no reason 
why they should be separated as they are in the text by the interposition of 
vi. 25. Campanus has vi. 24 and 26 as vi. 22 and 23 respectively, vi. 23 as 
VI. 24, and VI. 25 as we have it. 


PROPOSITION 25. 


To construct one and the same figure similar to a given 
rectilineal figure and equal to another given recttlineal figure. 


Let ABC be the given rectilineal figure to which the 
figure to be constructed must be similar, and Ø that to which 
it must be equal ; 


thus it is required to construct one and the same figure similar 
to ABC and equal to D. 


A K 


M .6 H 


Let there be applied to BC the parallelogram BF equal 
to the triangle ABC [1. 44], and to CZ the parallelogram CA 
equal to D in the angle FCE which is equal to the angle 
COL. (1. 45] 
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Therefore BC is in a straight line with CF, and LE with 
EM. 

Now let GĦ be taken a mean proportional to BC, CF 
[vi. 13], and on GH let KG// be described similar and similarly 
situated to ABC. (vi. 18] 

Then, since, as AC is to GH, so is GH to CF, 
and, if three straight lines be proportional, as the first is to 
the third, so is the figure on the first to the similar and 
similarly situated figure described on the second, (vi. 19, Por.] 
therefore, as BC is to CF, so is the triangle ABC to the 
triangle KGA. 

But, as BC is to CF, so also is the parallelogram BE to 
the parallelogram EF. [vi. 1] 

Therefore also, as the triangle ABC is to the triangle 
KGH, so is the parallelogram BÆ to the parallelogram EZ; 


therefore, alternately, as the triangle BC is to the parallelo- 
gram BE, so is the triangle AG// to the parallelogram ZF. 
[v. 16] 


But the triangle AAC is equal to the parallelogram BE ; 
therefore the triangle XGA is also equal to the parallelogram 
ar. 

But the parallelogram E is equal to D; 
therefore AG// is also equal to D. 


And XGA is also similar to AAC. 
Therefore one and the same figure XGA has been con- 
structed similar to the given rectilineal figure ABC and equal 


to the other given figure D. 
Q. E. D. 


3. to which the figure to be constructed must be similar, literally ** to which it 
is required to construct (one) similar," @ de? Spoor cvorpoacbac. 


This is the highly important problem which Pythagoras is credited with 
having solved. Compare the passage from Plutarch (Symp. viti. 2, 4) quoted 
in the note on 1. 44 above, Vol. 1. pp. 343—4- 


We are bidden to construct a rectilineal figure which shall have the form of 
one and the size of another rectilineal figure. The corresponding proposition 
of the Data, Prop. 55, asserts that, “if an area (xupíov) be given in form 
(cide) and in magnitude, its sides will also be given in magnitude." 

Simson sees signs of corruption in the text of this proposition also. In 
the first place, the proof speaks of the /riangle ABC, though, according to the 
enunciation, the figure for which AAC is taken may 'be any rectilineal figure, 
ev0vypappov “rectilineal figure” would be more correct, or elôos, “figure”; the 
mistake, however, of using tptywvov is not one of great importance, being no 
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doubt due to the accident by which the figure was drawn as a triangle in the 
diagram. 
The other observation is more important. After Euclid has proved that 
(fig. ABC) : (fig. KGH)=(BE) : (EF), 


he might have inferred direct/y from v. 14 that, since AAC is equal to BE, 
KGH is equal to EF. For v. 14 includes the proof of the fact that, if 4 is 
to Bas C is to D, and A is equal to C, then Æ is equal to 2, or that of four 
proportional magnitudes, if the first is equal to the third, the second is equal 
to the fourth. Instead of proceeding in this way, Euclid first permutes the 
proportion by v. 16 into 

(fig. ABC) : (BE) = (fig. AGA) : (EF), 


and then infers, as if the inference were easier in this form, that, since the 
first is equal to the second, the ¢hird is equal to the fourth. Yet there is no 
proposition to this effect in Euclid. The same unnecessary step of permutation 
is also found in the Greek text of xi. 23 and xit. 2, 5, 11, 12 and 18. In 
reproducing the proofs we may simply leave out the steps and refer to v. 14. 


PROPOSITION 26. 


Jf from a parallelogram there be taken away a parallelo- 
gram similar and similarly situated to the whole and having 


a common angle with it, tt is about the same diameter with the 
whole. 


For from the parallelogram ACD let there be taken 
away the parallelogram 74 similar and 
similarly situated to 44 CD, and having 
the angle DAB common with it ; = 


I say that ABCD is about the same 
diameter with AF. 


For suppose it is not, but, if possible, 
let AHC be the diameter < of ABCD >, 


let GF be produced and carried through 
to 7/7, and let /7A be drawn through Æ 





parallel to either of the straight lines AD, BC. [1. 31] 
Since, then, 447 CD is about the same diameter with XG, 
therefore, as DA is to AB, so is GA to AK. [vi. 24] 


But also, because of the similarity of ABCD, EG, 
as DA is to AB, so is GA to AE; 
therefore also, as GA is to AK, so is GA to AE. [v. 11] 


Therefore GA has the same ratio to each of the straight 
lines AK, AE. 
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Therefore AF is equal to AX [v. 9], the less to the 
greater: which is impossible. 

Therefore ABCD cannot but be about the same diameter 
with AF: 


therefore the parallelogram ABCD is about the same diameter 
with the parallelogram 4 F. 


Therefore etc. 
Qi. D. 


“ For suppose it is not, but, if possible, let 4 7C be the diameter.” What 
is meant is “For, if AFC is not the diameter of the parallelogram AC, let 
AHC be its diameter." The Greek text has éoro atrav d&aperpos 3 AGT ; 
but clearly acràv is wrong, as we cannot assume that one straight line is the 
diameter of both parallelograms, which is just what we have to prove. F and 
V omit the airov, and Heiberg prefers this correction to substituting avrov 
after Peyrard. I have inserted ** «of ABCD >” to make the meaning clear. 

If the straight line 4//C does not pass through 7, it must meet either 
GF or GF produced in some point Æ. The reading in the text “and let 
GF be produced and carried through to H” (xai éxAn0eina 3) HZ GajxOw èm 
tò ©) corresponds to the supposition that His on GF produced. The words 
were left out by Theon, evidently because in the figure of the Mss. the letters 
E, Z and K, © were interchanged. Heiberg therefore, following August, has 
preferred to retain the words and to correct the figure, as well as the passage in 
the text where A£, AX were interchanged to be in accord with the Ms. figure. 


It is of course possible to prove the proposition directly, as is done by 
Dr Lachlan. Let AF, AC be the diagonals, and let us make no assumption 
as to how they fall. 

Then, since E is parallel to AG and therefore to BC, 


the angles 4E 7, ABC are equal. 
And, since the parallelograms are similar, 
AE: EF=AB: BC. [vi. Def. 1) 
Hence the triangles 4 EZ, ABC are similar, (vi. 6] 
and therefore the angle FAE is equal to the angle CAB. 
Therefore 4 F falls on AC. 


The proposition is equally true if the parallelogram which is similar and 
similarly situated to the given parallelogram is not “ taken 
away" from it, but is so placed that it is entirely outside the p gc 
other, while two sides form an angle vertically opposite to 
an angle of the other. In this case the diameters are not D 
“the same," in the words of the enunciation, but are in G 
a straight line with one anothér. This extension of the 
proposition is, as will be seen, necessary for obtaining, 
according to the method adopted by Euclid in his solu- 
tion of the problem in vi. 28, the second solution of that 
problem. 
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PROPOSITION 27. 


Of all the parallelograms applied to the same straight line 
and deficient by parallelogrammuc figures similar and similarly 
sttuated to that described on the half of the straight line, that 
parallelogram is greatest which is applied to the half of the 
straight line and ıs similar to the defect. 


Let AB be a straight line and let it be bisected at C; 
let there be applied to the straight 
line AA the parallelogram AD D E 
deficient by the parallelogrammic 
figure DB described on the half of 4 Wey, 
AB, that is; CB; 

I say that, of all the parallelograms 

applied to AA and deficient by A C K B 
parallelogrammic figures similar and 

similarly situated to DB, AD is greatest. 

For let there be applied to the straight line AF the 
parallelogram AF deficient by the parallelogrammic figure 
FB similar and similarly situated to DB; 

I say that 4D is greater than AF. 

For, since the parallelogram DB is similar to the parallelo- 
gram FB, 

they are about the same diameter. [vi. 26] 

Let their diameter DZ be drawn, and let the figure be 
described. 

Then, since CF is equal to FE, [r. 43) 
and FB is common, 
therefore the whole C// is equal to the whole AZ. 

But CZ is equal to CG, since AC is also equal to CZ. 

[1. 36] 

Therefore GC is also equal to EK. 

Let CF be added to each ; 

therefore the whole AF is equal to the gnomon LMN ; 
so that the parallelogram P, that is, 442, is greater than 
the parallelogram AZ. 

Therefore etc. 


H. E. IL 17 
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We have already (note on 1. 44) seen the significance, in Greek geometry, 
of the theory of "the application of areas, their exceeding and their falling- 
short.” In i. 44 it was a question of "applying to a given straight line 
(exactly, without ‘excess’ or ‘defect’) a parallelogram equal to a given 
rectilineal figure, in a given angle." Here, in vi. 27—29, it is a question 
of parallelograms applied to a straight line but “deficient (or exceeding) by 
parallelograms similar and similarly 
situated to a given parallelogram.” 
Apart from size, it is easy to construct 
any number of parallelograms *'de- 
ficient” or “exceeding” in the manner 
described. Given the straight line j ; 
AB to which the parallelogram has to — £1. sU 
be applied, we describe on the base M WR ON 
CB, where C is on AB, or on BA 
produced beyond 4, any parallelogram “similarly situated” and either equal 
or similar to the given parallelogram (Euclid takes the similar and similarly 
situated parallelogram on half the line), draw the diagonal ZØ, take on it 
(produced if necessary) any points as Æ, A, draw EF, or KZ, parallel to CD 
to meet AB or AB produced and complete the parallelograms, as 4477, ML. 

If the point Æ is taken on BD or BD produced beyond 2, it must be so 
‘taken that EF meets AB between A and Z. Otherwise the parallelogram 
AE would not be applied to 4B itself, as it is required to be. 

The parallelograms BD, BE, being about the same diameter, are similar 
[vi. 24], and BZ is the defect of the parallelogram AZ relatively to AB. 
AE is then a parallelogram applied to 42 but deficient by a parallelogram 
similar and similarly situated to AD. 

If X is on DZ produced, the parallelogram BX is similar to BD, but it 
is the excess of the parallelogram AX relatively to the base 4B. AK is a 
parallelogram applied to AŻ but exceeding by a parallelogram similar and 
similarly situated to BD. 

Thus it is seen that BD produced both ways is the /cus of points, such 
as Æ or K, which determine, with the direction of CD, the position of 4, and 
the direction of 48, parallelograms applied to AB and deficient or exceeding 
by parallelograms similar and similarly situated to the given parallelogram. 

The importance of vi. 27—29 from a historical point of view cannot be 
overrated. They give the geometrical equivalent of the algebraical solution 
of the most general form of quadratic equation when that equation has a real 
and positive root. It will also enable us to find a real #egative root of a 
quadratic equation ; for such an equation can, by altering the sign of x, be 
turned into another with a real positive root, when the geometrical method 
again becomes applicable. It will also, as we shall see, enable us to represent 
both roots when both are real and positive, and therefore to represent both 
roots when both are real but either positive or negative. 

The method of these propositions was constantly used by the Greek 
geometers in the solution of problems, and they constitute the foundation of 
Book x. of the Z/ements and of Apollonius’ treatment of the conic sections. 
Simson's observation on the subject is entirely justified. He says namely on 
vi. 28, 29: “These two problems, to the first of which the 27th Prop. is 
necessary, are the most general and useful of all in the Elements, and are 
most frequently made use of by the ancient geometers in the solution of 
other problems ; and therefore are very ignorantly left out by Tacquet and 
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Dechales in their editions of the Elements, who pretend that they are scarce 
of any use." 

It is strange that, with this observation before him, even Todhunter should 
have written as follows. “We have omitted in the sixth Book Propositions 
27, 28, 29 and the first solution which Euclid gives of Proposition 30, as they 
appear now to be never required, and have been condemned as useless by 
various modern commentators; see Austin, Walker and Lardner." 

Vi. 27 contains the dcopiopos, the condition for a real solution, of the 
problem contained in the proposition following it. The maximum of all the 
parallelograms having the given property which can be applied to a given 
straight line is that which is described upon half the line (76 amò ths nycoetas 
avaypadopnevov). This corresponds to the condition that an equation of the 
form 

ax — px! =A 


may have a real root. "The correctness of the result may be seen by taking 
the case in which the parallelograms are 
rectangles, which enables us to leave out 


D E 
of account the sine of the angle of the 
parallelograms without any real loss of TIN 
generality. Suppose the sides of the rect- c 
angle to which the defect is to be similar m B 
to be as £ to e, 6 corresponding to the 4 
A K 


side of the defect which lies along 447. 

Suppose that AFG is any parallelogram 

applied to AB having the given property, that 447 =a, and that FK =x. 
Then 


KB= : x, and therefore AK =a- : x: 


Hence (a — - x) x = S, where S is the area of the rectangle 4X FG. 


Thus, given the equation 
ax — : xx S, 


where .S is undetermined, vi. 27 tells us that, if x is to have a real value, .S 
cannot be greater than the rectangle CZ. 


Now CB - 5, and therefore CD = 


a 
2? 


£ 

"M 
ea 

whence SEN» 


which is just the same result as we obtain by the algebraical method. 

In the particular case where the defe of the parallelogram is to be a 
square, the condition becomes the statement of the fact that, if a straight line 
be divided into two parts, the rectangle contained by the parts cannot exceed the 
square on half the line. 

Now suppose that, instead of taking F on ZD as in the figure of the 
proposition, we take F on BD produced beyond 2 but so that DF is less 
than BD. 

Complete the figure, as shown, after the manner of the construction in 
the proposition. 


17—2 
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Then the parallelogram FKBH is similar to the given parallelogram to 
which the defect is to be similar. Hence the parallelogram G4 K is also a 
parallelogram applied to 44 and satisfying 
the given condition. Pe “a 

We can now prove that GAXF is less DU iw 
than CE or AD. I 

Let ED produced meet AG in O. 

Now, since AF is the diagonal of the 
parallelogram AH, the complements A, 
DH are equal. 

But 


DH = DG, and DG is greater than OF 
Therefore KD» OF. 

Add OK to each ; 
and AD, or CE, > AF. 


This other “case” of the proposition is found in all the mss., but Heiberg 
relegates it to the Appendix as being very obviously interpolated. The 
reasons for this course are that it is not in Euclid’s manner to give a separate 
demonstration of such a “case”; it is rather his habit to give one case only 
and to leave the student to satisfy himself about any others (cf. 1. 7). Internal 
evidence is also against the genuineness of the separate proof. It is put after 
the conclusion of the proposition instead of before it, and, if Euclid had intended 
to discuss two cases, he would have distinguished them at the beginning of 
the proposition, as it was his invariable practice to do. Moreover the second 
“case” is the less worth giving because it can be so easily reduced to the 
first. For suppose Æ’ to be taken on BD so that FD = F'D. Produce BF 
to meet 4G produced in 7. Complete the parallelogram £44 PQ, and draw 
through Æ” straight lines parallel to and meeting its opposite sides. 

Then the complement /"Q is equal to the complement AZ". 

And it is at once seen that 447, F’Q are equal and similar. Hence the 
solution of the problem represented by AF or F' Q gives a parallelogram of 
the same size as 4’ arrived at as in the first “ case.’ 

It is worth noting that the actual difference between the parallelogram 
AF and the maximum area 4D that it can possibly have is represented in 
the figure. The difference is the small parallelogram DF. 





PROPOSITION 28. 


To a given straight line to apply a parallelogram equal to 
a given rectilineal figure and deficient by a parallelogrammic 
figure similar to a given one - thus the given rectilineal figure 
must not be greater than the parallelogram described on the 
half of the straight line and similar to the defect. 


Let AP be the given straight line, C the given rectilineal 
figure to which the figure to be applied to AB is required to 
be equal, not being greater than the parallelogram described 
on the half of AF and similar to the defect, and D the 
parallelogram to which the defect is required to be similar; 
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thus it is required to apply to the given straight line 447 a 
parallelogram equal to the given rectilineal figure C and 
deficient by a parallelogrammic figure which is similar to D. 

Let AB be bisected at the point Æ, and on ÆÐ let EBFG 
be described similar and similarly situated to D ; [vi. 18] 
let the parallelogram AG be completed. 

If then AG is equal to C, that which was enjoined will 
have been done ; 

for there has been applied to the given straight line 447 
the parallelogram AG equal to the given rectilineal figure C 


and deficient by a parallelogrammic figure GB which is similar 
to D: 





But, if not, let ME be greater than C. 
Now /7£ is equal to GB; 


therefore GØ is also greater than C. 


Let AZ £N be constructed at once equal to the excess 
by which G7 is greater than C and similar and similarly 


situated to D. (vi. 25] 
But Ø is similar to GA; 
therefore XM is also similar to G7. [vi. 21] 


Let, then, KZ correspond to GZ, and £L. to GF. 
Now, since GØ is equal to C, XM, 


therefore GZ is greater than KM ; 
therefore also GZ is greater than AZ, and GF than LM. 


Let GO be made equal to AZ, and GP equal to LM; 
and let the parallelogram OGPQ be completed ; 


therefore it is equal and similar to XM. 
Therefore GQ is also similar to GA; [vi. 27] 
therefore GQ is about the same diameter with G7. (vi. 26] 
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Let GQP be their diameter, and let the figure be described. 
Then, since ZG is equal to C, KM, 


and in them GQ is equal to XM, 


therefore the remainder, the gnomon UW, is equal to the 
remainder C. 


And, since PR is equal to OS, 
let OB be added to each ; 
therefore the whole P7 is equal to the whole OZ. 


But OF is equal to ZZ, since the side AZ is also equal 
to the side £7 ; [1. 36] 


therefore ZZ is also equal to PA. 
Let OS be added to each ; 
therefore the whole Z'S is equal to the whole, the gnomon 


VWU. 
But the gnomon VWU was proved equal to C; 
therefore 7S is also equal to C. 


Therefore to the given straight line 447 there has been 
applied the parallelogram SZ equal to the given rectilineal 
figure C and deficient by a parallelogrammic figure QB which 
is similar to D. 

Q. E. F. 


The second part of the enunciation of this proposition which states the 
d:opiopos appears to have been considerably amplified, but not improved in 
the process, by Theon. His version would read as follows. “But the given 
rectilineal figure, that namely to which the applied parallelogram must be 
equal (ù det ivov mrapafJaAciv), must not be greater than that applied to the half 
(rapafaAAonévov instead of araypadoy érov), the defects being similar, (namely) 
that (of the parallelogram applied) to the half and that (of the required 
parallelogram) which must have a similar defect" (ópoéov óvrov trav dep- 
parov TOU T€ aro THS ric €ías kai œ dec oporov Adere). The first amplification 
* that to which the applied parallelogram must be equal" is quite unnecessary, 
since “the given rectilineal figure" could mean nothing else. The above 
attempt at a translation will show how difficult it is to make sense of the 
words at the end ; they speak of ¢wo defects apparently and, while one may 
well be the “defect on the half,” the other can hardly be ¢he given parallelogram 
* to which the defect (of the required parallelogram) must be similar.” Clearly 
the reading given above (from P) is by far the better. 

In this proposition and the next there occurs the tacit assumption (already 
alluded to in the note on vi. 22) that sf, of two similar parallelograms, one ts 
greater than the other, either side of the greater is greater than the corresponding 
side of the less. 
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As already remarked, vi. 28 is the geometrical equivalent of the solution 
of the quadratic equation 


ac ele 
c 


subject to the condition necessary to admit of a real solution, namely that 


The corresponding proposition in the Data is (Prop. 58), 7f a given (area) 
be applied (i.e. in the form of a parallelogram) /o a given straight line and be 
deficient by a figure (i.e. a parallelogram) given in species, the breadths of the 
defect are given. 

To exhibit the exact correspondence between Euclid’s geometrical and 
the ordinary algebraical method of solving the equation we will, as before 
(in order to avoid bringing in a constant dependent on the sine of the angle 
of the parallelograms), suppose the parallelograms to be rectangles. To solve 
the equation algebraically we change the signs and write it 


Dd oh a OS 
€ 
cad 
We may now complete the square by adding - PUn 
Ó a Ca ce . 
Thus ria ai En 


and, extracting the square root, we have 


2 
: cet X UN ED 
a? 
and SEES ) 


Now let us observe Ey method. 








He first describes GEBF on ZB (half of AB) similar to the given 
parallelogram 2. 

He then places in one angle FGE of GEBF a similar and similarly 
situated parallelogram GQ, equal to the difference between the parallelogram 
GB and the area C. 


With our notation, GO: OQ=c¢: bè, 
whence OQG=GO. * 
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b 
Similarly = =EB=GE. E 
so that GE- 5.5. 
2 


b 
Therefore the parallelogram GQ = GO’. 2 


3 
and the parallelogram GB = 5 : i : 

Thus, in taking the parallelogram GQ equal to (GZ — S), Euclid really 
finds GO from the equation 


CC a0 She) = S. 
e bA 
The value which he finds is 


ae RS 
co J/ 15 5-5). 
and he finds QS (or x) by suótracting GO from GE; whence 


EEEN AOC 
E A SE 


It will be observed that Euclid only gives one solution, that corresponding 
to the negative sign before the radical. But the reason must be the same as that 
for which he only gives one “case” in vi. 27. He cannot have failed to see how 
to add GO to GE would give another solution. As shown under the last 
proposition, the other solution can be arrived at 


(1) by placing the parallelogram GOQP in 8! A 


EE, EE 


te 


the angle vertically opposite to FGE so that t.a 
GQ lies along BG produced. ‘The parallelo- 
gram AQ then gives the second solution. The 
side of this parallelogram lying along 4B is 
equal to SÆ. The other side is what we have 
called x, and in this case 


x=EG+GO 


ca cfc xa : 
-$ Seu i f-s). A E S B 
(2) A parallelogram similar and equal to 4Q’ cán also be obtained by 
producing ZG till it meets 47 produced and completing the parallelogram 
B ABA, whence it is seen that the complement Q&A’ is equal to the comple- 
ment AQ, besides being equal and similar and similarly situated to AQ’. 

A particular case of this proposition, indicated in Prop. 85 of the Data, is 
that in which the sides of the defect are equal, so that the defect is a rhombus 
with a given angle. Prop. 85 proves that, Jf two straight lines contain a 
given area in a given angle, and the sum 
of the straight lines be given, each of them E A 
will be given also. AB, BC being the 
given straight lines “containing a given 
area AC in a given angle ABC,” one 
side CB is produced to J so that BD 
is equal to A&B, and the parallelograms are 
completed. Then, by hypothesis, CD is of given length, and AC is a parallelo- 





D 
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gram applied to CZ falling short by a rhombus (42) with a given angle 
EDB. The case is thus a particular case of Prop. 58 of the Data quoted 
above (p. 263) as corresponding to vi. 28. 
A particular case of the last, that namely in which the defect is a square, 
corresponding to the equation 
ax- =P, 


is important. This is the problem of applying to a given straight line a 
rectangle equal to a given area and falling short by a square; and it can be 
solved, without the aid of Book vr, as shown above under 11. 5 (Vol. 1. 


pp. 383—4). 


PROPOSITION 29. 


To a given straight [ine to apply a parallelogram equal to 
a given rectilineal figure and exceeding by a parallelogrammic 
figure similar to a given one. 


Let AB be the given straight line, C the given rectilineal 
figure to which the figure to be applied to AB is required to 
be equal, and 2 that to which the excess is required to be 
similar ; 
thus it is required to apply to the straight line 42 a parallelo- 
gram equal to the rectilineal figure C and exceeding by a 
parallelogrammic figure similar to 2. 





Let AB be bisected at Æ ; 


let there be described on EZ the parallelogram 777 similar 
and similarly situated to D ; 


and let GÆ be constructed at once equal to the sum of AF, 
C and similar and similarly situated to D. [vi. 25] 


Let XH correspond to FZ and KG to FE. 
Now, since G// is greater than FB, 


therefore XÆ is also greater than FZ, and KG than FE. 
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Let KFZ, EE be produced, 
let FLM be equal to KH, and FEN to KG, 
and let MN be completed ; 

therefore MAN is both equal and similar to GZ. 
But GH is similar to EZ; 
therefore MA is also similar to EZ; [vr. 21] 
therefore EL is about the same diameter with MN. — (vi. 26] 

Let their diameter FO be drawn, and let the figure be 
described. 

Sitice (r/T is equal to BZ, C, 
while GĦ is equal to MAN, 
therefore MN is also equal to EZ, C. 

Let EZ be subtracted from each ; 

therefore the remainder, the gnomon X WY, is equal to C. 

Now, since AF is equal to ÆÐ, 

AN is also equal to VA [1. 36], that is, to ZP [1. 43]. 
Let £O be added to each ; 
therefore the whole 4O is equal to the gnomon V WX. 
But the gnomon VWX is equal to C; 
therefore 4O is also equal to C. 

Therefore to the given straight line 42 there has been 
applied the parallelogram AO equal to the given rectilineal 
figure C and exceeding by a parallelogrammic figure QP 
which is similar to D, since PQ is also similar to EZ [v1. 24]. 

Q: BaF. 

The corresponding proposition in the Data is (Prop. 59), Zf a given (area) 
be applied (i.e. in the form of a parallelogram) ¢o a given straight line exceeding 
by a figure given in species, the breadths of the excess are given. 


The problem of vi. 29 corresponds of course to the solution of the 
quadratic equation 


axe e$ 


'The algebraical solution of this equation gives 


€ a cepe a 
TENH] 


The exact correspondence of Euclid’s method to the algebraical solution 
may be seen, as in the case of vi. 28, by supposing the parallelograms to be 
rectangles. In this case Euclid's construction on ÆB of the parallelogram 
EL similar to 2 is equivalent to finding that 


2 
m- a Ae, 
b 2 4 


wl sa 
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His determination of the similar parallelogram MN equal to the sum of EZ 
and .S corresponds to proving that 


Fa. 


! crc @ 
an FN- A 3 (i S * S) 


whence x is found as e E ee 
cfc at c a 
+= EN- FE - "Ment + s)-5.$. 

Euclid takes, in this case, the solution corresponding to the positive sign 
before the radical because, from his point of view, that would be the only 
solution. 

No Spwrpuós is necessary because a real geometrical solution is always 
possible whatever be the size of .S. i 

Again the Dafa has a proposition indicating the particular case in which 
the excess is a rhombus with a given angle. Prop. 84 proves that, Zf fwo 
straight lines contain a given area in a given angle, and one of the straight lines 
is greater than the other by a given straight line, each of the two straight lines ts 
given also. The proof reduces the proposition to a particular case of Dara, 
Prop. 59, quoted above as corresponding to VI. 29. 

Again there is an important particular case which can be solved by means 
of Book 11. only, as shown under 11. 6 above (Vol. 1. pp. 386—8), the case namely 
in which the excess is a sguare, corresponding to the solution of the equation 

ax+ p =b. 


This is the problem of applying to a given straight line a rectangle egual to a 
given area and exceeding by a square, 


PROPOSITION 30. 


To cut a given finite straight line in extreme and mean 
ratio. 

Let AB be the given finite straight line ; 

thus it is required to cut 4B in extreme and mean ratio. 

On ABP let the square BC be described ; 


and let there be applied to AC the parallelo- — € : 
gram C2 equal to BC and exceeding by 
the figure 4D similar to AC. [vi. 29] 


Now SC is a square ; 
therefore 74 D is also a square. 
And, since BC is equal to CD, ^ B 
let CE be subtracted from each ; 


therefore the remainder BF is equal to 
the remainder 4D. 
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But it is also equiangular with it; 


therefore in BF, AD the sides about the equal angles are 
reciprocally proportional ; [vi. 14] 


therefore, as FE is to ED, so is AE to ER. 


But FE is equal to 47, and ED to AE. 
Therefore, as BA is to AF, so is AE to ER. 
And AB is greater than AE ; 


therefore A £ is also greater than FZ. 


Therefore the straight line 47 has been cut in extreme 
and mean ratio at Æ, and the greater segment of it is A Æ. 
Q. E. F. 


It will be observed that the construction in the text is a direct application 
of the preceding Prop. 29 in the particular case where the excess of the 
parallelogram which is applied is a sguare, This fact coupled with the 
position of vi. 30 is a sufficient indication that the construction is Euclid’s. 

In one place Theon appears to have amplified the argument. The text 
above says “But AZ is equal to 44 7," while the Mss. B, F, V and p have 
* But FE is equal to AC, that is, to AZ.” 

The Mss. give after óm«p ¿ĝe manoa an alternative construction which 
Heiberg relegates to the Appendix. The text-books give this construction 
alone and leave out the other. It will be remembered that the alternative 
proof does no more than refer to the equivalent construction in I. 11. 


“Let AB be cut at C so that the rectangle AB, BC is equal to the 


square on CA. fa r7] 
Since then the rectangle 42, BC is equal to the square on CA, 
therefore, as BA is to AC, so is AC to CB. [vi. 17] 


Therefore AZ has been cut in extreme and mean ratio at C." 

It is intrinsically improbable that this alternative construction was added 
to the other by Euclid himself. It is however just the kind of interpolation 
that might be expected from an editor. If Euclid had preferred the alternative 
construction, he would have been more likely to give it alone. 


PROPOSITION 31. 


In right-angled triangles the figure on the side subtending 
the right angle is equal to the similar and similarly described 
figures on the sides containing the right angle. 


Let ABC be a right-angled triangle having the angle BAC 
right ; 
I say that the figure on AC is equal to the similar and 
similarly described figures on BA, AC. 

Let AD be drawn perpendicular. 

Then since, in the right-angled triangle ABC, AD has 
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been drawn from the right angle at A perpendicular to the 
base AC, 
the triangles ABD, ADC adjoin- 
ing the perpendicular are similar 
both to the whole AAC and to 
one another. [vi. 8] 
And, since ABC is similar to 
ABD, 
therefore, as CB is to BA, so is 
AB to BD. [vi. Def. 1] 
And, since three straight lines 
are proportional, 
as the first is to the third, so is the figure on the first to the 
similar and similarly described figure on the second. [vi. 19, Por.] 
Therefore, as CB is to BD, so is the figure on C7 to the 
similar and similarly described figure on BA. 
For the same reason also, 
as BC is to CD, so is the figure on BC to that on CA ; 
so that, in addition, 
as BC is to BD, DC, so is the figure on BC to the similar 
and similarly described figures on BA, AC. 
But BC is equal to BD, DC; 
therefore the figure on BC is also equal to the similar and 
similarly described figures on BA, AC. 


Therefore etc. 





ot EX 


As we have seen (note on I. 47), this extension of 1. 47 is credited by 


Proclus to Euclid personally. 
There is one inference in the proof which requires examination. Euclid 


proves that 
CB : B D - (figure on CA) : (figure on BA), 


and that BC : CD - (figure on BC) : (figure on C4), 
and then infers directly that 
BC : (BD + CD) - (fig. on BC) : (sum of figs. on BA and AC). 


Apparently v. 24 must be relied on as justifying this inference, But it is not 
directly applicable ; for what it proves is that, if 


a:b=c¢c:d, 
and enbe sg. 
then (a +e):ġb=(c+f):d. 


Thus we should 7/zver? the first two proportions given above (by Simson's 
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Prop. B which, as we have seen, is a direct consequence of the definition of 
proportion), and thence infer by v. 24 that 
(BD + CD) : BC=(sum of figs. on BA, AC): (fig. on BC). 
But BD + CD is equal to BC; 


therefore (by Simson's Prop. A, which again is an immediate consequence of 
the definition of proportion) the sum of the figures on BA, AC is equal to 
the figure on BC, 

The Mss. again give an alternative proof which Heiberg places in the 
Appendix. It first shows that the similar figures on the three sides have the 
same ratios to one another as the squares on the sides respectively. Whence, 
by using 1. 47 and the same argument based on v. 24 as that explained above, 
the result is obtained. 

If it is considered essential to have a proof which does not use Simson's 
Props. B and A or any proposition but those actually given by Euclid, no 
method occurs to me except the following. 

Eucl. v. 22 proves that, if a, 4, ¢ are three magnitudes, and d, e, f three 
others, such that 


a:b-d:e, 

bc See f, 

then, ex aeguali, a:e-d :f. 
If now in addition aub b. c, 
so that, also, 46¢ =6: /, 


the ratio a : ¢ is duplicate of the ratio a : 4, and the ratio Z : f duplicate of 
the ratio d : e, whence Zhe ratios which are duplicate of equal ratios are equal. 
Now (fig. on AC) : (fig. on 4B) = the ratio duplicate of AC : AB 
= the ratio duplicate of CD : DA 


. = CD : BD. 
Hence (sum of figs. on AC, AB) : (fig. on AB)= BC: BD. [v. 18] 
But (fig. on BC): (fig. on 48) - BC: BD 


(as in Euclid's proof). 

Therefore the sum of the figures on AC, AB has to the figure on AB the 
same ratio as the figure on BC has to the figure on AB, whence 

the figures on AC, AZ are together equal to the figure on BC. [v. 9] 


PROPOSITION 32. 


Jf two triangles having two sides proportional to two sides 
be placed together at one angle so that their corresponding sides 
are also parallel, the remaining sides of the triangles will be 
wn a Straight line. 


Let ABC, DCE be two triangles having the two sides 
BA, AC proportional to the two sides DC, DE, so that, as 
AB is to AC, so is DC to DE, and 447 parallel to DC, and 
AC to DE; 


I say that BC is in a straight line with CZ. 
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For, since 447 is parallel to DC, 
and the straight line 4C has fallen upon them, 
the alternate angles BAC, ACD 
are equal to one another.  [r. 29] 

For the same reason 


the angle CDE is also A 
equal to the angle ACD; 
so that the angle BAC is equal 
to the angle CDE. 
And, since ABC, DCE are ^ — ? 3 


two triangles having one angle, the angle at 4, equal to one 
angle, the angle at 2, 


and the sides about the equal angles proportional, 
so that, as BA is to AC, so is CD to DE, 


therefore the triangle ABC is equiangular with the 
triangle DCE ; [vi. 6] 


therefore the angle ABC is equal to the angle DCE. 

But the angle ACD was also proved equal to the angle 
BAC; 

therefore the whole angle ACE is equal to the two angles 
ABC, BAC. 

Let the angle ACB be added to each ; 
therefore the angles ACE, ACB are equal to the angles BAC, 
AGL, CEA: 

But the angles BAC, ABC, ACB are equal to two right 
angles ; (1. 32] 

therefore the angles ACE, ACB are also equal to two 
right angles. 


Therefore with a straight line AC, and at the point C on 
it, the two straight lines ZC, C£ not lying on the same side 
make the adjacent angles ACL, ACB equal to two right 
angles ; 

therefore AC is in a straight line with CZ. (1. 14] 

Therefore etc. 


Q. E. D, 


It has often been pointed out (e.g. by Clavius, Lardner and Todhunter) 
that the enunciation of this proposition is not precise enough. Suppose that 
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ABC is a triangle. From C draw CD parallel to BA and of any length. 
‘rom D draw DE parallel to CA and of such length that 


CD: DE- BA : AC. 


Then the triangles ABC, ECD, which have the angular point C common 
literally satisfy Euclid's enunciation; but by no possi- 

bility can CE be in a straight line with CA if, as E 

in the case supposed, the angles included by the A 
corresponding sides are supplementary (unless both are 

right angles). Hence the included angles must be D 
equal, so that the triangles must be similar. That 

being so, if they are to have nothing more than one é A 
angular point common, and two pairs of corresponding 

sides are to be parallel as distinguished from one or both being in the same 
straight line, the triangles can only be placed so that the corresponding sides 
in both are on the same side of the third side of either, and the sides (other 
than the third sides) which meet at the common angular point are not corre- 
sponding sides. 

Todhunter remarks that the proposition seems of no use. Presumably he 
did not know that it /s used by Euclid himself in xin. 17. This is so 
however, and therefore it was not necessary, as several writers have thought, to 
do away with the proposition and find a substitute which should be more useful. 


1. De Morgan proposes this theorem: “If two similar triangles be placed 
with their bases parallel, and the equal angles at the bases towards the same 
parts, the other sides are parallel, each to each; or one pair of sides are in 
the same straight line and the other pair are parallel." 

2. Dr Lachlan substitutes the somewhat similar theorem, “If two similar 
triangles be placed so that two sides of 
the one are parallel to the corresponding D 
sides of the other, the third sides are 
parallel." 

But it is to be observed that these 
propositions can be proved without 
using Book vi. at all; they can be 
proved from Book 1., and the triangles 
may as well be called ‘ equiangular ” 
simply. It is true that Book vi. is no more than formally necessary to 
Euclid's proposition. He merely uses vi. 6 because his enunciation does not 
say that the triangles are similar; and he only proves them to be similar in 
order to conclude that they are equiangular. From this point of view 
Mr Taylor's substitute seems the best, viz. 

3. “If two triangles have sides parallel in pairs, the straight lines joining 
the corresponding vertices meet in a point, 
or are parallel." ^ 3 

Simson has a theory (unnecessary in 
the circumstances) as to the possible 
object of vi. 32 as it stands. He points 
out that the enunciation of vi. 26 might 
be more general so as to cover the case 
of similar and similarly situated parallelo- C 
grams with equal angles not coincident 
but vertically opposite. It can then be proved that the diagonals drawn 
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through the common angular point are in one straight line. If ABCE CDEG 
be similar and similarly situated parallelograms, 
so that BCG, DCF are straight lines, and if 
the diagonals 4C, CE be drawn, the triangles 
ABC, CDE are similar and are placed exactly 
as described in v1. 32, so that AC, CE are ina 
straight line. Hence Simson suggests that 
there may have been, in addition to the in- 
direct demonstration in vi. 26, a direct proof 
covering the case just given which may have 
used the result of vi. 32. I think however 
that the place given to the latter proposition in Book vi. is against this view. 





PROPOSITION 33. 


In equal circles angles have the same ratio as the circum- 
ferences on which they stand, whether they stand at the centres 
or at the circumferences. 


Let ABC, DEF be equal circles, and let the angles BGC, 
EHF be angles at their centres C, 77, and the angles BAC, 
EDF angles at the circumferences ; 


I say that, as the circumference AC is to the circumference 
EF, so is the angle BGC to the angle E777, and the angle 
BAC to the angle EDF. 


D 


C N 
eK F M 


For let any number of consecutive circumferences CA, 
KL be made equal to the circumference BC, 
and any number of consecutive circumferences FM, MN equal 
to the circumference EZ; 
and let GK, GL, HM, HN be joined. 
Then, since the circumferences BC, CK, AL are equal 
to one another, 
the angles BGC, CGK, AGE are also equal to one eet 
Il. 27 
H. E, II. 18 
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therefore, whatever multiple the circumference BZ is of BC, 
that multiple also is the angle BGZ of the angle BGC. 


For the same reason also, 


whatever multiple the circumference WF is of £F, that 
multiple also is the angle W/7Z of the angle EHF. 

If then the circumference ZZ is equal to the circumference 
EN, the angle AG is also equal to the angle EZZN ; [27] 
if the circumference BZ is greater than the circumference 
EN, the angle JG is also greater than the angle £N; 
and, if less, less. 


There being then four magnitudes, two circumferences 


BC, EF, and two angles BGC, EHF, 


there have been taken, of the circumference JC and the angle 


BGC equimultiples, namely the circumference BL and the 
angle BGL, 


and of the circumference “F and the angle £E/7F equi- 
multiples, namely the circumference ÆN and the angle ZHN. 
And it has been proved that, 


if the circumference ZZ is in excess of the circumference EV, 
the angle BGZ is also in excess of the angle ZHN ; 


if equal, equal ; 
and if less, less. 


Therefore, as the circumference C is to EF, so is the 
angle BGC to the angle LHF. [v. Def. 5] 

But, as the angle BGC is to the angle EHF, so is the 
angle BAC to the angle “DF; for they are doubles respec- 
tively. 

Therefore also, as the circumference AC is to the circum- 
ference EZ, so is the angle BGC to the angle EHF, and 
the angle BAC to the angle EDF. 

Therefore etc. 

Q. E. D. 


This proposition as generally given includes a second part relating to sectors 
of circles, corresponding to the following words added to the enunciation: 
“and further the sectors, as constructed at the centres” (ére 5€ xai oi ropets are 
[or etre] xpos rois kévrpots ovnotdpevn). There is of course a corresponding 
addition to the “definition” or “particular statement,” “and further the sector 
GBOC to the sector HEQF.” These additions are clearly due to Theon, as 
may be gathered from his own statement in his commentary on the pa8nparuc 
ovvragts of Ptolemy, “ But that sectors in equal circles are to one another as 
the angles on which they stand, has been proved by me in my edition of the 
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Elements at the end of the sixth book." Campanus omits them, and P has them 
only ina later hand in the margin or between the lines. Theon’s proof scarcely 
needs to be given here in full, as it can easily be supplied. From the equality 
of the arcs BC, CK he infers [111. 29] the equality of the chords BC, CK. 
Hence, the radii being equal, the triangles GBC, GCK are equal in all 
respects [1. 8, 4]. Next, since the arcs BC, CX are equal, so are the arcs 
BAC, CAK. "Therefore the angles at the circumference subtended by the 
latter, i.e. the angles in the segments BOC, CPX, are equal (111. 27], and the 
segments are therefore similar (111. Def. 11] and equal [ii 24]. 

Adding to the equal segments the equal triangles GBC, G CK respectively, 
we see that 

the sectors GBC, GCK are equal. 


Thus, in equal circles, sectors standing on equal arcs are equal ; and the rest 
of the proof proceeds as in Euclid's proposition. 


As regards Euclid's proposition itself, it will be noted that (1), besides 
quoting the theorem in 111. 27 that in equal circles angles which stand on 
equal arcs are equal, the proof assumes that the angle standing on a greater 
arc is greater and that standing on a less arc is less. This is indeed a suffi- 
ciently obvious deduction from 111. 27. 

(2) Any equimultiples zeZa/ever are taken of the angle BGC and the arc 
BC, and any equimultiples whatever of the angle EZZF and the arc. £F 
(Accordingly the words “any equimultiples whatever” should have been used in 
the step immediately preceding the inference that the angles are proportional 
to the arcs, where the text merely states that there have been taken of the 
circumference AC and the angle BGC eguimultiples BL and BGL.) But, if 
any multiple of an angle is regarded as being itself an angle, it follows that the 
restriction in I. Deff. 8, 10, 11, 12 of the term angle to an angle Zess than two 
right angles is implicitly given up; as De Morgan says, "the angle breaks 
prison.” Mr Dodgson (Euclid and his Modern Rivals, p. 193) argues that 
Euclid conceived of the multiple of an angle as so many separate angles not 
added together into one, and that, when it is inferred that, where two such 
multiples of an angle are equal, the arcs subtended are also equal, the argu- 
ment is that the sum total of the first sct of angles is equal to the sum total 
of the second set, and hence the second set can be broken up and put 
together again in such amounts as to make a set equal, each to each, to the 
first set, and then the sum total of the arcs will evidently be equal also. If 
on the other hand the multiples of the angles are regarded as single angular 
magnitudes, the equality of the subtending arcs is not inferrible directly from 
Euclid, because 4s proof of 11. 26 only applies to cases where the angle is 
less than the sum of two right angles. (As a matter of fact, it is a question of 
inferring equality of angles or multiples of angles from equality of arcs, and 
not the converse, so that the reference should have been to 111. 27, but this 
does not affect the question at issue.) Of course it is against this view of 
Mr Dodgson that Euclid speaks throughout of “the angle BGL” and “ the 
angle EHN” (y tro BHA yovia, 7 vró EON yovía). I think the probable 
explanation is that here, as in 111. 20, 21, 26 and 27, Euclid deliberately took 
no cognisance of the case in which the multiples of the angles in question 
would be greater than two right angles. If his attention had been called to 
the fact that 111. 20 takes no account of the case where the segment is less 
than a semicircle, so that the angle in the segment is obtuse, and therefore the 
“angle at the centre” in that case (if the term were still applicable) would be 


18—2 
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greater than two right angles, Euclid would no doubt have refused to regard 
the latter as an angle, and would have represented it otherwise, e.g. as the 
sum of two angles or as what is left when an ange in the true sense is sub- 
tracted from four right angles. Here then, if Euclid had been asked what 
course he would take if the multiples of the angles in question should be 
greater than two right angles, he would probably have represented them, I 
think, as being egua! fo so many right angles plus an angle less than a right 
angle, or so many times two right angles plus an angle, acute or obtuse. ‘Then 
the equality of the arcs would be the equality of the sums of so many circum- 
ferences, semi-circumferences or quadrants plus arcs less than a semicircle or 
a quadrant. Hence I agree with Mr Dodgson that vi. 33 affords no evidence 
of a recognition by Euclid of “angles” greater than two right angles. 

Theon adds to his theorem about sectors the Porism that, As the sector ts 
to the sector, so also ts the angle to the angle. This corollary was used by 
Zenodorus in his tract epi loopérpwv oxnuarev preserved by Theon in his 
commentary on Ptolemy’s ovvrages, unless indeed Theon himself interpolated 
the words (ws 3 6 ropeds mpós tov ropa, 7 vd EGA yuvia mpòs THY vró MOA). 


BOOK VII. 


DEFINITIONS. 


1, An unit is that by virtue of which each of the things 
that exist is called one. 


2. A number is a multitude composed of units. 


3. A number is a part of a number, the less of the 
greater, when it measures the greater ; 


4. but parts when it does not measure it. 


5. The greater number is a multiple of the less when 
it is measured by the less. 


6. An even number is that which is divisible into two 
equal parts. 


7. An odd number is that which is not divisible into 
two equal parts, or that which differs by an unit from an 
even number. 


8. An even-times even number is that which is 
measured by an even number according to an even number. 


9. An even-times odd number is that which is 
measured by an even number according to an odd number. 


1o. An odd-times odd number is that which is 
measured by an odd number according to an odd number. 
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11. A prime number is that which is measured by an 
unit alone. 


12. Numbers prime to one another are those which 
are measured by an unit alone as a common measure. 


13. A composite number is that which is measured 
by some number. 


14. Numbers composite to one another are those 
which are measured by some number as a common measure. 


15. A number is said to multiply a number when that 
which is multiplied is added to itself as many times as there 
are units in the other, and thus some number is produced. 


16. And, when two numbers having multiplied one 
another make some number, the number so produced is 
called plane, and its sides are the numbers which have 
multiplied one another. 


17. And, when three numbers having multiplied one 
another make some number, the number so produced is 
solid, and its sides are the numbers which have multiplied 
one another. 


18. A square number is equal multiplied by equal, or 
a number which is contained by two equal numbers. 


19. Anda cube is equal multiplied by equal and again 
by equal, or a number which is contained by three equal 
numbers. 


20. Numbers are proportional when the first is the 
same multiple, or the same part, or the same parts, of the 
second that the third is of the fourth. 


21. Similar plane and solid numbers are those which 
have their sides proportional. 


22. A perfect number is that which is equal to its own 
parts. 
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DEFINITION I. 


Movas éorw, xab’ qv éxaa rov trav Óvrov ty Aéyerac. 


Iamblichus (fl. circa 300 a.D.) tells us (Comm. on Nicomachus, ed. Pistelli, 
p. 11, 5) that the Euclidean definition of an unit or a monad was the definition 
given by “more recent” writers (of vewrepot), and that it lacked the words 
“even though it be collective” (x&v everggarwóv j). He also gives (ibid. 
p. 11) a number of other definitions. (1) According to “some of the Pytha- 
goreans," “an unit is the boundary between number and parts" (povas éorw 
ápiÜnov xai popiwy peBoprov), “because from it, as from a seed and eternal 
root, ratios increase reciprocally on either side," ie. on one side we have 
multiple ratios continually increasing and on the other (if the unit be sub- 
divided) submultiple ratios with denominators continually increasing. (2) A 
somewhat similar definition is that of 'Thymaridas, an ancient Pythagorean, 
who defined a monad as “limiting quantity” (mepaívovsa rocorns), the 
beginning and the end of a thing being equally an extremity (zépas). Perhaps 
the words together with their explanation may best be expressed by “limit of 
fewness.” Theon of Smyrna (p. 18, 6, ed. Hiller) adds the explanation that 
the monad is “that which, when the multitude is diminished by way of 
continued subtraction, is deprived of all number and takes an abiding position 
(wovnv) and rest.” If, after arriving at an unit in this way, we proceed to divide 
the unit itself into parts, we straightway have multitude again. (3) Some, ac- 
cording to Iamblichus (p. t t, 16), defined it as the “form of forms" (ei&ov «l8os) 
because it potentially comprehends all forms of number, e.g. it is a polygonal 
number of any number of sides from three upwards, a solid number 1n all 
forms, and so on. (We are forcibly reminded of the latest theories of number 
as a “Gattung” of “ Mengen" or as a “class of classes.”) (4) Again an 
unit, says Iamblichus, is the first, or smallest, in the category of kow many 
(rocóv), the common part or beginning of Aow many. Anstotle defines it as 
“the indivisible in the (category of) quantity,” rò xarà rò rmocóv áÓuiperov 
(Metaph. 1089 b 35), rocóv including in Aristotle continuous as well as 
discrete quantity ; hence it is distinguished from a point by the fact that it 
has not position: “Of the indivisible in the category of, and gud, quantity, 
that which is every way (indivisible) and destitute of position is called an 
unit, and that which is every way indivisible and has position is a point” 
(Metaph. 1016 b 25). (5) In accordance with the last distinction, Aristotle 
calls the unit “a point without position," orcypy aberos (Metaph. 1084 b 26). 
(6) Lastly, Iamblichus says that the school of Chrysippus defined it in a con- 
fused manner (ovyxexupévws) as “multitude one (màņôos év),” whereas it is 
alone contrasted with multitude. On a comparison of these definitions, it 
would seem that Euclid intended his to be a more popular one than those 
of his predecessors, 8540s, as Nicomachus called Euclid's definition of an 
even number. 

The etymological signification of the word povds is supposed by Theon of 
Smyrna (p. 19, 7—13) to be either (1) that it remains unaltered if it be 
multiplied by itself any number of times, or (2) that it is separated and ssolated 
(pepovwoGar) from the rest of the multitude of numbers. Nicomachus also 
observes (1. 8, 2) that, while any number is half the sum (1) of the adjacent 
numbers on each side, (2) of numbers equidistant on each side, the unit is 
most solitary (povwrdarn) in that it has not a number on each side but only on 
one side, and it is half of the latter alone, i.e. of 2, 
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DEFINITION 2. 


"ApiOpos dé rò èx povadwy ovyxeipevov trHG0s. 


The definition of a number is again only one out of many that are on 
record. Nicomachus (1. 7, 1) combines several into one, saying that it is 
“a defined multitude (rÀ98os wpiopevov), or a collection of units (uovaSov 
cósta), or a flow of quantity made up of units " (wocoryros xvpa èx povadwr 
avyxeipevov). Theon, in words almost identical with those attributed by 
Stobaeus (Zclogae, 1. 1, 8) to Moderatus, a Pythagorean, says (p. 18, 3—5): 
“A number is a collection of units, or a progression (mpomodopos) of mul- 
titude beginning from an unit and a retrogression (dvazoów pos) ceasing at an 
unit" According to Iamblichus (p. 10) the description "collection of units" 
(povaówv cvoryua) was applied to the ow many, i.e. to number, by ‘Thales, 
following the Egyptian view (xarà 16 Alyvrriaxóv dpéoxov), while it was 
Eudoxus the Pythagorean who said that a number was **a defined multitude" 
(mA58os apu évov). Aristotle has a number of definitions which come to the 
same thing: “limited multitude" (zA50os tò werepaopeévov, Metaph. 1020 a 
13), “multitude” (or “combination ”) “of units" or “multitude of indivi- 
sibles ” (tid. 1053 a 30, 1039 a 12, 1085 b 22), "several ones” (va mÀeiw, 
Phys. Wt. 7, 207 b 7), “multitude measurable by one" (Metaph. 1057 a 3) 
and “multitude measured and multitude of measures,” the “ measure” being 
unity, To ëv (fid. 1088 a 5). 


DEFINITION 3. 


Mépos éotiv dptOuds pipot 6 éAacawv ToU pe((ovos, Gravy xaraperpp róv 
petCova. 


By a part Euclid means a submultiple, as he does in v. Def. 1, with which 
definition this one is identical except for the substitution of number (åpiðpos) 
for magnitude (péyeBos); cf. note on v. Def. 1. Nicomachus uses the word 
“submultiple” (UmozoAAazAac:os) also. He defines it in a way corresponding 
to his definition of multiple (see note on Def. 5 below) as follows (1. 18, 2): 
*'The submultiple, which is by nature first in the division of inequality 
(called) less, is the number which, when compared with a greater, can 
measure it more times than once so as to fill it exactly (sAgposvros)." Simi- 
larly sub-double (vrodurAactos) is found in Nicomachus meaning Aad, and 
so on. 


DEFINITION 4. 
Mépy &, órav pù karap.erpy. 


By the expression farts (uépy, the plural of pépos) Euclid denotes what we 
should call a proper fraction. That is, a part being a submultiple, the rather 
inconvenient term farts means any number of such submultiples making up 
a fraction less than unity. I have not found the word used in this special 
sense elsewhere, e.g. in Nicomachus, Theon of Smyrna or Iamblichus, except 
in one place of Theon (p. 79, 26) where it is used of a proper fraction, of 
which $ is an illustration. 
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DEFINITION 5. 
IIoAXamAdatos 9€ 6 petLwv rov éAdacovos, orav karaperpyrat tro Tov éÀdaaovos. 


The definition of a multiple is identical with that in v. Def. 2, except that 
the masculine of the adjectives is used agreeing with dpi&pos understood 
instead of the neuter agreeing with péyeĝos understood. Nicomachus (1. 18, 
1) defines a multiple as being “a species of the greater which is naturally 
first in order and origin, being the number which, when considered in com- 
parison with another, contains it in itself completely more than once." 


DEFINITIONS 6, 7. 
6. “Aprios dpiÜpós éotw ô diya dStatpovpevos. 


7. Tlepioods 96 ó ui] Statpotpevos Siya Ñ [ó] povdds Gudépuv dpriov &piÜp.ov. 


Nicomachus (1. 7, 2) somewhat amplifies these definitions of even and odd 
numbers thus. ‘That is even which is capable of being divided into two 
equal parts without an unit falling in the middle, and that is odd which cannot 
be divided into two equal parts because of the aforesaid intervention (peot- 
reiav) of the unit." He adds that this definition is derived * from the popular 
conception " (èx ras Sypwdovs vroàyyews). In contrast to this, he gives (1. 7, 3) 
the Pythagorean definition, which is, as usual, interesting.  ** An even number 
is that which admits of being divided, by one and the same operation, into the 
greatest and the least (parts), greatest in size (z5Aixoryr:) but least in quantity 
(mocoryr:)... while an odd number is that which cannot be so treated, but is 
divided into two unequal parts." That is, as Iamblichus says (p. 12, 2—9), an 
even number is divided into parts which are the greatest possible “parts,” namely 
halves, and into the fewest possible, namely two, two being the first “ num- 
ber” or **collection of units." According to another ancient definition quoted 
by Nicomachus (1. 7, 4), an even number is that which can be divided both 
into two equal parts and into two unequal parts (except the first one, the 
number 2, which is only susceptible of division into equals), but, however it 
is divided, must have its two parts of the same kind, i.e. both even or both 
odd; while an odd number is that which can only be divided into two 
unequal parts, and those parts always of different kinds, i.e. one odd and 
one even. Lastly, the definition of odd and even “by means of each other” 
says that an odd number is that which differs by an unit from an even 
number on both sides of it, and an even number that which differs by an 
unit from an odd number on each side. ‘This alternative definition of an 
odd number is the same thing as the second half of Euclid's definition, “the 
number which differs by an unit from an even number." "This evidently 
pre-Euclidean definition is condemned by Aristotle as unscientific, because 
odd and even are coordinate, both being differentiae of number, so that one 
should not be defined by means of the other (Topics vi. 4, 142 b 7—10). 


DEFINITION 8. 


*Apridxis dprios dpiOnos éarw 0 bird dpr(ov apibpov perpovpevos xarà dpriov 
dpO pov. 

Euclid’s definition of an eren-£imes even number differs from that given by 
the later writers, Nicomachus, Theon of Smyrna and Iamblichus; and the 
inconvenience of it is shown when we come to 1X. 34, where it is proved 
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that a certain sort of number is ofA “even-times even” and “even-times odd.” 
According to the more precise classification of the three other authorities, the 
* even-times even” and the *' even-times odd” are mutually exclusive and are 
two of three subdivisions into which even numbers fall. Of these three sub- 
divisions the ‘‘even-times even” and the "even-times odd" form the extremes, 
and the “odd-times even” is as it were intermediate, showing the character 
of both extremes (cf. note on the following definition). ‘The eve-times even is 
then the number which has its halves even, the halves of the halves even, and 
so on, until unity is reached. In short the even-times even number is always 
of the form 2". Hence Iamblichus (pp. 20, 21) says Euclid's definition of it 
as that which is measured by an even number an even number of times 1s 
erroneous. In support of this he quotes the number 24 which is four times 6, 
or six times 4, but yet is not “even-times even” according to Euclid himself 
(où: xar' avróv), by which he must apparently mean that 24 is also 8 times 3, 
which does not satisfy Euclid's definition. There can however be no doubt that 
Euclid meant what he said in his definition as we have it ; otherwise 1X. 32, 
which proves that a number of the form 2" is even-times even only, would be quite 
superfluous and a mere repetition of the definition, while, as already stated, 
1X. 34 clearly indicates Euclid's view that a number might at the same time 
be both even-times even and even-times odd. Hence the povws which some 
editor of the commentary of Philoponus on Nicomachus found in some 
copies, making the definition say that the even-times even number is on/y 
measured by even numbers an even number of times, is evidently an interpo- 
lation by some one who wished to reconcile Euclid’s definition with the 
Pythagorean (cf. Heiberg, ZwA/rd-sfudten, p. 200). 

A consequential characteristic of the series of even-times even numbers 
noted by Nicomachus brings in a curious use of the word &vva,us (generally 
power in the sense of square, or square root). He says (1. 8, 6—7) that any 
part, i.e. any submultiple, of an even-times even number is called by an even- 
times even designation, while it also has an even-times even va/ue (it is 
dptiaxis dprioduvayov) when expressed as so many actual units. That is, the 


sath part of 2" (where m is less than #) is called after the even-times even 


-» 


number 2", while its actual va/we (Bvvajus) in units is 2"7", which is also an 
even-times even number. Thus all the parts, or submultiples, of even-times 
even numbers, as well as the even-times even numbers themselves, are con- 
nected with one kind of number only, the even. 


DEFINITION 9. 


"Aprukis 8€ mepiooos otw ô bro dpriov dpOpod petpovpevos xarà Tepuaaóv 
apOpov. 

Euclid uses the term even-/imes odd (apruaxts mepuraós), whereas Nicomachus 
and the others make it one word, even-odd (aprioméperros). According to the 
stricter definition given by the latter (1. 9, 1), the even-odd number is related to 
the even-times even as the other extreme. It is such a number as, when once 
halved, leaves as quotient an odd number ; that is, it is of the form 2(2 + 1). 
Nicomachus sets the even-odd numbers out as follows, 


6, IO, 14, 18, 22; 26, 30, etc. 


In this case, as Nicomachus observes, any part, or submultiple, is called by a 
name ^A^o£ corresponding in kind to its actual value (8vvayes) in units. Thus, 
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in the case of 18, the 1 part is called after the even number 2, but its va/we is 
the odd number 9, and the ird part is called after the odd number 3, while its 
value is the even number 6, and so on. 

The third class of even numbers according to the strict subdivision is the 
odd-even (mepiaadprios). Numbers are of this class when they can be halved 
twice or more times successively, but the quotient left when they can no 
longer be halved is an odd number and not unity. "They are therefore of 
the form 2"*!(254 1), where #, m are integers. They are, so to say, inter- 
mediate between, or a mixture of, the extreme classes eren-times even and even- 
odd, for the following reasons. (1) Their subdivision by 2 proceeds for some 
way like that of the even-times even, but ends in the way that the division of 
the even-odd by 2 ends. (2) The numbers after which submultiples are 
called and their va/ue (8vvajus) in units may be both of one kind, i.c. both odd 
or both even (as in the case of the even-times even), or again may be one odd 
and one even as in the case of the even-odd. For example 24 is an odd-even 
number; the 1th, th, ¿th or 1 parts of it are even, but the 3rd part of it, 
or 8, is even, and the 4th part of it, or 3, is odd. (3) Nicomachus shows 
(1. 10, 6—9) how to form all the numbers of the odd-even class. Set out two 
lines (a) of odd numbers beginning with 3, (^) of even-times even numbers 
beginning with 4, thus: 

(a) 3,5, 7,99; Il, 13, 15 tte 
(4) 4, 8, 16, 32, 64, 128, 256 etc. 


Now multiply each of the first numbers into each of the second row. Let 
the products of one of the first into all the second set make horizontal rows ; 
we then get the rows 


12, 24, 48, 96,192, 384, 768 etc. 
20, 40, 80, 160, 320, 640, 1280 etc. 
28, 56, 112, 224, 448, 896, 1792 etc. 


36, 72, 144, 288, 576, 1152, 2304 etc. 
and so on. 


Now, says Nicomachus, you will be surprised to see ($avyoerat co Gavpac- 
ras) that (a) the vertical rows have the property of the even-odd series, 6, 10, 
14, 18, 22 etc., viz. that, if an odd number of successive numbers be taken, 
the middle number is half the sum of the extremes, and if an even number, 
the two middle numbers together are equal to the sum of the extremes, 
(P) the Aorizontal rows have the property of the ecen-/rmes even series 4, 8, 16 
etc., viz. that the product of the extremes of any number of successive terms 
is equal, if their number be odd, to the square of the middle term, or, if their 
number be even, to the product of the two middle terms. 

Let us now return to Euclid. His oth definition states that an even-times 
odd number is a number which, when divided by an even number, gives an 
odd number as quotient. Following this definition in our text comes a roth 
definition which defines an odd-times even number; this is stated to be a 
number which, when divided by an odd number, gives an even number as 
quotient. According to these definitions any even-times odd number would 
also be odd-times even, and, from the fact that Iamblichus notes this, we may 
fairly conclude that he found Def. 10 as well as Def. 9 in the text of Euclid 
which he used. But, if both definitions are genuine, the enunciations of 1x. 33 
and 1X. 34 as we have them present difficulties. 1x. 33 says that “Ifa num- 
ber have its half odd, it is even-times odd on/y”; but, on the assumption that 


284 BOOK VII [vii. DEFF. 9—11 


both definitions are genuine, this would not be true, for the number would be 
odd-times even as well. 1X. 34 says that “If a number neither be one of those 
which are continually doubled from 2, nor have its half odd, it is both even- 
times even and even-times odd." The term odd-/imes even (r«puradxis aptos) 
not occurring in these propositions, nor anywhere else after the definition, that 
definition becomes superfluous.  Iamblichus however (p. 24, 7— 14) quotes 
these enunciations differently. In the first he has instead of “ even-times odd 
only " the words “ both even-times odd and odd-times even" ; and, in the second, 
for “both even-times even and even-times odd” he has “is both even-times 
even and at the same time even-times odd and odd-times even." In both 
cases therefore *'odd-times even” is added to the enunciation as Iamblichus 
had it; the words cannot have been added by Iamblichus himself because 
he himself does not use the term odd-times even, but the one word odd-even 
(repiaoaprios). In order to get over the difficulties involved by Def. 10 and 
these differences of reading we have practically to choose between (1) accept- 
ing Iamblichus' reading in all three places and (2) adhering to the reading of 
our MSS. in IX. 33, 34 and rejecting Def. 10 altogether as an interpolation. 
Now the readings of our text of 1X. 33, 34 are those of the Vatican Ms. 
and the Theonine mss. as well; hence they must go back to a time before 
Theon, and must therefore be almost as old as those of Iamblichus. 
Heiberg considers it improbable that Euclid would wish to maintain a point- 
less distinction between even-times odd and odd-times even, and on the whole 
concludes that Def. ro was first interpolated by some ignorant person who 
did not notice the difference between the Euclidean and Pythagorean classi- 
fication, but merely noticed the absence of a definition of odd-times even 
and fabricated one as a companion to the other. "When this was done, it 
would be easy to see that the statement in IX. 33 that the number referred 
to is '"even-times odd only” was not strictly true, and that the addition of 
the words “and odd-times even” was necessary in 1X. 33 and 1X. 34 as 
well. 


DEFINITION 10O. 


Ilepuraáxis 9€ mepwgaós apiÜpós dort 6 bro mepoood appo petpovpevos 
xarà Tepurgov aptOpov. 

The odd-times odd number is not defined as such by Nicomachus and 
Iamblichus ; for them these numbers would apparently belong to the com- 
posite subdivision of odd numbers. Theon of Smyrna on the other hand 
says (p. 23, 21) that odd-times odd was one of the names applied to prime 
numbers (excluding 2), for these have two odd factors, namely 1 and the 
number itself. This is certainly a curious use of the term. 


DEFINITION 11. 

IIporos api&uos écrw ó povad: povy perpovpevos. 

A prime number (xparos dpOpos) is called by Nicomachus, Theon, and 
Iamblichus a “ prime and incomposite (áavvÜeros) number.” Theon (p. 23, 9) 
defines it practically as Euclid does, viz. as a number “measured by no number, 
but by an unit only.” Aristotle too says that a prime number is not measured by 
any number (Anal. post. 11. 13, 96 a 36), an unit not being a number (Metaph. 
1088 a 6), but only the beginning of number (Theon of Smyrna says the same 
thing, p. 24, 23). According to Nicomachus (t. 11, 2) the prime number is a 
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subdivision, not of numbers, but of odd numbers; it is “an odd number 
which admits of no other part except that which is called after its own name 
(rapevvpov éavrQ)." The prime numbers are 3, 5, 7 etc, and there is no 
submultiple of 3 except ird, no submultiple of 11 except 4th, and so on. In 
all these cases the only submultiple is an unit. According to Nicomachus 3 
is the first prime number, whereas Aristotle ( Topics vni. 2, 157 a 39) regards 
2 as a prime number: “as the dyad is the only even number which is prime," 
showing that this divergence from the Pythagorean doctrine was earlier than 
Euclid. The number 2 also satisfies Euclid's definition of a prime number. 
Iamblichus (p. 30, 27 sqq.) makes this the ground of another attack upon Euclid. 
His argument (the text of which, however, leaves much to be desired) appears 
to be that 2 is the on/y even number which has no other part except an 
unit, while the subdivisions of the even, as previously explained by him (the 
even-times even, the even-odd, and odd-even), all exclude primeness, and he has 
previously explained that 2 is potentially even-odd, being obtained by 
multiplying by 2 the potentially odd, i.c. the unit; hence 2 is regarded by him 
as bound up with the subdivisions of even, which exclude primeness. ‘Theon 
seems to hold the same view as regards 2, but supports it by an apparent 
circle. A prime number, he says (p. 23, 14—23), is also called odd-times odd ; 
therefore only odd numbers are prime and incomposite. Even numbers are 
not measured by the unit alone, except 2, which therefore (p. 24, 7) is odd-/ike 
(m«pwra0«rs) without being prime. 

A variety of other names were applied to prime numbers. We have 
already noted the curious designation of them as odd-times odd. According to 
Iamblichus (p. 27, 3—5) some called them euthymetric («vOvperpuxós), and 
Thymaridas rectilinear (ev6vypappixds), the ground being that they can only be 
set out in one dimension with no breadth (dwAarys yàp év rjj éx0éae« é$ êv 
povov Gucrapevos).. The same aspect of a prime number is also expressed by 
Aristotle, who (Metaph. 1020 b 3) contrasts the composite number with that 
which is only in one dimension (povov é$' êv wv). Theon of Smyrna (p. 23, 12) 
gives ypappuxos (lincar) as the alternative name instead of ev@vypappixds. In 
either case, to make the word a proper description of a prime number we have 
to understand the word only; a prime number is that which is //mear, or 
rectilinear, only. For Nicomachus, who uses the form near, expressly says 
(11. 13, 6) that a// numbers are so, i.e. all can be represented as linear by dots 
to the required amount placed in a line. 

A prime number was called prime or first, according to Nicomachus 
(1. 11, 3), because it can only be arrived at by putting together a certain 
number of units, and the unit is the beginning of number (cf. Aristotle’s 
second sense of vparos “as not being composed of numbers,” ws py ovyxdiobat 
é£ apOpov, Anal, Post, 11. 13, 96 a 37), and also, according to Iamblichus, 
because there is no number before it, being a collection of units (uoraónv 
ovornpa), of which it is a multiple, and it appears frst as a basis for other 
numbers to be multiples of. 


DEFINITION 12. 


IIpórot xpos aAAnAovs apibpoi eigw oi povdds póry) petpovpevor Kowa uérpu. 

By way of further emphasising the distinction between “prime” and 
“prime to one another,” Theon of Smyrna (p. 23, 6—8) calls the former 
“prime absolutely” (árAos), and the latter “prime to one another and nof 


è 
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absolutely” or “not in themselves” (ob kab avrovs). The latter (p. 24, 8—10) 
are “ measured by the unit [sc. only] as common measure, even though, taken 
by themselves (ws mpos éavrovs), they be measured by some other numbers." 
From Theon’s illustrations it is clear that with him as with Euclid 
a number prime to another may be even as well as odd. In Nicomachus 
(1, 11, 1) and Iamblichus (p. 26, 19), on the other hand, the number which is 
“in itself secondary (devrepos) and composite (avvOeros), but in relation to 
another prime and incomposite," is a subdivision of odd. 1 shall call more 
particular attention to this difference of classification when we have reached 
the definitions of “composite” and “composite to one another"; for the 
present it is to be noted that Nicomachus (1. 13, 1) defines a number prime /o 
another after the same manner as the absolutely prime; it is a number which 
“is measured not only by the unit as the common measure but also by some 
other measure, and for this reason can also admit of a part or parts called by 
a different name besides that called by the same name (as itself), but, when 
examined in comparison with another number of similar character, is found 
not to be capable of being measured by a common measure in relation to the 
other, nor to have the same part, called by the same name as (any of) those 
simply (ázA«s) contained in the other ; e.g. 9 in relation to 25, for each of 
these is in itself secondary and composite, but, in comparison with one 
another, they have an unit alone as a common measure and no part is called 
by the same name in both, but the ¢//rd in one is not in the other, nor is the 
fifth in the other found in the first.” 


DEFINITION 13. 

SivOeros apOpos éarw 6 appo Tw perpovpevos. 

Euclid’s definition of composite is again the same as Theon’s definition 
of numbers * composite in relation to themselves," which (p. 24, 16) are 
“numbers measured by any less number," the unit being, as usual, not 
regarded as a number. Theon proceeds to say that *of composite numbers 
they call those which are contained by two numbers fame, as being 
investigated in two dimensions and, as it were, contained by a length and a 
breadth, while (they call) those (which are contained) by three (numbers) 
solid, as having the third dimension added to them." To a similar effect is 
the remark of Aristotle (Afcfaph. 1020 b 3) that certain numbers are 
“composite and are not only in one dimension but such as the plane and the 
solid (figure) are representations of (ipa), these numbers being so many 
times so many (wogdxts rogoi), Or so many times so many times so many 
(moraris tmoodxts morol) respectively." These subdivisions of composite 
numbers are, of course, the subject of Euclid's definitions 17, 18 respectively. 
Euclid's composite numbers may be either even or odd, like those of Theon, 
who gives 6 as an instance, 6 being measured by both 2 and 3. 


DEFINITION 14. 
ZivOeror 8% mpos aAAXgAovs apiÓno( eicw oi apiÜp Tivi petpovperor rowo 
uérpo. 
Theon (p. 24, 18), like Euclid, defines numbers composite to one another as 
* those which are measured by any common measure whatever" (excluding 
unity, as usual). Theon instances 8 and 6, with 2 as common measure, and 
6 and 9, with 3 as common measure. 
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As hinted above, there is a great difference between Euclid's classification 
of prime and composite numbers, and of numbers prime and composite 
to one another, and the classification found in Nicomachus (t. 11—13) and 
Iamblichus. According to the latter, all these kinds of numbers are sub- 
divisions of the class of odd numbers only. As the class of even numbers is 
divided into three kinds, (1) the even-times even, (2) the even-odd, which 
form the extremes, and (3) the odd-even, which is, as it were, intermediate to 
the other two, so the class of odd numbers is divided into three, of which the 
third is again a mean between two extremes. ‘The three are: 


(1) the prime and incomposite, which is like Euclid's prime number except 
that it excludes 2 ; 


(2) the secondary and composite, which is “odd because it is a distinct 
part of one and the same genus (dra rò é£ évós xai rod atrov yévovs dtaxexpicGat) 
but has in it nothing of the nature of a first principle (apxoades) ; for it arises 
from adding some other number (to itself), so that, besides having a part 
called by the same narne as itself, it possesses a part or parts called by another 
name." Nicomachus cites 9, 15, 21, 25, 27, 33, 35» 39. It is made clear that 
not only must the factors be both odd, but they must all be prime numbers. 
This is obviously a very inconvenient restriction of the use of the word 
composite, a word of general signification. 


(3) is that which is “secondary and composite in itself but prime and 
incomposite to another." The actual words in which this is defined have been 
given above in the note on Def. 12. Here again all the factors must be odd 
and prime. 

Besides the inconvenience of restricting the term composite to odd numbers 
which are composite, there is in this classification the further serious defect, 
pointed out by Nesselmann (Die Algebra der Griechen, 1842, p. 194), that 
subdivisions (2) and (3) overlap, subdivision (2) including the whole of 
subdivision (3). The origin of this confusion is no doubt to be found in 
Nicomachus' perverse anxiety to be symmetrical; by hook or by crook he 
must divide odd numbers into three kinds as he had divided the «crew. 
Iamblichus (p. 28, 13) carries his desire to be logical so far as to point out 
why there cannot be a fourth kind of number contrary in character to (3), 
namely a number which should be “prime and incomposite in itself, but 
secondary and composite to another " ! 


DEFINITION 15. 
"Apiüpós apOpov moAdarAactalew A€yerat, orav, doa eigiv èv atte pováóes, 
rogauraxis avvTeOy & wodAarAaawualopevos, Kat yérgrai tis. 


This is the well known primary definition of multiplication as an 
abbreviation of addition. 


DEFINITION 16. 


“Oray è 8o apiüuol roAAarAactdcavres GAAHAOUS Towel tiva, ò yevopevos 
éximedos xaheirar, tAevpai 6 abroU of roAAarAaciacavres GAAYAOUs apOpoi. 
The words f/ane and solid applied to numbers are of course adapted from 


their use with reference to geometrical figures. A number is therefore called 
linear (ypapptxos) when it is regarded as in one dimension, as being a /ength 
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(u9«os) When it takes another dimension in addition, namely breadth 
(rAáros), it is in two dimensions and becomes plane (émémebos) The 
distinction between a Pane and a plane number is marked by the use of the 
neuter in the former case, and the masculine, agreeing with ap:Opes, in the 
latter case. So with a sgware and a square number, and so on. The most 
obvious form of a plane number is clearly that corresponding to a rectangle in 
geometry; the number is the product of two linear numbers regarded as sides 
(sAevpat) forming the length and breadth respectively. Such a number is, as 
Aristotle says, ‘‘so many times so many," and a plane is its counterpart 
(tuna). So Plato, in the Theaetetus (147 E—148 B), says: “We divided all 
numbers into two kinds, (1) that which can be expressed as equal multiplied 
by equal (rov àvvdpevor (aov. icaxis. yiyver$a), and which, likening its form to 
the square, we called sguare and equilateral; (2) that which is intermediate, 
and includes 3 and 5 and every number which cannot be expressed as equal 
multiplied by equal, but is either less times more or more times less, being 
always contained by a greater and a less side, which number we likened to 
the oblong figure (xpopyxes oyýparı) and called an oblong number.... Such 
lines therefore as square the equilateral and plane number (i.e. which can 
form a plane number with equal sides, or a square] we defined as length 
(uijxos) ; but such as square the oblong (here érepouyxys) [i.e. the square of 
which is equal to the oblong] we called roots (ôvvapes) as not being com- 
mensurable with the others in length, but only in the plane areas (ézuredocs), 
to which the squares on them are equal (à évvavrat).” This passage seems 
to make it clear that Plato would have represented numbers as Euclid does, 
by straight lines proportional in length to the numbers they represent (so far 
as practicable); for, since 3 and 5 are with Plato oblong numbers, and /:nes 
with him represent the sides of oblong numbers (since a line represents the 
* root," the square on which is equal to the oblong), it follows that the uw 
representing the smaller side must have been represented as a line, and 3, the 
larger side, as a line of three times the length. But there is another possible way 
of representing numbers, not by lines of a certain length, but by Jornts disposed 
in various ways, in straight lines or otherwise. Iamblichus tells us (p. 56, 27) 
that *in old days they represented the quantuplicities of number in a more 
natural way ($veworepov) by splitting them up into units, and not, as in our 
day, by symbols" (cvuffoAuxos). Aristotle too (Metaph. 1092 b 10) mentions 
one Eurytus as having settled what number belonged to what, such a number 
to a man, such a number to a horse, and so on, “copying their shapes" 
(reading rovrov, with Zeller) “ with pebbles (rais nj), just as those do who 
arrange numbers in the forms of triangles or squares.” We accordingly find 
numbers represented in Nicomachus and Theon of Smyrna by a number of 
a’s ranged like points according to geometrical figures. According to this 
system, any number could be represented by points in a straight line, in which 
case, says Iamblichus (p. 56, 26), we shall call it rectilinear because it is 
without breadth and only advances in length (azAatas èri povoy tò piros 
mpoecw). The prime number was called by Thymaridas rectilinear par 
excellence, because it was without breadth and in one dimension only (ép êv 
povoy ductapevos). By this must be meant the impossibility of representing, 
say, 3 as a plane number, in Plato’s sense, i.e. as a product of two numbers 
corresponding to a rectangle in geometry ; and this view would appear to rest 
simply upon the representation of a number by points, as distinct from lines. 
Three dots in a straight line would have no breadth ; and if breadth were 
introduced in the sense of producing a rectangle, i.e. by placing the same 
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number of dots in a second line below the first line, the first p/ane number 
would be 4, and 3 would not be a plane number at all, as Plato says it is. It 
seems therefore to have been the alternative representation of a number by 
points, and not lines, which gave rise to the different view of a plane number 
which we find in Nicomachus and the rest. By means of separate points we 
can represent numbers in geometrical forms other than rectangles and squares. 
One dot with two others symmetrically arranged below it shows a ¢riangle, 
which is a figure in two dimensions as much as a rectangle or parallelogram is. 
Similarly we can arrange certain numbers in the form of regular pentagons or 
other polygons. According therefore to this mode of representation, 3 is the 
first ^/ane number, being a ¢riangular number. The method of formation of 
triangular, square, pentagonal and other polygonal numbers is minutely 
described in Nicomachus (11. 8—11), who distinguishes the separate series of 
gnomons belonging to each, i.e. gives the law determining the number which 
has to be added to a polygonal number with # in a side, in order to make it 
into a number of the same form but with » + 1 in a side (the addend being of 
course the gnomon). Thus the gnomonic series for triangular numbers is 
I, 2, 3, 4, S... ; that for squares 1, 3, 5, 7... ; that for pentagonal numbers 
I, 4, 7, 10..., and soon. The subject need not detain us longer here, as we 
are at present only concerned with the different views of what constitutes a 
plane number. 

Of plane numbers in the Platonic and Euclidean sense we have seen that 
Plato recognises fwo kinds, the square and the oblong (xpopyxys or érepopyxys). 
Here again Euclid's successors, at all events, subdivided the class more 
elaborately. Nicomachus, Theon of Smyrna, and Iamblichus divide p/ane 
numbers with unequal sides into (1) érepopyj«es, the nearest thing to squares, 
viz. numbers in which the greater side exceeds the less side by 1 only, or 
numbers of the form »(n + 1), e.g. 1.2, 2.3, 3. 4, etc. (according to Nico- 
machus), and (2) mpopņxas, or those whose sides differ by 2 or more, i.e. are of 
the form #(# +m), where » is not less than 2 (Nicomachus illustrates by 2. 4, 
3.6, etc.). Theon of Smyrna (p. 3o, 8— 14) makes popes include érepopyKes, 
saying that their sides may differ by 1 or more; he also speaks of parallelogram- 
numbers as those which have one side different from the other by 2 or more; 
I do not find this latter term in Nicomachus or Iamblichus, and indeed it 
seems superfluous, as parallelogram is here only another name for oblong. 
Iamblichus (p. 74, 23 sqq.), always critical of Euclid, attacks him again here 
for confusing the subject by supposing that the érepoujkys number is the pro- 
duct of any two different numbers multiplied together, and by not distinguishing 
the oblong (rpopzy«ns) from it: “for his definition declares the same number 
to be square and also érepopyxys, as for example 36, 16 and many others: 
which would be equivalent to the odd number being the same thing as the 
even.” No importance need be attached to this exaggerated statement ; it is 
in any case merely a matter of words, and it is curious that Euclid does not in 
fact use the word érepopyxns of numbers at all, but only of geometrical oblong 
figures as opposed to squares, so that Iamblichus can apparently only have 
inferred that he used it in an unorthodox manner from the geometrical use of 
the term in the definitions of Book 1. and from the fact that he does not give 
the two subdivisions of plane numbers which are not square, but seems only 
to divide plane numbers into square and not-square. The argument that 
érepougxes numbers are a natural, and therefore essential, subdivision 
Iamblichus appears to found on the method of successive addition by which 
they can be evolved ; as square numbers are obtained by successively adding 


H. E. l, I9 
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odd numbers as gnomons, so érepouy««s are obtained by adding even numbers 
as gnomons. Thus 1.2-2,2.3-2 * 4, 3.4 5 2 * 4 * 6, and so on. 


DEFINITION 17. 


"Orav Se rpéis. apbpo moAAasAagiicavres dAXxjÀovs Towel Twa, ò yevópevos 
cTepeós dat, mÀeupal 06 avrov of roàdariasıdoavres AAÀrjÀovs dp por. 


What has been said of the two apparently different ways of regarding a 
plane number seems to apply equally, mutatis mutandis, to the definitions of a 
solid number. Aristotle regards it as a number which is so many times so 
many times so many (ogdxis woodxis mrocov). Plato finishes the passage about 
lines which represent the sides of square numbers and lines which are roots 
(Svrajeis), i.e. the squares on which are equal to the rectangle representing a 
number which is oblong and not square, by adding the words, ** And another 
similar property belongs to solids” (xai mepì rà oreped aAXo ro rov). That is, 
apparently, there would be a corresponding term to root (Bvvapas)— practically 
representing a surd—to denote the side of a cube equal to a parallelepiped 
representing a solid number which is the product of three factors but 
not a cube. Such is a solid number when numbers are represented by 
straight lines: it corresponds in general to a parallelepiped and, when all 
the factors are equal, to a cube. 

But again, if numbers be represented by points, we may have solid numbers 
(i.e. numbers in three dimensions) in the form of pyramids as well. The first 
number of this kind is 4, since we may have three points forming an 
equilateral triangle in one plane and a fourth point placed in another plane. 
The length of the sides can be increased by 1 successively ; and we can have 
a series of pyramidal numbers, with triangles, squares or polygons as bases, 
made up of layers of triangles, squares or similar polygons respectively, each 
of which layers has one less in the side than the layer below it, until the top 
of the pyramid is reached, which of course is one point representing unity. 
Nicomachus (it 13—16), Theon of Smyrna (p. 41—2), and Iamblichus 
(P. 95, 15 sqq.), all give the different kinds of pyramidal solid numbers in 
addition to the other kinds. 

These three writers make the following further distinctions between solid 
numbers which are the product of three factors. 


I. First there is the equal by equal by equal (isaxıs igdxis isos), which is, 
of course, the cube. 


2. The other extreme is the unequal by unequal by unequal (dvwaxis 
avigaxis avios), or that in which all the dimensions are different, e.g. the 
product of 2, 3, 4 or 2, 4, 8 or 3, 5, 12. These were, according to Nicomachus 
(11. 16), called scalene, while some called them ogynvioxna (wedge-shaped), others 
opyxioxn (from opyé, a wasp), and others Bwptoxo (altar-shaped). Theon 
appears to use the last term only, while ; Tampian of course gives all three 
names. 


3. Intermediate to these, as it were, come the numbers “ whose planes 
form érepopyxeas numbers” (i.e. numbers of the form (m+ 1)). These, says 
Nicomachus, are called parallelepipedal. 

Lastly come two classes of such numbers each of which has two equal 
dimensions but not more. 
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4. If the third dimension is less than the others, the number is egua? by 
equal by less (isarıs tos éXarrovaxis) and is called a plinth (wr.w6is), e.g. 
8.8. 3. 


s. If the third dimension is greater than the others, the number is egual 
by equal by greater (iadxs ioos pefovaaxcs) and is called a beam (8oxis), e.g. 
3.3.7. Another name for this latter kind of number (according to 
Iamblichus) was ornAis (diminutive of er7Ax). 


Lastly, in connexion with pyramidal numbers, Nicomachus (11. 14, 5) dis- 
tinguishes numbers corresponding to frusta of pyramids. These are /runcated 
(xdAoupor), ftuice-fruncated (Sixodovpa), thrice-truncated (rpixédovpor) pyramids, 
and so on, the term being used mostly in theoretic treatises (iv ovyypappact 
párta Cox Ücopuparwois). The /runcafed pyramid was formed by cutting 
off the point forming the vertex. The fwice-/runcated was that which lacked 
the vertex and the next plane, and so on. Theon of Smyrna (p. 42, 4) only 
mentions the ¢runcated pyramid as "that with its vertex cut off” (» riv 
Kopupyy arorerunpéry), saying that some also called it a trapezium, after the 
similitude of a plane trapezium formed by cutting the top off a triangle 
by a straight line parallel to the base. 


e 


DEFINITION 18. 


, Terpáyovos ápiÜuós rri ó ioáris (gos H [ô] trò Bio irwy ápiÜnav repu- 
€Xój.€vos. 


A particular kind of square distinguished by Nicomachus and the rest was 
the square number which ended (in the decimal notation) with the same 
number as its side, e.g. 1, 25, 36, which are the squares of 1, 5 and 6. These 
square numbers were called cyclic (xvxAwxot) on the analogy of circles in 
geometry which return again to the point from which they started. 


DEFINITION 19. 
KuBos 8% ô ladxis toos ladxis 5) [ó] td rpwav lev dpOpdv meprexópevos. 


Similarly cube numbers which ended with the same number as their sides, 
and the squares of those sides also, were called spherical (agatpxat) or recurrent 
(awoxatacratixot). One might have expected that the term spherical would be 
applicable also to the cubes of numbers which ended with the same digit as the 
side but not necessarily with the same digit as the sgware of the side also. 
E.g. the cube of 4, i.e. 64, ends with the same digit as 4, but not with the 
same digit as 16. But apparently 64 was not called a spherical number, the 
only instances given by Nicomachus and the rest being those cubed from 
numbers ending with 5 or 6, which end with the same digit if sguared. A 
spherical number is in fact derived from a circular number only, and that by 
adding another equal dimension. Obviously, as Nesselmann says, the names 
cyclic and spherical applied to numbers appeal to an entirely different principle 
from that on which the figured numbers so far dealt with were formed. 


19—2 
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DEFINITION 20. 


Apiónoi dvaAoyór cow, Gray 6 mpüros ToU DSevrépov xai Ó rp(ros ToU Teraprov 
lraxis 7) roAXaAactos ù Tò avró pépos Ñ Tà atta pépy dow. 


Euclid does not give in this Book any definition of ratio, doubtless because 
it could only be the same as that given at the beginning of Book v., with 
numbers substituted for “homogeneous magnitudes” and “in respect of size" 
(myÀxóryra) omitted or altered. We do not find that Nicomachus and the 
rest give any substantially different definition of a ratio between numbers. 
Theon of Smyrna says, in fact (p. 73, 16), that “ ratio in the sense of 
proportion (Acyos ó xaT’ avaAoyov) A a sort of relation of two homogeneous 
terms to one another, as for example, double, triple.” Similarly Nicomachus 
says (II. 21, 3) that “a ratio is a relation of two terms to one another,” the word 
for “relation ” being in both cases the same as Euclid's (exéew). Theon of 
Smyrna goes on to classify ratios as greater, less, or equal, i.e. as ratios of greater 
inequality, less inequality, or equality, and then to specify certain arithmetical 
ratios which had special names, for which he quotes the authority of Adrastus. 
The names were -oÀAamAdgios, érysopios, ertpepys, mwoAAarAacrerpoptos, 
wohAarAacteripepys (the first of which is, of course, a multiple, while the rest 
are the equivalent of certain types of improper fractions as we should call 
them), and the reciprocals of each of these described by prefixing tio or sub. 
After describing these particular classes of arithmetical ratios, Theon goes on 
to say that numbers still have ratios to one another even if they are different 
from all those previously described. We need not therefore concern ourselves 
with the various types; it is sufficient to observe that any ratio between 
numbers can be expressed in the manner indicated in Euclid's definition of 
arithmetical proportion, for the greater is, in relation to the less, either one or 
a combination of more than one of the three things, (1) a multiple, (2) a 
submultiple, (3) a proper fraction. 

It is when we come to the definition of proportion that we begin to find 
differences between Euclid, Nicomachus, Theon and Iamblichus. “Proportion,” 
says Theon (p. 82, 6), “is similarity or sameness of more ratios than one,” 
which is of course unobjectionable if it is previously understood what a ratio 
is; but confusion was brought in by those (like Thrasyllus) who said that 
there were /Aree proportions (dvadoyiat), the arithmetic, geometric, and 
harmonic, where of course the reference is to arithmetic, geometric and 
harmonic means (perorytes). . Hence it was necessary to explain, as Adrastus 
did (Theon, p. 106, 15), that ‘of the several means “the geometric was called 
both proportion Par excellence and primary...though the other means were 
also commonly called proportions by some writers.” Accordingly we have 
Nicomachus trying to extend the term “proportion” to cover the various 
means as well as a proportion in three or four terms in the ordinary sense. He 
says (11. 21, 2): “ Proportion, par excellence (xvpiws), is the bringing together 
(ovAAnyis) to the same (point) of two or more ratios; or, more generally, (the 
bringing together) of two or more relations (Frl), even though they be 
subjected not to the same rafio but to a difference or some other (law)." 
Iamblichus keeps the senses of the word more distinct. He says, like Theon, 
that “ proportion is similarity or sameness of several ratios" (p. 98, 14), and 
that “it is to be premised that it was the geometrical (proportion) which the 
ancients called proportion par excellence, though it is now common to apply 
the name generally to all the remaining means as well” (p. 100, 15). Pappus 
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remarks (111. p. 70, 17), "A mean differs from a proportion in this respect that, if 
anything is a proportion, it is also a mean, but not conversely. For there are 
three means, of which one is arithmetic, one geometric and one harmonic." 
The last remark implies plainly enough that there is only one proportion 
(dvadoyia) in the proper sense. So, too, says Iamblichus in another place 
(p. 104, 19): “the second, the geometric, mean has been called proportion 
par excellence because the terms contain the same ratio, being separated 
according to the same proportion (ava róv avrov Adyov Sorores)” The 
natural conclusion is that of Nesselmann, that originally the geometric 
proportion was called avaAoyéa, the others, the arithmetic, the harmonic, etc., 
means ; but later usage had obliterated the distinction. 

Of proportions in the ancient and Euclidean sense Theon (p. 82, 10) 
distinguished the continuous (ovvexys) and the separated (Senpnpéy), using the 
same terms as Aristotle (Æt. Nic. 1131 a 32). The meaning is of course 
clear: in the continuous proportion the consequent of one ratio is the ante- 
cedent of the next; in the separated proportion this is not so. Nicomachus 
(11. 21, 5—6) uses the words connected (ovvqupévg) and disjoined (Sielevypévy) 
respectively. Euclid regularly speaks of numbers in continuous proportion as 
“proportional in order, or successively " (€&9s dvaAoyov). 


DEFINITION 21. 
“Oporor rimedo. kai orepeot dpOpoi eir of dvadoyov €xoyres Tas mevpas. 


Theon of Smyrna remarks (p. 36, 12) that, among plane numbers, a// 
squares are similar, while of érepopýxes those are similar ** whose sides, that 
is, the numbers containing them, are proportional. ^ Here érepousjkys must 
evidently be used, not in the sense of a number of the form 2(# +1), but as 
synonymous with wpouyxys, any oblong number; so that on this occasion 
Theon follows the terminology of Plato and (according to Iamblichus) of 
Euclid. Obviously, if the strict sense of érepopyxys is adhered to, no two 
numbers of that form can be similar unless they are also egual. We may 
compare Iamblichus’ elaborate contrast of the square and the érepopyxns. 
Since the two sides of the square are equal, a square number might, as he 
says (p. 82, 9), be fitly called lopies (Nicomachus uses rabropyxns) in 
contrast to érepouzxys; and the ancients, according to him, called square 
numbers “the same” and ''similar" (ravrovs re «ai dpoious), but érepopýres 
numbers “dissimilar and other” (avopodovs xai Qarépovs). 

With regard to solid numbers, Theon remarks in like manner (p. 37, 2) 
that a// cube numbers are similar, while of the others those are similar whose 
sides are proportional, i.e. in which, as length is to length, so is breadth to 
breadth and height to height. 


DEFINITION 22. 
TéA«os ápiÜnós éarw ô rois éavro? peperw toos ax. 


Theon of Smyrna (p. 45, 9 sqq.) and Nicomachus (1. 16) both give 
the same definition of a perfect number, as well as the law of formation of 
such numbers which Euclid proves in the later proposition, 1x. 36. They 
add however definitions of two other kinds of numbers in contrast with it, 
(1) the over-perfect (vreptedys in Nicomachus, vmepréAeos in Theon), the 
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sum of whose parts, i.e. submultiples, is greater than the number itself, e.g. 12, 
24 etc, the sum of the parts of 12 being 6+4+3+2+1=16, and the 
sum of the parts of 24 being 12+8+6+4+3+2+1=36, (2) the defective 
(é\Aurys), the sum of whose parts is less than the whole, e.g. 8 or 14, the 
parts in the first case adding up to 4 + 2+ 1, or 7, and in the second case to 
7+2+1,0r10. All three classes are however made by Theon subdivisions 
of numbers in general, but by Nicomachus subdivisions of even numbers. 

The term perfect was used by the Pythagoreans, but in another sense, of 
10; while Theon tells us (p. 46, 14) that 3 was also called perfect “ because 
it is the first number that has beginning, middle and extremity; it is also both 
a Jine and a plane (for it is an equilateral triangle having each side made up 
of two units), and it is the first link and potentiality of the solid (for a solid 
must be conceived of in three dimensions)." 


There are certain unexpressed axioms used in Book vit. as there are in 
earlier Books. 


The following may be noted. 
1. If A measures B, and Z measures C, A will measure C. 


2. If A measures B, and also measures C, A will measure the difference 
between Z and C when they are unequal. 


3. If A measures B, and also measures C, A will measure the sum of Z 
and C. 


It is clear, from what we know of the Pythagorean theory of numbers, of 
musical intervals expressed by numbers, of different kinds of means etc., that 
the substance of Euclid Books vir.—1ix. was no new thing but goes back, at 
least, to the Pythagoreans. It is well known that the mathematics of Plato's 
Timaeus is essentially Pythagorean. It is therefore a priori probable (if not 
perhaps quite certain) that Plato rufayopife even in the passage (32 A, B) where 
he speaks of numbers “whether solid or square" in continued proportion, 
and proceeds to say that between f/anes one mean suffices, but to connect 
two solids two means are necessary. This passage has been much discussed, 
but I think that by “planes” and “solids” Plato certainly meant sguare and 
solid numbers respectively, so that the allusion must be to the theorems 
established in Eucl. vin. 11, 12, that between two square numbers there is 
one mean proportional number, and between two cube numbers there are 
two mean proportional numbers!. 


1 [t is true that similar plane and solid numbers have the same property (Eucl. vill. 18, 
19) ; but, if Plato had meant similar plane and solid numbers generally, I think it would 
have been necessary to specify that they were ‘‘ similar," whereas, seeing that the Timaeus is 
as a whole concerned with regular figures, there is nothing unnatural in allowing regular or 
equilateral to be understood. Further Plato speaks first of duvdyecs and &yxox and then of 
* planes" (émíreóa) and ‘‘solids” (srepeá) in such a way as to suggest that ĝurdáueis cor- 
respond to éwiweda and &yxoc to oreped. Now the regular meaning of dévapus is square (or 
sometimes sguare root), and I think it is here used in the sense of square, notwithstanding 
that Plato seems to speak of ‘Aree squares in continued proportion, whereas, in general, the 
mean between two squares as extremes would not be square but oblong. And, if duvdpecs are 
squares, it is reasonable to suppose that the dSyxo: are also eguilateral, i.e. the '' solids” are 
cubes. I am aware that Th. Habler (Bibliotheca Mathematica, Villg, 1908, pp. 173—4) 
thinks that the passage is to be explained by reference to tlie problem of the duplication of 
the cube, and does not refer to numbers at all. Against this we have to put the evidence of 
Nicomachus (11. 24, 6) who, in speaking of ‘‘a certain Platonic theorem," quotes the very 
same results of Eucl. vill. 11, 12. Secondly, it is worth noting that Habler’s explanation is 
distinctly ruled out by Democritus the Platonist (3rd cent. A.D.) who, according to Proclus 
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It is no less clear that, in his method and line of argument, Euclid was 
following earlier models, though no doubt making improvements in the 
exposition. His tract on the Sectio Canonis, xararopy kavóvos (for which see 
Musici Scriptores Graeci, ed. Jan, pp. 148—166) is in style and in the form of 
the propositions closely akin to the E/ements. In one proposition (2) he says 
“we learned (ipabopev) that, if as many numbers as we please be in (con- 
tinued) proportion, and the first measures the last, the first will also measure 
the intermediate numbers"; here he practically quotes E/em. vin. 7. In the 
3rd proposition he proves that no number can be a mean between two 
numbers in the ratio known as ériiópios, the ratio, that is, of an+ 1 to #, where 
a is any integer greater than unity. Now, fortunately, Boethius, De institutione 
musica, 11. 11 (pp. 285—6, ed. Friedlein), has preserved a proof by Archytas 
of this same proposition ; and the proof is substantially identical with that 
of Euclid. The two proofs are placed side by side in an article by Tannery 
(Bibliotheca Mathematica, và, 1905/6, p. 227). Archytas writes the smaller 
term of the proportion first (instead of the greater, as Euclid does) Let, he 
says, 4, B be the “superparticularis proportio " (érusópiov &aorgpa in Euclid). 
Take C, DE the smallest numbers which are in the ratio of 4 to B. [Here 
DE means D + £: and in this respect the notation is different from that of 
Euclid who, as usual, takes a line DF divided into two parts at C, GF 
corresponding to E, and DG to D, in Archytas’ notation. The step of taking 
C, DE, the smallest numbers in the ratio of 4 to B, presupposes Eucl. vn. 
33] Then DZ exceeds C by an aliquot part of itself and of C [cf. the 
definition of éruopios apiüuos in Nicomachus, 1. 19, 1]. Let D be the excess 
[i.e. Æ is supposed equal to C]. “I say that D is not a number but an unit.” 

For, if D is a number and a part of DE, it measures DE; hence it 
measures Æ, that is, C. Thus D measures both C and DÆ, which is 
impossible; for the smallest numbers which are in the same ratio as any 
numbers are prime to one another. [This presupposes Eucl. vit. 22.) There- 
fore D is an unit; that is, DZ exceeds C by an unit. Hence no number can 
be found which is a mean between two numbers C, DE. Therefore neither 
can any number be a mean between the original numbers 4, B which are in 
the same ratio [this implies Eucl. vri. 20]. 

We have then here a clear indication of the existence at least as early as 
the date of Archytas (about 430—365 B.C.) of an Elements of Arithmetic in 
the form which we call Euclidean; and no doubt text-books of the sort 
existed even before Archytas, which probably Archytas himself and Eudoxus 
improved and developed in their turn. 


(Zn Platonis Timaeum commentaria, 149 C), said that the difficulties of the a: of the 
Timaeus had misled some people into connecting it with the duplication of the cube, 
whereas it really referred to similar planes and solids with sides in rasional numbers. 
Thirdly, I do not think that, under the supposition that the Delian problem is referred to, 
we get the required sense. The problem in that case is not that of finding two mean 
proportionals between two cubes but that of finding a second cube the content of which 
shall be equal to twice, or & times (where Å is any number not a complete cube), the content 
of a given cube (a). Two mean proportionals are found, not between cubes, but between 
two straight lines in the ratio of 1 to $, or between a and 4a. Unless & is a cube, there 
would be no point in saying that two means are necessary to connect 1 and 4, and not one 
mean; for 2/4 is no more natural than J£, and would be less natural in the case where $ 
happened to be square. On the other hand, if 4 is a cube, so that it is a question of posing 
means between cube numbers, the dictum of Plato is perfectly intelligible ; nor is any rea 
difficulty caused by the generality of the statement that two means are a/ways necessary to 
connect them, because any property enunciated generally of two cube numbers should 
obviously be true of cubes as such, that is, it must hold in the extreme case of two cubes 
which are prime to one another. 
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PROPOSITION 1. 


Two unequal numbers being set out, and the less being 
continually subtracted in turn from the greater, if the number 
which is left never measures the one before it until an unit ts 
left, the original numbers will be prime to one another. 


For, the less of two unequal numbers AB, CD being 
continually subtracted from the greater, let the 
number which is left never measure the one 
before it until an unit is left ; H 


o 


I say that AB, CD are prime to one another, 
that is, that an unit alone measures AB, CD. 


For, if A B, CD are not prime to one another, 
some number will measure them. 

Let a number measure them, and let it be 
E; let CD, measuring BF, leave FA less than - 
itself, 


let AF, measuring DG, leave GC less than itself, 
and let GC, measuring FH, leave an unit HA. 
Since, then, Æ measures CD, and CD measures BF, 
therefore £ also measures BF. 
But it also measures the whole BA ; 
therefore it will also measure the remainder AF. 
But AF measures DG ; 
therefore Æ also measures DG. 


E 


o 
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But it also measures the whole DC ; 
therefore it will also measure the remainder CG. 
But CG measures FH ; 
therefore Æ also measures 777. 
But it also measures the whole FA ; 


therefore it will also measure the remainder, the unit AF, 
though it is a number: which is impossible. 


Therefore no number will measure the numbers 42, CD; 
therefore 44 Z, CD are prime to one another. [vr. Def. 12] 
Q. E. D. 


It is proper to remark here that the representation in Books vii. to 1x. of 
numbers by straight lines is adopted by Heiberg from the Mss. The method 
of those editors who substitute eins for lines is open to objection because it 
practically necessitates, in many cases, the use of specific numbers, which is 
contrary to Euclid's manner. 

"Let CD, measuring BF, leave FA less than “itself.” This is a neat 
abbreviation for saying, measure along BA successive lengths equal to CD 
until a point Æ is reached such that the length #4 remaining is less than 
€D; M other words, let BF be the largest exact multiple of CD contained 
in B 

Euclid's method in this proposition is an application to the particular 
case of prime numbers of the method of finding the greatest common measure 
of two numbers not prime to one another, which we shall find in the next 
proposition. With our notation, the method may be shown thus. Supposing 
the two numbers to be a, 4, we have, say, 


b)a(p 
po 
c)ó(g 
qc 
d)c(r 
rd 


I 


If now a, ^ are not prime to one another, they must have a common 
measure e, where e is some integer, not unity. 
And since e measures a, 4, it measures a — på, i.e. c. 


Again, since e measures 4, c, it measures 4 — g4 i.e. d, 
and lastly, since e measures c, d, it measures ¢— rd, i.e. 1: 
which is impossible. 


Therefore there is no integer, except unity, that measures a, 2, which are 
accordingly prime to one another. 

Observe that Euclid assumes as an axiom that, if a, d are both divisible by 
¢, so isa —fó. In the next proposition he assumes as an axiom that c will in 
the case supposed divide a + på. 
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PROPOSITION 2. 


Given two numbers not prime to one another, to find their 
greatest common measure. 
Let AB, CD be the two given numbers not prime to one 


another. 
Thus it is required to find the greatest 4 


common measure of AB, CD. c 

If now CD measures AB—and it also * K 
measures itself—CD is a common measure of 
CD, AB. a 


And it is manifest that it is also the greatest ; 
for no greater number than C2 will measure 
cn. 

But, if CD does not measure 747, then, the less of the 
numbers 4B, CD being continually subtracted from the 
greater, some number will be left which will measure the one 
before it. 

For an unit will not be left; otherwise AB, CD will be 
prime to one another [vit 1], which is contrary to the 
hypothesis. 

Therefore some number will be left which will measure 


the one before it. 
Now let CD, measuring BE, leave ZA less than itself, 
let ZA, measuring DF, leave FC less than itself, 


and let CF measure 4 Æ. 
Since then, CF measures 4 Æ, and AF measures DF, 
therefore CF will also measure DF. 
But it also measures itself ; 
therefore it will also measure the whole CD. 
But CD measures BE ; 
therefore CF also measures PL. 
But it also measures ZA ; 
therefore it will also measure the whole BA. 


B O 


But it also measures CD ; 
therefore CF measures ASL, CD. 
Therefore CF is a common measure of AS, CD. 
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I say next that it is also the greatest. 

For, if CF is not the greatest common measure of 4B, 
CD, some number which is greater than CF will measure the 
numbers 48, CD. 

Let such a number measure them, and let it be G. 

Now, since G measures CD, while CD measures BE, 
G also measures BE. 

But it also measures the whole BA ; 


therefore it will also measure the remainder 4 Z. 
But AZ measures DF; 

therefore G will also measure DF. 
But it also measures the whole DC ; 


therefore it will also measure the remainder CF, that is, the 
greater will measure the less: which is impossible. 


Therefore no number which is greater than CF will measure 
the numbers 42, CD; 


therefore CF is the greatest common measure of 4 B, CD. 


Porism. From this it is manifest that, if a number 
measure two numbers, it will also measure their greatest 
common measure. Q. E. D. 


Here we have the exact method of finding the greatest common measure 
given in the text-books of algebra, including the reductio ad absurdum proof 
that the number arrived at is not only a common measure but the greatest 
common measure. The process of finding the greatest common measure 
is simply shown thus : 


b)a(p 
pe 


€)b(q 
ge 
. d)e(r 
rd 


We shall arrive, says Euclid, at some number, say d, which measures the one 
before it, i.e. such that ¢= rd. Otherwise the process would go on until we 
arrived at unity. This is impossible because in that case a, 6 would be prime 
to one another, which is contrary to the hypothesis. 

Next, like the text-books of algebra, he goes on to show that g will be some 
common measure of a, 6. For d measures c; 
therefore it measures gc + d, that is, 4, 
and hence it measures p + c, that is, a 

Lastly, he proves that d is the greatest common measure of a, 4 as follows. 

Suppose that e is a common measure greater than d. 

Then e, measuring a, 6, must measure a - f, or c. 


300 BOOK VII (vi. 2, 3 


Similarly e must measure å- gc, that is, @: which is impossible, since e is 
by hypothesis greater than 4. 

Therefore etc. 

Euclid's proposition is thus ¢dentical with the algebraical proposition as 
generally given, e.g. in Todhunter's algebra, except that of course Euclid's 
numbers are integers. 

Nicomachus gives the same rule (though without proving it) when he 
shows how to determine whether two given ogg numbers are prime or not 
prime to one another, and, if they are not prime to one another, what is their 
common measure. We are, he says, to compare the numbers in turn by 
continually taking the less from the greater as many times as possible, 
then taking the remainder as many times as possible from the less of the 
original numbers, and so on; this process “will finish either at an unit or at 
some one and the same number," by which it is implied that the division of a 
greater number by a less is done by separate subtractions of the less. Thus, 
with regard to 21 and 49, Nicomachus says, “I subtract the less from the 
greater; 28 is left; then again I subtract from this the same 21 (for this is 
possible); 7 is left; I subtract this from 21, 14 is left; from which I again 
subtract 7 (for this is possible); 7 will be left, but 7 cannot be subtracted from 
7." "The last phrase is curious, but the meaning of it is obvious enough, as 
also the meaning of the phrase about ending “at one and the same number." 

The proof of the Porism is of course contained in that part of the propo- 
sition which proves that G, a common measure different from CF, must 
measure CAE The supposition, thereby proved to be false, that G is greater 
than CF does not affect the validity of the proof that G measures CF in any 
case. 


PROPOSITION 3. 


Given three numbers not prime to one another, to find their 
greatest common measure. 

Let A, B, C be the three given numbers not prime to 
one another ; 
thus it is required to find the greatest 
common measure of 4, B, C. 


Forletthegreatest common measure, | , 





D, of the two numbers 4, B be taken; C 
[vit. 2] o| E] F| 
then D either measures, or does not 


measure, C. 


First, let it measure it. 
But it measures 4, B also; 


therefore D measures A, B, C ; 
therefore D is a common measure of 4, P, C. 
I say that it is also the greatest. 


vit. 3] PROPOSITIONS 2, 3 301 


For, if D is not the greatest common measure of A, B, C, 
some number which is greater than D will measure the numbers 
£55 c. 

Let such a number measure them, and let it be Æ. 

Since then Æ measures A, P, C, 
it will also measure 4, B; 
therefore it will also measure the greatest common measure 


of A, B. (vir. 2, Por.) 


But the greatest common measure of 4, B is D; 
therefore Æ measures 2, the greater the less: which is 
impossible. 

Therefore no number which is greater than D will measure 
the numbers 4, B, C; 


therefore D is the greatest common measure of A, B, C. 


Next, let D not measure C; 
I say first that C, D are not prime to one another. 


For, since A, Z, C are not prime to one another, some 
number will measure them. 
Now that which measures 4, D, C will also measure A, 
D, and will measure D, the greatest common measure of A, B. 
(vi. 2, Por.] 
But it measures C also ; 


therefore some number will measure the numbers 2, C ; 
therefore D, C are not prime to one another. 
Let then their greatest common measure £ be taken. 


[vit 2] 


Then, since Æ measures 2, 

and D measures A, P, 

therefore Æ also measures A, 7. 
But it measures C also ; 

therefore £ measures 4, B, C; 

therefore E is a common measure of 4, P, C. 
I say next that it is also the greatest. 


For, if Æ is not the greatest common measure of A, B,C, 
some number which is greater than Æ will measure the 
numbers 4, PD, C. 

Let such a number measure them, and let it be Z. 


302 BOOK VII (vit. 3 


Now, since F measures A, B, C, 
it also measures 4, B; 


therefore it will also measure the greatest common measure 
of A, B. [vir. 2, Por.] 


But the greatest common measure of 4, B is D; 
therefore F measures D. 
And it measures C also; 
therefore / measures D, C; 
therefore it will also measure the greatest common measure 
op DX. (vir. 2, Por.] 
But the greatest common measure of D, C is £ ; 
therefore Æ measures Æ, the greater the less: which is 


impossible. 

Therefore no number which is greater than Æ will measure 
the numbers 4, B, C; : 
therefore Æ is the greatest common measure of 4, B, C. 


Q. ED. 


Euclid’s proof is here longer than we should make it because he 
distinguishes two cases, the simpler of which is really included in the other. 

Having taken the greatest common measure, say d, of a, b, two of the 
three given numbers a, 2, c, he distinguishes the cases 


(1) in which d measures ¢, 
(2) in which g does not measure c. 


In the first case the greatest common measure of d, c is d itself; in the 
second case it has to be found by a repetition of the process of vir. 2. In 
either case the greatest common measure of a, 4, ¢ is the greatest common 
measure of d, c. 

But, after disposing of the simpler case, Euclid thinks it necessary to 
prove that, if 7 does not measure c, d and ¢ must necessarily ave a greatest 
common measure. This he does by means of the original hypothesis that 
a, 6, c are not prime to one another. Since they are not prime to one another, 
they must have a common measure; any common measure of a, ò is a measure 
of d, and therefore any common measure of a, 4, c is a common measure of 
d, c; hence d, c must have a common measure, and are therefore not prime to 
one another. 

The proofs of cases (1) and (2) repeat exactly the same argument as we 
saw in Vil. 2, and it is proved separately for 7 in case (1) and e in case (2), 
where e is the greatest common measure of d, c, 


(a) that it is a common measure of a, 4, c, 
(B) that it is the greafest common measure. 


Heron remarks (an-Nairizi, ed. Curtze, p. 191) that the method does 
not only enable us to find the greatest common measure of //ree numbers ; 
it can be used to find the greatest common measure of as many numbers 
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as we please. This is because any number measuring two numbers also 
measures their greatest common measure ; and hence we can find the c.c.M. 
of pairs, then the G.c.M. of pairs of these, and so on, until only two numbers 
are left and we find the G.c.M. of these. Euclid tacitly assumes this extension 
in vit. 33, where he takes the greatest common measure of as many numbers 
as we please. 


PROPOSITION 4. 


Any number is either a part or parts of any number, the 
less of the greater. 

Let 4, BC be two numbers, and let BC be the less; 
I say that BC is either a part, or parts, of 4. 

For A, AC are either prime to one another 
or not. 

First, let 4, BC be prime to one another. 

Then, if BC be divided into the units in it, 
each unit of those in BC will be some part of 4; 
so that BC is parts of 4. 

Next let 4, BC not be prime to one another; 
then AC either measures, or does not measure, A. 

If now BC measures A, BC is a part of A. 

But, if not, let the greatest common measure D of A, BC 
be taken ; [vi 2] 
and let BC be divided into the numbers equal to D, namely 
BE, E&, FC. 

Now, since D measures A, D is a part of A. 

But 2 is equal to each of the numbers BZ, £F, FC; 


therefore each of the numbers ZZ, EF, FC is also a part of 4; 
so that BC is parts of 4. 
Therefore etc. 


lo 


Oo mm m o 


Q. E. D. 


The meaning of the enunciation is of course that, if a, ^ be two numbers 
of which 2 is the less, then å is either a submultiple or some proper fraction of a. 


(1) If a, ? are prime to one another, divide each into its units; then 4 
contains 4 of the same parts of which a contains a. Therefore ? is “ parts” or 
a proper fraction of a. 

(2) If a, be not prime to one another, either 4 measures a, in which 
case Å is a submultiple or “part” of a, or, if g be the greatest common 
measure of a, 4, we may put a=mg and 4= ng, and ? will contain z of the 
same parts (g) of which a contains m, so that 4 is again “ parts,” or a proper 
fraction, of a. 
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PROPOSITION 5. 


Jf a number be a part of a number, and another be the 
same part of another, the sum will also be the same part of the 
sum that the one zs of the one. 


For let the number 4 be a part of AC, 
and another, D, the same part of another EF that 4 is of BC; 
I say that the sum of A, D is also the same 





part of the sum of BC, EF that A is of BC. B E 
For since, whatever part A is of BC, D 
is also the same part of EF, NL lo h 
therefore, as many numbers as there are in L 
F 


BC equal to A, so many numbers are there 
also in EF equal to D. 


Let BC be divided into the numbers equal to 4, namely 
BG AGE, 
and EF into the numbers equal to D, namely EH, HF; 


then the multitude of BG, GC will be equal to the multitude 
ot EH, HF. 

And, since BG is equal to 4, and E77 to D, 
therefore BG, EH are also equal to A, D. 

For the same reason 
GC, HF are also equal to A, D. 

Therefore, as many numbers as there are in BC equal to 
A, so many are there also in BC, EF equal to A, D. 

Therefore, whatever multiple BC is of A, the same multiple 
also is the sum of BC, EF of the sum of 4, D. 

Therefore, whatever part 4 is of BC, the same part also 
is the sum of 4, D of the sum of BC, EF. 

Q. E. D. 


If sm), and mt uh then 
4 n n 
ate= > (5 * d). 
The proposition is of course true for any quantity of pairs of numbers 


similarly related, as is the next proposition also; and both propositions are 
used in the extended form in vil. 9, 10. 
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PROPOSITION 6. 


Jf a number be parts of a number, and another be the same 
parts of another, the sum will also be the same parts of the sum 
that the one ts of the one. 


For let the number 74 7 be parts of the number C, 


and another, DÆ, the same parts of another, 
F, that AB is of C ; 
I say that the sum of AZ, DE is also the 


same parts of the sum of C, F that 4Zis |l p 
HE. "d 
For since, whatever parts AB is of C, á É 





DE is also the same parts of 7; 


therefore, as many parts of C as there are 
in AB, so many parts of / are there also in DZ. 


Let AB be divided into the parts of C, namely AG, GB, 
and DE into the parts of F, namely DH, HE; 
thus the multitude of 4G, G7 will be equal to the multitude 
ot VH, HE. 
And since, whatever part AG is of C, the same part is 
DH of F also, 
therefore, whatever part AG is of C, the same part also is the 
sum of AG, 77 of the sum of C, Z. [vin. 5] 
For the same reason, 
whatever part G7 is of C, the same part also is the sum of 
GB, HE of the sum of C, F. 


Therefore, whatever parts AZ is of C, the same parts also 
is the sum of AZ, DE of the sum of C, F. 


Ot E D: 
If a= b, and =o 
Au Hn 
then a+e=” (bd). 
More generally, if 
m m m 
TS 4, ee | ps wA 
then (ateresge la (b+dsfrhe...). 
H. E. Il. 20 


306 BOOK VII [vit. 6, 7 


In Euclid's proposition m <n, but the generality of the result is of course 
not affected. This proposition and the last are complementary to v. 1, which 
proves the corresponding result with multiplie substituted for “part” or 


“parts.” 


PROPOSITION 7. 


Jf a number be that part of a number, which a number 
subtracted 2s of a number subtracted, the remainder will also 
be the same part of the remainder that the whole ts of the 
whole. 


For let the number AZ be that part of the number CD 
which 74 Æ subtracted is of CF subtracted ; 


I say that the remainder Z7 is also the same part of the 
remainder FD that the whole AZ is of the whole CD. 
E B 
G c F D 








For, whatever part AZ is of C7, the same part also let 
EB be of CG. 

Now since, whatever part AZ is of CF, the same part 
also is £7 of CG, 


therefore, whatever part 4£ is of C7, the same part also is 
AB of GF. (vit. 5] 


But, whatever part A Æ is of CF, the same part also, by 
hypothesis, is 42 of CD; 


therefore, whatever part AB is of GF, the same part is it of 
CD also ; 


therefore G/ is equal to CD. 
Let CF be subtracted from each ; 
therefore the remainder GC is equal to the remainder FD. 


Now since, whatever part AZ: is of C/, the same part 
also is ER of GC, 


while GC is equal to 7D, 


therefore, whatever part AZ is of CZ, the same part also is 
EB of FD, 


But, whatever part A is of CZ, the same part also is 4477 
of 7» 
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therefore also the remainder Z7 is the same part of the 
remainder FD that the whole 74 is of the whole CD. 
QVE D, 


If a =Ż% and cand, we are to prove that 
I 
a-¢= 3 (6 = d), 
a result differing from that of vit. 5 in that minus is substituted for plus. 


Euclid's method is as follows. 
Suppose that e is taken such that 


I 
uni (1) 
Now ez id. 
n 
Therefore a => (d +e), [vil. 5] 
whence, from the hypothesis, d+e=h, 
so that e — 5 — d, 
and, substituting this value of e in (1), we have 
I 
a-f= - (6 = d). 


PROPOSITION 8. 


Jf a number be the same parts of a number that a number 
subtracted is of a number subtracted, the remainder will also 
be the same parts of the remainder that the whole is of the 
whole. 


For let the number 4B be the same parts of the number 
CD that AF subtracted is of CF 
subtracted ; C F D 
I say that the remainder EJ is q mk N H 
also the same parts of the re- 
mainder ZO that the whol AS i r t 3 
is of the whole CD. 

For let GĦ be made equal to AZ. 

Therefore, whatever parts G/7 is of CD, the same parts 
also is A£ of CF. 

Let GH be divided into the parts of CD, namely GA, AFA, 
and AE into the parts of CF, namely AZ, LEZ; 
thus the multitude of GA, XH will be equal to the multitude 
of AL, LE. 








20—2 
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Now since, whatever part GA’ is of CD, the same part 
also is AL of CF, 
while C2 is greater than CF, 
therefore GA is also greater than AZ. 

Let GM be made equal to AL. 


Therefore, whatever part GA is of CD, the same part also 
is GM of CF; 
therefore also the remainder AX is the same part of the 
remainder FD that the whole GX is of the whole CD. (vu. 7] 

Again, since, whatever part A77 is of CD, the same part 
also is EL of CF, 
while C2 is greater than CF; 
therefore 77A is also greater than ZZ. 

Let AWN be made equal to ZZ. 

Therefore, whatever part A77 is of CD, the same part 
also is AWN of CF; 
therefore also the remainder M// is the same part of the 
remainder FD that the whole A77 is of the whole "m i 

vil. 7 

But the remainder 77A was also proved to be the same 
part of the remainder FD that the whole G is of the whole 
CD; 
therefore also the sum of MK, NH is the same parts of DE 
that the whole //G is of the whole CD. 

But the sum of MK, NH is equal to £7, 
and ÆG is equal to BA ; 
therefore the remainder ZZ is the same parts of the remainder 
FD that the whole 47 is of the whole CD. 

or È. D. 


If a=— and e- E | (m <n) 
n n 


then a~e =" (^ - d). 
Euclid's proof amounts to the following. 
Take e equal to : é, and f equal to zad. 


Then since, by hypothesis, 2» d, 
ef, 


and, by vit. 7, e-f- 7 (6-4). 
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Repeat this for all the parts equal to e and / that there are in a, 6 respec- 
tively, and we have, by addition (a, 6 containing » of such parts respectiv ely), 
m 


wie» NS d). 
But mnm(e—-f)-a-c. 
Therefore a-c=— (^ - 4). 


The propositions vit. 7, 8 are Ea to v. 5 which gives the 
corresponding result with mx/fip/e in the place of “part” or “ parts." 


PROPOSITION 9. 


If a number be a part of a number, and another be the 
same part of another, alternately also, whatever part or parts 
the first ts of the third, the same part, or the same parts, will 
the second also be of the fourth. 


For let the number A be a part of the number AC, 
and another, D, the same part of another, £7, 


that ÆA is of BC; E 
I say that, alternately also, whatever part or "| 

parts 4 is of D, the same part or parts is BC G b ^ 
of EF also. ^| E 3 


For since, whatever part A is of BC, the 
same part also is D of EF, 
therefore, as many numbers as there are in BC equal to 4, 
so many also are there in EF equal to D. 

Let BC be divided into the numbers equal to 4, namely 
BG, GC, 
and EF into those equal to D, namely £77, HE; 
thus the multitude of BG, GC will be equal to the multitude 
of AH, HF. 

Now, since the numbers JG, GC are equal to one another, 
and the numbers £77, HF are also equal to one another, 
while the multitude of BG, GC is equal to the multitude of 
ZU, Hi, 
therefore, whatever part or parts ZG is of A//, the same 
part or the same parts is GC of AMF also; 
so that, in addition, whatever part or parts AG is of EH, 


the same part also, or the same parts, is the sum AC of the 
sum £F. (vit. 5, 6] 
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But ZG is equal to 4, and £7 to D; 


therefore, whatever part or parts 4 is of D, the same part or 
the same parts is BC of EF also. 
QED. 


I : : 
If a => b and e d, then, whatever fraction (“ part” or “ parts") a is of 


c, the same fraction will 4 be of 4. 

Dividing 4 into each of its parts equal to a, and d into each of its parts 
equal to c, it is clear that, whatever fraction one of the parts a is of one of the 
parts ¢, the same fraction is any other of the parts a of any other of the parts c. 

And the number of the parts a is equal to the number of the parts e, viz. #. 

Therefore, by vm. 5, 6, a is the same fraction of e that a is of ¢, i.e. 4 is 
the same fraction of 4 that a is of c. 


PROPOSITION 10. 


[f a number be parts of a number, and another be the 
same parts of another, alternately also, whatever parts or part 
the first ts of the third, the same parts or the same part will 
the second also be of the fourth. 


For let the number 4B be parts of the number C, 
and another, DÆ, the same parts of another, 


2. 

I say that, alternately also, whatever parts or 

part 4B is of DE, the same parts or the 4 © 

same part is C of F also. c a L 
For since, whatever parts AB is of C, 

the same parts also is DE of F, B E 


therefore, as many parts of C as there are 
in 4B, so many parts also of F' are there in DE. 


Let AP be divided into the parts of C, namely AG, GB, 
and DE into the parts of F, namely DH, HE; 


thus the multitude of 4G, GB will be equal to the multitude 
of OF, HE. 


Now since, whatever part AG is of C, the same part also 
is DH of F, 


alternately also, whatever part or parts AG is of DH, 
the same part or the same parts is C of F also. [vu. 9] 
For the same reason also, 


whatever part or parts GB is of HE, the same part or the 
same parts is C of F also; 
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so that, in addition, whatever parts or part 447 is of DE, 
the same parts also, or the same part, is C of Z. [vin 5, 6] 
Q. E. D. 


"m m ; : ' 
Ifa= T b and es a”? then, whatever fraction a is of c, the same fraction 


is $ of d. 

To prove this, a is divided into its m parts equal to b/n, and c into its 
m parts equal to d/n. 

'Then, by vii. 9, whatever fraction one of the » parts of a is of one of the 
m parts of e, the same fraction is 4 of d. 

And, by vir. 5, 6, whatever fraction one of the » parts of a is of one of 
the m parts of c, the same fraction is the sum of the parts of a (that is, a) of 
the sum of the parts of ¢ (that is, c). 

Whence the result follows. 

In the Greek text, after the words “so that, in addition” in the last line 
but one, is an additional explanation making the reference to vil. 5, 6 clearer, 
as follows: “whatever part or parts .4G is of DH, the same part or the 
same parts is GB of HE also; 


therefore also, whatever part or parts AG is of DZY, the same part or the same 
parts is AB of DE also. (vin. 5, 6] 


But it was proved that, whatever part or parts 4G is of DH, the same 
part or the same parts is C of /also ; 


therefore also" etc. as in the last two lines of the text. 


Heiberg concludes, on the authority of P, which only has the words in 
the margin in a later hand, that they may be attributed to Theon. 


PROPOSITION 11. 


Jf, as whole is to whole, so zs a number subtracted to a 
number subtracted, the remainder will also be to the remainder 
as whole to whole. 

As the whole 4 B is to the whole CD, so let A E subtracted 
be to CF subtracted ; 

I say that the remainder £7 is also to the remainder a 
FD as the whole ABZ to the whole C. 

Since, as AB is to CD, so is AE to CF, Qt 
whatever part or parts 4B is of CD, the same part 
or the same parts is AE of CF also; [vu Def. 20] 8B' p 

Therefore also the remainder Æ is the same 


part or parts of FD that 2417 is of CD. [vir. 7, 8] 
Therefore, as ZZ is to FD, so is AB to CD. [vu. Def. 20] 
Q. È. D. 


It will be observed that, in dealing with the proportions in Props. 11—13, 
Euclid only contemplates the case where the first number is “a part” or 
“parts” of the second, while in Prop. 13 he assumes the first to be “a part” 
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or “parts” of the third also; that is, the first number is in all three propositions 
assumed to be less than the second, and in Prop. 13 less than the third also. 
Yet the figures in Props. r1 and 13 are inconsistent with these assumptions. 
If the facts are taken to correspond to the figures in these propositions, it is 
necessary to take account of the other possibilities involved in the definition 
of proportion (vii. Def. 20), that the first number may also be a multiple, or 
a multiple p/us “a part” or “parts” (including once as a multiple in this case), 
of each number with which it is compared. ‘Thus a number of different cases 
would have to be considered. ‘The remedy is to make the ratio which is in 
the lower terms the first ratio, and to invert the ratios, if necessary, in order 
to make “a part” or “ parts" literally apply. 

If @:b=6¢:4, (a > 6, 5» d) 
then (a —c):(0—4)-a:4. 

This proposition for numbers corresponds to v. 19 for magnitudes. "The 
enunciation is the same except that the masculine (agreeing with apOpos) 
takes the place of the neuter (agreeing with peéyeBos). 

The proof is no more than a combination of the arithmetical definition of 
proportion (v11. Def. 20) with the results of vit. 7,8. The language of propor- 
tions is turned into the language of fractions by Def. 20; the results of vri. 7, 8 
are then used and the language retransformed by Def. 20 into the language of 
proportions. 


PROPOSITION 12. 


Jf there be as many numbers as we please in proportion, 
then, as one of the antecedents ts to one of the consequents, so 
are all the antecedents to all the consequents. 

Let 4, B, C, D be as many numbers as we please in 
proportion, so that, 


as 4 is to P, so is C to D; 





I say that, as Æ is to PD, so are A, C to B, D. 
For since, as 4 is to P, so is C to Ø, A e| c| o 
whatever part or parts 4 is of Z7, the same part 
or parts is C of D also. (vin. Def. 20] 
Therefore also the sum of 4, C is the same 
part or the same parts of the sum of B, D that A is of B. 
VI. 
Therefore, as 4 is to B, so are A, C to B, D. e iod 


If g que): mel ms, 
then each ratio is equal to (a+ 2 & c ...) : (a « +e  ...). 


The proposition corresponds to v. 12, and the enunciation is word for word 
the same with that of v. 12 except that dpiónós takes the place of péyeBos. 

Again the proof merely connects the arithmetical definition of proportion 
(vir. Def. 20) with the results of vit. 5, 6, which are quoted as true for any 
aa of numbers, and not merely for two numbers as in the enunciations of 
VI*. 5, 6. 
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PROPOSITION 13. 
Jf four numbers be proportional, they will also be propor- 
tional alternately. 
Let the four numbers 4, B, C, D be proportional, so that, 
ase is to Z, so 15 C to J: 
I say that they will also be proportional alternately, so that, 
as A is to C, so will B be to D. 
For since, as 4 is to Z, so is C to D, ^ 
therefore, whatever part or parts A is of B, 








the same part or the same parts is C of D also. n 
(vir. Def. 20] B c 
Therefore, alternately, whatever part or 
parts 4 is of C, the same part or the same 
parts is Æ of D also. [vit. 10] 
Therefore, as A is to C, so is P to D. [vit. Def. 20] 
Q. B. D: 
If beac sd, 
then, alternately, d i 


The proposition ass. to v. 16 for magnitudes, and the proof 
consists in connecting vil. Def. 20 with the result of vit. 10. 


PROPOSITION 14. 


Lf there be as many numbers as we please, and others equal 
to them in multitude, which taken two and two are in the same 
ratio, they will also be in the same ratio ex aequali. 

Let there be as many numbers as we please 4, B, C, 
and others equal to them in multitude 2D, Æ, Z, which taken 
two and two are in the same ratio, so that, 

as Æ is to D, so is D to £, 
and, as P is to C, so is & to F; 
I say that, ev aeguali, 
as A is to C, so also is D to £. 


CUP e D 
-5 E 
C 


For, since, as 4 is to 7, so is D to £, 
therefore, alternately, 
as A is to D, so is D to £. [vin 13] 
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Again, since, as Z is to C, so is & to F, 
therefore, alternately, 
a5 D as to ££, sos C to Z^, (vin. 13] 
But, as Z is to Z, so is A to D; 
therefore also, as 4 is to D, so.is C to Æ. 
Therefore, alternately, 


as 4 is to C, so is D to F. [ia] 
If a:b=d:e, 
and b:c=e:f 
then, ex aeguait, a:c=d:f; 


and the same is true however many successive numbers are so related. 
The proof is simplicity itself. 


By vit. 13, alternately, a: a=): t, 
and divi. 
Therefore e: zc: f, 
and, again alternately, a :c-d :f. 


Observe that this simple method cannot be used to prove the corresponding 
proposition for magnitudes, v. 22, although v. 22 has been preceded by the 
two propositions in that Book corresponding to the propositions used here, 
viz v. 16 and v. 11. The reason of this is that this method would only prove 
v. 22 for six magnitudes a// of the same kind, whereas the magnitudes in v. 22 
are not subject to this limitation. 

Heiberg remarks in a note on vil. 19 that, while Euclid has proved 
several propositions of Book v. over again, by a separate proof, for numbers, 
he has neglected to do so in certain cases; e.g., he often uses v. r1 in these pro- 
positions of Book vir, v. 9 in vil. 19, V. 7 in the same proposition, and so on. 
Thus Heiberg would apparently suppose Euclid to use v. 11 in the last step 
of the present proof (Ratios which are the same with the same ratio are also the 
same with one another). I think it preferable to suppose that Euclid regarded 
the last step as axiomatic; since, by the definition of proportion, the first 
number is the same multiple or the same part or the same parts of the second 
that the third is of the fourth: the assumption is no more than an assumption 
that the numbers or proper fractions which are respectively equal to the same 
number or proper fraction are equal to one another. 

Though the proposition is only proved of six nuinbers, the extension to as 
many as we please (as expressed in the enunciation) is obvious. 


PROPOSITION I5. 


Jf an unit measure any number, and another number measure 
any other number the same number of times, alternately also, 
the unit will measure the third number the same number of 
times that the second measures the fourth. 
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For let the unit 4 measure any number SC, 
and let another number 2 
measure any other number FF —^— & G " C 
the same number of times ; noD ar 
I say that, alternately also, the € K L E 
unit 4 measures the number 
D the same number of times that ZC measures EF. 


For, since the unit 4 measures the number BC the same 
number of times that D measures EF, 
therefore, as many units as there are in ZC, so many numbers 
equal to D are there in £F also. 

Let ZC be divided into the units in it, BG, GH, HC, 
and EZ into the numbers £X, KZ, LF equal to D. 

Thus the multitude of 2G, GH, HC will be equal to the 
multitude of EK, AL, LF. 

And, since the units 2G, GH, HC are equal to one another, 
and the numbers EK, AL, L F are also equal to one another, 
while the multitude of the units ZG, G/7, /7C is equal to the 
multitude of the numbers EK, KL, LF, 


therefore, as the unit 2G is to the number ZA, so will the 
unit G/7 be to the number AZ, and the unit ÆC to the 
number LF. 


Therefore also, as one of the antecedents is to one of 
the consequents, so will all the antecedents be to all the 
consequents ; (vi. 12] 
therefore, as the unit BG is to the number EK, so is BC to 
E. 

But the unit ZG is equal to the unit 4, 
and the number EK to the number JP. 


Therefore, as the unit 4 is to the number 2, so is BC to 
EF. 

Therefore the unit 4 measures the number J the same 
number of times that ZC measures ZF. B. E. D. 








If there be four numbers 1, m, a, ma (such that 1 measures » the same 
number of times that a measures ma), 1 measures a the same number of 
times that m measures ma. 

Except that the first number is unity and the numbers are said to measure 
instead of being a fart of others, this proposition and its proof do not differ 
from vit. 9; in fact this proposition is a particular case of the other. 
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PROPOSITION 16. 


Jf two numbers by multiplying one another make certain 
numbers, the numbers so produced will be equal to one another. 


Let A, B be two numbers, and let 4 by multiplying 8 
make C, and Z by multiplying 





A make D; Á 

I say that C is equal to Ø. a 
For, since A by multiply- c 

ing # has made C, D 

therefore Æ measures C ac- —E 


cording to the units in 4. 

But the unit Æ also measures the number 4 according to 
the units in it ; 

therefore the unit Æ measures 4 the same number of times 
that B measures C. 


Therefore, alternately, the unit Æ measures the number 8 
the same number of times that 4 measures C. [vn. 15] 
Again, since Z by multiplying 4 has made Ø, 


therefore A measures D according to the units in Z. 


But the unit Æ also measures # according to the units 
in it; 

therefore the unit Æ measures the number 7 the same 
number of times that 4 measures D. 


But the unit Æ measured the number Æ the same number 
of times that 4 measures C ; 


therefore A measures each of the numbers C, D the same 
number of times. 


Therefore C is equal to D. Qr É. D. 


2. The numbers so produced. The Greek has ol yeróueroc é£ abróv, * the (numbers) 
produced from them." By “from them" Euclid means ‘‘from the original numbers," though 
this is not very clear even in the Greek. I think ambiguity is best avoided by leaving out 
the words. 


This proposition proves that, /f any numbers be multiplied together, the order 
of multiplication is indifferent, or ab — ba. 

It is important to get a clear understanding of what Euclid means when 
he speaks of one number multiplying another. vit. Def. 15 states that the 
effect of “a multiplying 4” is taking a times 4. We shall always represent 
“a times 6” by ab and “6 times a" by éa. This being premised, the proof 
that ad = óa may be represented as follows in the language of proportions. 
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By vit. Def. 20, 1:a=38: ab, . 
Therefore, alternately, 1:5=a: ab. [vir. 13] 
Again, by vit. Def. 20, 12524 : ba. 

Therefore a:ab=a: ba, 

or ab = ba. 


Euclid does not use the language of proportions but that of fractions or 
their equivalent measures, quoting vil. 15, a particular case of vil. 13 
differently expressed, instead of vil. 13 itself. 


PROPOSITION 17. 


Jf a number by multiplying two numbers make certain 
numbers, the numbers so produced will have the same ratio 
as the numbers multiplied. 

For let the number 4 by multiplying the two numbers B, 
C make D, E ; 

I say that, as B is to C, so is D to Æ. 

For, since 4 by multiplying Z has made Ø, 

therefore 7 measures 2 according to the units in A. 


A 
B——— ———- C 
D E 
eF 

But the unit Æ also measures the number 4 according to 
the units in it; 
therefore the unit 7? measures the number 4 the same number 
of times that # measures D. 

Therefore, as the unit Æ is to the number 4, so is Z to D. 

[vu. Def. 20] 

For the same reason, 
as the unit Æ is to the number 4A, so also is C to £; 
therefore also, as Z is to D, so is C to £. 

Therefore, alternately, as 2 is to C, so is D to Æ. [vit 13] 

Q. Es Ds 
b:e- ab : ae. 


In this case Euclid translates the language of measures into that of 
proportions, and the proof is exactly like that set out in the last note. 


By vu. Def. 20, 1:08 : ab, 
and 1:8-€: ae. 
Therefore 6: @b= ¢: a6; 


and, alternately, b: c=ab: at. [vir. 13] 
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PROPOSITION 18. 


Jf two numbers by multiplying any number make certain 
numbers, the numbers so produced will have the same ratio as 
the multipliers. 


For let two numbers 4, B by multiplying any number C 
make 2D, £ ; 





I say that, asd isto Z, sois D © : 
to 2. D Eu 
For, since 4 by multiplying E 
C has made 2, 
therefore also C by multiplying A has made Ø. (vii. 16] 


For the same reason also 
C by multiplying 7 has made £. 

Therefore the number C by multiplying the two numbers 
A, B has made D, Æ. 


Therefore, as 4 is to Z, so is D to Æ. (vir. 17] 
It is here proved that a:b=ac: be. 
The argument is as follows. 
ac = «a. [vir. 16] 
Similarly be = cb. 
And a:b=ca: cb; (vit. 17] 
therefore a:b=ac: be. 


PROPOSITION 19. 


Jf four numbers be proportional, the number produced from 
the first and fourth will be equal to the number produced from 
the second and third; and, if the number produced from the 
first and fourth be equal to that produced from the second and 
third, the four numbers will be proportional. 


Let A, B, C, D be four numbers in proportion, so that, 
as A is to 7, so is C to D; 
and let 44 by multiplying D make Æ, and let # by multiply- 
ing C make F; 
I say that Æ is equal to 7 
For let 4 by multiplying C make G. 
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Since, then, Æ by multiplying C has made G, and by 
multiplying D has made Æ, . 


the number 4 by multiplying the two 
numbers C, D has made G, Æ. 


Therefore, as C is to J), so is G to £. 
(vir. 17] Aj B| C| D| Ej FF] G 


But, as C is to D, so is A to P; 
therefore also, as 4 is to P, so is G 


to A. 

Again, since 4 by multiplying C 
has made G, 
but, further, 7 has also by multiplying 
C made F, 


the two numbers 4, B by multiplying a certain number C 
have made G, F. 


Therefore, as A is to Z, so is G to 7. [vui 18] 
But further, as 4 is to 7, so is G to & also; 
therefore also, as G is to Æ, so is G to F. 
Therefore G has to each of the numbers Z, F the same 
ratio ; 
therefore Æ is equal to F [cf. v. 9] 
Again, let Z be equal to 7; 
I say that, as 4 is to Z, so is C to D. 
For, with the same construction, 
since Æ is equal to 7, 


therefore, as G is to Æ, so is G to F. [cf. v. 7] 
But, as Gs to /*, so is C tow), (vir. 17] 
and, as G is to Æ, so is A to P. (vit. 18] 
Therefore also, as 4 is to Æ, so is C to D. 

: Q. 3B. D: 
If a:b=e:d, 
then ad = bc; and conversely. 
The proof is equivalent to the following. 
(1) ac:ad=c:d [vir. 17] 
sh: 
But a:b=ae: be. [vir. 18] 
Therefore ac : ad - ac : be 
Or ad = be. 


F- xe 22 AM 
zd 
5 
4 
| 
A 
f 
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(2) Since ad = be, 
ac : ad — ac i be. 
But ac : ad «c 1d, (vu. 17] 
and ac: be=a: b. (vi. 18] 
Therefore a:b=c:d. 


As indicated in the note on vit. 14 above, Heiberg regards Euclid as 
basing the inferences contained in the last step of part (1) of this proof and 
in the first step of part (2) on the propositions v. 9 and v. 7 respectively, 
since he has not proved those propositions separately for numbers in this 
Book. I prefer to suppose that he regarded the inferences as obvious and 
not needing proof, in view of the definition of numbers which are in pro- 
portion. E.g. if ac is the same fraction (“‘ part" or “parts ") of ad that ac is 
of že, it is obvious that ad must be equal to éc, 

Heiberg omits from his text here, and relegates to an Appendix, a 
proposition appearing in the manuscripts V, p, $ to the effect that, if tree 
numbers be proportional, the product of the extremes is equal to the square 
of the mean, and conversely. It does not appear in P in the first hand, B has 
it in the margin only, and Campanus omits it, remarking that Euclid does 
not give the proposition about /Āree proportionals as he does in v1. 17, since 
it is easily proved by the proposition just given. Moreover an-Nairizi quotes 
the proposition about three proportionals as an observation on Vit. 19 probably 
due to Heron (who is mentioned by name in the preceding paragraph). 


PROPOSITION 20. 


The least numbers of those which have the same ratio with 
them measure those which have the same ratio the same number 
of times, the greater the greater and the less the less. 


For let CD, EF be the least numbers of those which have 
the same ratio with 4, B; 
I say that CD measures A the same number 
of times that ZF measures 7. 

Now CD is not parts of A. 


For, if possible, let it be so; A xr we 
therefore E is also the same parts of Z ch f 
that CD is of A. [vir 13 and Def. 20] F 

Therefore, as many parts of 4 as there D 
are in CD, so many parts of 7 are there also 
in E. 


Let CD be divided into the parts of A, namely CG, GD, 
and ZZ into the parts of 7, namely £H, HEF; 
thus the multitude of CG, GD will be equal to the multitude 
PET, Hi. 
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Now, since the numbers CG, G D are equal to one another, 
and the numbers £77, HF are also equal to one another, 
while the multitude of CG, GD is equal to the multitude of 
ETT, LM 
therefore, as CG is to EH, so is GD to HF. 

Therefore also, as one of the antecedents is to one of 
the consequents, so will all the antecedents be to all the 
consequents. [vir. 12] 

Therefore, as CG is to £H, so is CD to EF. 

Therefore CG, EH are in the same ratio with CD, EF, 
being less than they : 
which is impossible, for by hypothesis CD, £F are the least 
numbers of those which have the same ratio with them. 

Therefore CD is not parts of A ; i 


therefore it is a part of it. [vir. 4] 


And EF is the same part of # that CD is of 4; 
[vir. 13 and Def. 20] 


therefore CD measures A the same number of times that EF 


measures Æ. 
©. JE, Di 


If a, b are the least numbers among those which have the same ratio 
(i.e. if a/d is a fraction in its lowest terms), and e d are any others in the same 
ratio, i.e. if 

a:ó-c:d, 


1 I ? : 
then Tal and oa d, where # is some integer. 


The proof is by reductio ad absurdum, thus. 
[Since a «e, a is some proper fraction (“ part” or “ parts ") of c by vir. 4.] 
m s : 
Now a cannot be equal to Pi where m is an integer less than z but 
greater than r. 
. »t m 
For, if a= 20 Me d also. [vin 13 and Def. 20] 
Take each of the m parts of a with each of the m parts of 4, two and two; 


: a s "We I 
the ratio of the members of all pairs is the same ratio a2 m b. 


Therefore 
I 


I 
—a:—b=a:b, (vir. 12] 
m m 
I I r ; 
But zd and b are respectively less than a, 4 and they are in the same 
ratio: which contradicts the hypothesis. 


H. E. Il 2I 
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Hence a can only be “a part” of ¢, or 


? 1 
a is of the form ^ 6 


and therefore à is of the form d. 


Here also Heiberg omits a proposition which was no doubt interpolated 
by Theon (B, V, p, @ have it as vil. 22, but P only has it in the margin 
and in a later hand; Campanus also omits it) proving for numbers the ex 
aequali proposition when “the proportion is perturbed,” i.e. (cf. enunciation 


of v. 22) if 
WE = Cra PILLE (1) 
and aL Gp ge (2) 
then ec=F: fi 
The proof (see Heiberg's Appendix) depends on vil. 19. 
From (1) we have af = be, 
and from (2) be = ed. (vir. 19] 
Therefore af = «d, 
and accordingly a:c=d: f. [vir 19] 


PROPOSITION 21. 


Numbers prime to one another are the least of those which 
have the same ratio with them. 


Let A, B be numbers prime to one another ; 


I say that 4, Z are the least of 
those which have the same ratio 
with them. À c 


For, if not, there will be some 
numbers less than 4, # which are 
in the same ratio with 4, 7. 


Let them be C, D. 

Since, then, the least numbers of those which have the 
same ratio measure those which have the same ratio the 
same number of times, the greater the greater and the less 
the less, that is, the antecedent the antecedent and the 
consequent the consequent, [vir. 20] 
therefore C measures 4 the same number of times that D 
measures 7. 





Now, as many times as C measures A, so many units let 
there bein Æ. 
Therefore D also measures 7? according to the units in Æ. 
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And, since C measures 4 according to the units in Æ, 
therefore Æ also measures A according to the units in C. 


(vir. 16] 

For the same reason 
£ also measures # according to the units in D. [vit. 16] 
Therefore Æ measures 4, Z which are prime to one 
another: which is impossible. (vit. Def. 12] 


Therefore there will be no numbers less than 4, Æ which 
are in the same ratio with 4, B. 
Therefore A, Z are the least of those which have the same 
ratio with them. 
Q. ESD: 


In other words, if a, ? are prime to one another, the ratio a : é is “in its 
lowest terms." 

The proof is equivalent to the following. 

If not, suppose that c, 4 are the Zast numbers for which 

au = com. 

[Euclid only supposes some numbers c, d in the ratio of a to & such that 
¢<a, and (consequently) Z «2. It is however necessary to suppose that 
¢, d are the /Jeas/ numbers in that ratio in order to enable vit. 20 to be 
used in the proof.] 

Then [vii. 20] a = me, and 4 = md, where m is some integer. 


Therefore a=cm, b=dm, [vir. 16] 
and m is a common measure of a, 4, though these are prime to one another: 
which is impossible. (vit. Def. 12] 


Thus the least numbers in the ratio of a to & cannot be less than a, 6 
themselves. 

Where I have quoted vit. 16 Heiberg regards the reference as being to 
Vil. 15. I think the phraseology of the text combined with that of Def. 15 
suggests the former rather than the latter. 


PROPOSITION 22. 


The least numbers of those which have the same ratio with 
them are prime to one another. 


Let 4, B be the least numbers of those which have the 
same ratio with them; 
I say that A, B are prime to one 
another. 

: ; C 

For, if they are not prime to one p 
another, some number will measure ẹ 
them. 
Let some number measure them, and let it be C. 


A 
B 








21—2 
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And, as many times as C measures 4, so many units 
let there be in 2, 


and, as many times as C measures Ø, so many units let there 
be in Z£. 
Since C measures 4 according to the units in 2, 
therefore C by multiplying D has made A. [vir. Def. 15] 
For the same reason also 
C by multiplying Æ has made 7. 


Thus the number C by multiplying the two numbers 2, 
E has made A, £^; 
therefore, as D is to Æ, so is 4 to Z; (vu. 17] 
therefore D, E are in the same ratio with 4, Ø, being less 
than they : which is impossible. 
Therefore no number will measure the numbers A, P. 
Therefore A, & are prime to one another. 
Q. E. D. 
If a : ^ is “in its lowest terms,” a, ? are prime to one another. 
Again the proof is indirect. 
E a, 6 are not prime to one another, they have some common measure c, 
an 
azm, b=ne. 
Therefore m:n=a:b, [vir. 17 or 18] 


But m, n are less than a, 4 respectively, so that a : 4 is not in its lowest 
terms: which is contrary to the hypothesis. 
Therefore etc. 


PROPOSITION 23. 


Jf two numbers be prime to one another, the number which 
measures the one of them will be prime to the remaining 
number. 


Let A, B be two numbers prime to one another, and let 
any number C measure A ; 
I say that C, 7 are also prime to one another. 

For, if C, B are not prime to one another, 
some number will measure C, B. 

Let a number measure them, and let it be 2. 


Since D measures C, and C measures A, 
therefore D also measures A. A B o 


But it also measures 7/; 





vit. 23, 24] PROPOSITIONS 22—24 325 


therefore D measures A, Z which are prime to one another: 
which is impossible. (vir. Def. 12] 


Therefore no number will measure the numbers C, 7. 
Therefore C, 7 are prime to one another. 
@: EID: 


If a, mb are prime to one another, 4 is prime to a. For, if not, some 
number d will measure both a and 4, and therefore both a and mb: which is 
contrary to the hypothesis. 

Therefore etc. 


PROPOSITION 24. 


. Jf two numbers be prime to any number, their product also 
will be prime to the same. 


For let the two numbers 4, 7 be prime to any number C, 
and let 4 by multiplying 7 make D; 
I say that C, D are prime to one another. 

For, if C, D are not prime to one another, 
some number will measure C, D. 


Let a number measure them, and let it B p F 
be £.. 

Now, since C, A are prime to one v 
another, P 
and a certain number Æ measures C, 
therefore 4, £ are prime to one another. (vir. 23] 


As many times, then, as £ measures D, so many units let 


there be in F; 


therefore F also measures D according to the units in Æ. 
[vir. 16] 


Therefore Æ by multiplying Z has made Ø. — (vir. Def. 15] 
But, further, 4 by multiplying Z has also made J ; 
therefore the product of Æ, F is equal to the product of 4, B. 


But, if the product of the extremes be equal to that of the 
means, the four numbers are proportional ; (vir. 19] 


therefore, as Æ is to A, so is & to F. 

But A, Æ are prime to one another, 
numbers which are prime to one another are also the least of 
those which have the same ratio, [vit 21] 
and the least numbers of those which have the same ratio 
with them measure those which have the same ratio the same 
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number of times, the greater the greater and the less the less, 
that is, the antecedent the antecedent and the consequent the 
consequent ; [vit. 20] 
therefore Æ measures Z. 

But it also measures C ; 


therefore Æ measures Z, C which are prime to one another: 
which is impossible. [vir. Def. 12] 


Therefore no number will measure the numbers C, D. 
Therefore C, D are prime to one another. 
QUIE D. 


1. their product. 6 df adrav yevdpevos, literally * the (number) produced from them,” 
will henceforth be translated as * their product." 


If a, 6 are both prime to ¢, then aż, ¢ are prime to one another. - 

The proof is again by reductio ad absurdum. 

If a2, c are not prime to one another, let them be measured by Z and be 
equal to md, nd, say, respectively. 

Now, since a, c are prime to one another and d measures c, 


a, d are prime to one another. [vir. 23] 
But, since ab = md, 
d:a=b:m. [vii 19] 
Therefore [vit. 20] d measures 4, 
or b = pd, say. 
But c= nd. 


Therefore Z measures both ò and ¢ which are therefore not prime to one 
another: which is impossible. 
Therefore etc. 


PROPOSITION 25. 


Jf two numbers be prime to one another, the product of one 
of them into itself will be prime to the remaining one. 
Let 4, B be two numbers prime to one another, 
and let 4 by multiplying itself make C; 
I say that B, C are prime to one another. 
For let D be made equal to 4. ^ 
Since A, J are prime to one another, B 
and 4 is equal to 2, 
therefore D, B are also prime to one another. 
Therefore each of the two numbers 2, A is 
prime to B; 
therefore the product of D, A will also be prime to B. (vii. 24] 





* 
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But the number which is the product of 2, A is C. 
Therefore C, B are prime to one another. Q. E. D. 


1. the product of one of them into itself. The Greek, ó éx rod évàs aùrôv yevóuevos, 
literally * the number produced from the one of them,” leaves *' multiplied into itself” to be 
understood. 

If a, 6 are prime to one another, 

a’ is prime to 4. 
Euclid takes 4 equal to a, so that 4, a are both prime to 4. 
Hence, by vil. 24, da, i.e. a’, is prime to 4. 

The proposition is a particular case of the preceding proposition ; and the 
method of proof is by substitution of different numbers in the result of that 
proposition. 


PROPOSITION 26. 


Jf two numbers be prime to two numbers, both to each, their 
products also will be prime to one another. 
For let the two numbers 4, B be prime to the two 
numbers C, D, both to each, 
and let 24 by nulltiplying Æ pa—an g 
make Æ, and det € by multi- 3. — — -~ pues e 
plying D make Æ; <n 
I say that Æ, F are prime to p 
one another. 
For, since each of the numbers 4, B is prime to C, 
therefore the product of A, B will also be prime to C. [vir. 24] 
But the product of 4, B is £ ; 
therefore Æ, C are prime to one another. 
For the same reason 
£, D are also prime to one another. 


Therefore each of the numbers C, D is prime to Æ. 
Therefore the product of C, D will also be prime to Æ. 


[vir. 24] 
But the product of C, D is £F. 
Therefore Æ, F are prime to one another. Q. E. D. 
If both a and 2 are prime to each of two numbers e, d, then ab, cd will be 


prime to one another. 
Since a, 4 are both prime to v, 


ab, ¢ are prime to one another. [vir. 24] 
Similarly ab, d are prime to one another. 
Therefore c, d are both prime to a2, 


and so therefore is cd. (vir. 24] 
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PROPOSITION 27. 


Jf two numbers be prime to one another, and cach by 
mulliplying itself make a certain number, the products will be 
prime to one another; and, if the original numbers by multi- 
plying the products make certain numbers, the latter will also 
be prime to one another [and this is always the case with the 
extremes]. 


Let A, B be two numbers prime to one another, 
let A by multiplying itself make C, and by 
multiplying C make 2, 
and let 7 by multiplying itself make Æ, and 
by multiplying Æ make 7; 

I say that both C, Æ and D, F are prime q 
to one another. s c 

For, since A, B are prime to one another, 
and A by multiplying itself has made C, 
therefore C, 7 are prime to one another. [vit. 25] 

Since then C, B are prime to one another, 
and Æ by multiplying itself has made Æ, 
therefore C, Æ are prime to one another. [żid] 

Again, since 4, Z are prime to one another, 
and # by multiplying itself has made Æ, 
therefore 4, £ are prime to one another. [42-] 


Since then the two numbers 4, C are prime to the two 
numbers Z, Æ, both to each, 
therefore also the product of A, C is prime to the product of 
Z» B [vu. 26] 
ro the product of 4, C is D, and the product of B, £ 
is F 

Therefore D, F are prime to one another. 


A 





Q. Ei D. 


If a, 6 are prime to one another, so are a’, & and so are a’, &; and, 
generally, a", 6" are prime to one another. 

The words in the enunciation which assert the truth of the proposition for 
any powers are suspected and bracketed by Heiberg because (1) in mepi robs 
dxpovs the use of axpoc is peculiar, for it can only mean “the last products,” 
and (2) the words have nothing corresponding to them in the proof, much 
less is the generalisation proved. Campanus omits the words in the enuncia- 
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tion, though he adds to the proof a remark that the proposition is true of any, 
the same or different, powers of a, 6. Heiberg concludes that the words are 
an interpolation of date earlier than Theon. 

Euclid's proof amounts to this. 

Since a, 6 are prime to one another, so are a’, 6 [vu. 25], and therefore 
also a’, &. (vir. 25] 

Similarly [vit. 25] a, 7? are prime to one another. 

Therefore a, a? and 4, & satisfy the description in the enunciation of 
vit. 26. 

Hence a’, & are prime to one another. 


PROPOSITION 28. 


Jf two numbers be prime to one another, the sum will also 
be prime to each of them, and, if the sum of two numbers be 
prime to any one of them, the original numbers will also be 
prime to one another. 


For let two numbers 4B, BC prime to one another be 
added ; 


I say that the sum AC is also prime x — — $$ — 6 
to each of the numbers 447, PC. 


For, if CA, AB are not prime to 
one another, 


some number will measure CA, AB. 


Let a number measure them, and let it be D. 
Since then D measures CA, AB, 


therefore it will also measure the remainder AC. 
But it also measures 2A ; 


therefore D measures A B, BC which are prime to one another: 
which is impossible. [vi Def. 12] 


Therefore no number will measure the numbers CA, AP; 
therefore CA, AB are prime to one another. 
For the same reason 


AC, CB are also prime to one another. 
Therefore CA is prime to each of the numbers 4B, AC. 
Again, let CA, AB be prime to one another ; 

I say that AB, BC are also prime to one another. 
For, if AB, BC are not prime to one another, 

some number will measure 42, PC. 
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Let a number measure them, and let it be D. 

Now, since D measures each of the numbers AB, BC, it 
will also measure the whole CA. 

But it also measures AB; 
therefore D measures CA, AB which are prime to one another: 
which is impossible. (vir. Def. 12] 

Therefore no number will measure the numbers 747, BC. 


Therefore A, BC are prime to one another. 
Q. E. D. 


If a, 6 are prime to one another, a + ? will be prime to both a and 4; and 
conversely. 

For suppose (a-), a are not prime to one another. They must then 
have some common measure d. 

Therefore d also divides the difference (a + 4) — a, or 4, as well as a; and 
therefore a, 4 are not prime to one another: which is contrary to the 


hypothesis. 
Therefore a + à is prime to a. 
Similarly a + is prime to £. 


The converse is proved in the same way. 

Heiberg remarks on Euclid’s assumption that, if ¢ measures both a and 4, 
it also measures a * /. But it has already (vir. 1, 2) been assumed, more 
generally, as an axiom that, in the case supposed, ¢ measures a + fd. 


PROPOSITION 29. 


Any prime number is prime to any number which tt does 
not measure. 


Let A be a prime number, and let it not measure Z; 
l say that Z, A are prime to one another. 

For, if B, A are not prime to one ——————4 
another, —— m T 
some number will measure them. 


Let C measure them. 
Since C measures 2, 


and A does not measure 2, 
therefore C is not the same with 4. 
Now, since C measures 2, A, 
therefore it also measures 4 which is prime, though it is not 
the same with it : 
which is impossible. 
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Therefore no number will measure Z, A. 
Therefore 4, B are prime to one another. 
Q. E. D. 


If a is prime and does not measure 4, then a, are prime to one another. 
The proof is self-evident. 


PROPOSITION 30. 


Jf two numbers by multiplying one another make some 
number, and any prime number measure the product, it will 
also measure one of the original numbers. 


For let the two numbers 4, B by multiplying one another 
make C, and let any prime number 
D measure C ; 


A 
I say that D measures one of the 4 








numbers 4, B. c ——— 
For let it not measure 4. me s 
Now 2 is prime ; E — 
therefore A, D are prime to one 
another. [vit. 29] 


And, as many times as D measures C, so many units let 
there be in Æ. 
Since then D measures C according to the units in Æ, 


therefore D by multiplying Æ has made C. [vu. Def. 15] 
Further, 4 by multiplying Z has also made C; 


therefore the product of D, Æ is equal to the product of 
z 2. 


Therefore, as D is to A, so is 7 to Æ. [vu. 19] 
But D, A are prime to one another, 
primes are also least, [vu. 21] 


and the least measure the numbers which have the same 
ratio the same number of times, the greater the greater and 
the less the less, that is, the antecedent the antecedent and 
the consequent the consequent ; [vir. 20] 
therefore D measures Z. 

Similarly we can also show that, if D do not measure Ø, 
it will measure A. 

Therefore D measures one of the numbers 4, 7. 

Q. E. D. 
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If ¢, a prime number, measure a2, ¢ will measure either a or 2. 
Suppose ¢ does not measure a. 


Therefore c, a are prime to one another. (vit. 29] 
Suppose ab = me. 

Therefore ¢:a=b: m, (vu. 19] 
Hence [vi 20, 21] c measures 6. 


Similarly, if ¢ does not measure 4, it measures a. 
Therefore it measures one or other of the two numbers a, 4 


PROPOSITION 31. 


Any composite number ts measured by some prime number. 


Let 4 be a composite number ; 
I say that A is measured by some prime number. 
For, since A is composite, 








5 some number will measure it. A 
Let a number measure it, and let it B 
be B. C 





Now, if B is prime, what was en- 
joined will have been done. 
1o But if it is composite, some number will measure it. 
Let a number measure it, and let it be C. 
Then, since C measures Z, 


and Æ measures A, 
therefore C also measures A. 


1s And, if C is prime, what was enjoined will have been - 
done. 

But if it is composite, some number will measure it. 

Thus, if the investigation be continued in this way, some 
prime number will be found which will measure the number 

20 before it, which will also measure A. 

For, if it is not found, an infinite series of numbers will 
measure the number 4, each of which is less than the other: 
which is impossible in numbers. 

Therefore some prime number will be found which will 

25 measure the one before it, which will also measure A. 

Therefore any composite number is measured by some 


prime-number. 
Q. E. b. 
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8. if B is prime, what was enjoined will have been done, i.e. the implied 
problem of finding a prime number which measures 4. 

z 18. some prime number will be found which will measure. In the Greek the 
sentence stops here, but it is necessary to add the words * the number before it, which will 
also measure 4,” which are found a few lines further down. It is possible that the words 
may have fallen out of P here by a simple mistake due to óuotoréAevror (Heiberg). 


Heiberg relegates to the Appendix an alternative proof of this proposition, 
to the following effect. Since Æ is composite, some number will measure it. 
Let B be the /eas/ such number. I say that B is prime. For, if not, Z is 
composite, and some number will measure it, say C; so that C is less than Z. 
But, since C measures Z, and Z measures A, C must measure 4. And C is 
less than Æ: which is contrary to the hypothesis. 


PROPOSITION 32. 


Any number either is prime or is measured by some prime 
number. 


Let 44 be a number; 


I say that 4 either is prime or is measured by some prime 
number. 


If now A is prime, that which was a 
enjoined will have been done. 
But if it is composite, some prime number will measure it. 
vil. 31] 
Therefore any number either is prime or is besten by 
some prime number. 
QU ETD: 


PROPOSITION 33. 


Given as many numbers as we please, to find the least of 
those which have the same ratio with them. 


Let 4, B, C be the given numbers, as many as we please ; 
thus it is required to find the least of 
s those which have the same ratio with | 
A,B,C. loa acd D 
A, B, C are either prime to one 
another or not. 
Now, if 4, B, C are prime to one 
io another, they are the least of those 4 | 
which have the same ratio with them. LM F 
(vir. 21] 
But, if not, let D the greatest common measure of A, B, C 
be taken, [vir. 3] 





X—— 





G 
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. 


and, as many times as D measures the numbers 4, B, C 
15 respectively, so many units let there be in the numbers 
E, F, G respectively. 
Therefore the numbers £, F, G measure the numbers 4, 
D, C respectively according to the units in D. [vi. 16] 
Therefore £, F, G measure A, B, C the same number of 
20 times ; 
therefore Æ, F, G are in the same ratio with 4, Ð, C. 
[vir. Def. 20] 
I say next that they are the least that are in that ratio. 
For, if £, F, G are not the least of those which have the 
same ratio with 4, B, C, 
25 there will be numbers less than Æ, 7j, G which are in the 
same ratio with 4, B, C. 
Let them be ZZ X, L; 
therefore Æ measures A the same number of times that the 
numbers A, Z measure the numbers Z, C respectively. 
30 Now, as many times as /7 measures 4, so many units let 
there be in 77; 
therefore the numbers A, Z also measure the numbers Z, C 
respectively according to the units in M. 
And, since Æ measures A according to the units in M, 
35 therefore M also measures A according to the units in Æ. 
[vii. 16] 
For the same reason 
M also measures the numbers Ø, C according to the units in 
the numbers A, Z respectively ; 
Therefore 77 measures A, B, C. 
4o Now, since Æ measures A according to the units in 77, 
therefore 77 by multiplying M has made 4. .  [vu. Def. 15] 
For the same reason also 
E by multiplying D has made A. 


Therefore the product of Æ, D is equal to the product of 
45 H, M. 
Therefore, as £ is to 7/7, so is M to D. [vi 19] 
But Æ is greater than 77; 
therefore 77 is also greater than D. 


And it measures 4, 2, C: 
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so which is impossible, for by hypothesis D is the greatest 
common measure of 4, 
Therefore there cannot be any numbers less than £, A G 
which are in the same ratio with 4, B, C. 
Therefore £, F, G are the least of those which km the 
55 same ratio with 4, B, C. 
Q. E. D. 


17. the numbers E, F, G measure the numbers A, B, C respectively, 
literally (as usual) “each of the numbers Æ, F, G measures each of the numbers 4, 


Given any numbers a, 4, c, ..., to find the least numbers that are in the 
same ratio. 
Euclid's method is the obvious one, and the result is verified by reductio 
ad absurdum. 
We will, like Euclid, take three numbers only, a, 4, c. 
Let g, their greatest common measure, be found [vi!. 3], and suppose that 
a = mg, ie. gm, [vir. 16] 
b=ng, ie. gn, 
c=pg, ke. gp. 
It follows, by vri. Def. 20, that 
m:n:p-a:ób:c 
m, n, p shall be the numbers required. 
For, if not, let x, y, z be the least numbers in the same ratio as a, 4, v, 
being less than m, 2, P. 


Therefore 8 — Áx (or xk, vil. 16), 
= &y (or yk), 
€ — ksz (or zk), 
where £ is some integer. [vir. 20] 
Thus mg= a= xk, 
Therefore wm w= Bg, (vi. r9] 


And m> x; therefore & > g. 

Since then & measures a, 4, ¢, it follows that g is not the greatest common 
measure: which contradicts the hypothesis. 

Therefore etc. 


It is to be observed that Euclid merely supposes that x, y, z are smaller 
numbers than m, #, f in the ratio of a, 4, c; but, in order to justify the next 
inference, which apparently can only depend on VII. 20, x,y,z must also be 
assumed to be the /eas numbers in the ratio of a, à, c. 

The inference from the last proportion that, since m > x, Å > g is supposed 
by Heiberg to depend upon vil. 13 and v. 14 together. I prefer to regard 
Euclid as making the inference quite independently of Book v. E.g, the 
proportion could just as well P written 

vet uar: k 
when the definition of DOR, in Book vri. (Def. 20) gives all that we want, 
since, whatever proper fraction x is of m, the same proper fraction is g of 4. 
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PROPOSITION 34. 


Given two numbers, to find the least number which they 
measure. 


Let A, B be the two given numbers ; 
thus it is required to find the least number which they 
measure. 

Now A, B are either prime to one " 
another or not. c 

First, let 4, B be prime to one Eu m 
another, and let 4 by multiplying Z 
make C; E 
therefore also Z by multiplying 4 has 
made C. [vir. 16] 

Therefore 4, B measure C. 

I say next that it is also the least number they measure. 

For, if not, 4, B will measure some number which is less 
than C. 

Let them measure D. 

Then, as many times as 4 measures D, so many units let 
there be in Z, 
and, as many times as Z measures D, so many units let there 
be in F^; 
therefore 4 by multiplying Æ has made 2, 














and Ž by multiplying F has made D ; (vi. Def. 15] 

therefore the product of A, Æ is equal to the product of 2, F. 
Therefore, as A is to B, so is / to Æ. [vii. 19] 
But A, Z are prime, 

primes are also least, (vir. 21] 


and the least measure the numbers which have the same ratio 
the same number of times, the greater the greater and the less 
the less; [vii. 20] 
therefore 2 measures £, as consequent consequent. 
And, since 4 by multiplying 2, £ has made C, D, 
therefore, as 7 is to Æ, so is C to D. [vu. 17] 
But AB measures Æ ; 
therefore C also measures Ø, the greater the less : 
which is impossible. 
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Therefore 4, B do not measure any number less than C ; 
therefore C is the least that is measured by 4, 7. 

Next, let 4, Z not be prime to one another, 
and let /, Æ, the least numbers of those which have the same 











ratio with A, B, be taken ; [vit. 33] 
therefore the product of 4, £ is equal to the product of B, F. 
VIL I 
And let A by multiplying Æ ds 
make C; A Ic pe e 
therefore also 7 by multiplying Æ F E 
has made C; 
therefore 4, B measure C. HM e 
I say next that it is also the least an H 


number that they measure. 

For, if not, A, & will measure some number which is less 
than C. 

Let them measure D. 

And, as many times as 4 measures D, so many units let 
there be in G, 


and, as many times as Z measures D, so many units let there 
be in Æ. 
Therefore 4 by multiplying G has made 2, 
and # by multiplying 77 has made Ø. 
Therefore the product of A, Œ is equal to the product of 
P», Ms 
therefore, as A is to B, so is H to G. [vir 19] 
But, as 4 1s to 7, so is F to £F. 
Therefore also, as F is to Æ, so is Æ to G. 
But Æ Æ are least, 


and the least measure the numbers which have the same ratio 
the same number of times, the greater the greater and the 
less the less ; [vir. 20] 
therefore £ measures G. 
And, since 4 by multiplying Æ, G has made C, Ø, 
therefore, as Æ is to G, so is C to D. (vit. 17] 
But £ measures C ; 
therefore C also measures 2, the greater the less : 
which is impossible. 


H. E. IL 22 
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Therefore A, Z will not measure any number which is less 
than C. 
Therefore C is the least that is measured by 4, 7. 
Q. E. D. 


This is the problem of finding the /eas/ common multiple of two numbers, 
as a, ^. 


I. Ifa, be prime to one another, the L.C.M. is a. 


For, if not, let it be d, some number less than a£. 


Then d= ma = nb, where m, n are integers. 
Therefore a:b=nim [vir. 19] 
and hence, a, ? being prime to one another, 
b measures m, [vit. 20, 21] 
But b:m=ab:am [vir. 17] 
— d : d. 


Therefore a» measures 7: which is impossible. 


II. If a, be not prime to one another, find the numbers which are the 


least of those having the ratio of a to 4, say m, n; [vir. 33] 
then a:b=m:, ; 
and an = bm (=6, say); [vi 19] 


€ is then the L.C.M. 
For, if not, let it be g (< c), so that 
ap = bg = d, where f, g are integers. 


Then a:b=9:f, [yi 19] 
whence "m :n-gip, 
so that n measures f. [vin 20, 21] 
And m:p-an:iapzcc:d, 
so that c measures d: 


which is impossible. 
Therefore etc. 
By vn. 33, m= 
, where ẹ is the G.C.M. of a, 4. 


. a 
Hence the L.C.M. is EC 
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PROPOSITION 35. 


If two numbers measure any number, the least number 
measured by them will also measure the same. 


For let the two numbers 4, 7 measure any number CD, 
and let Æ be the least that they 
measure ; 


I say that Æ also measures CD. a 


For, if Æ does not measure E 
CD, let £, measuring DF, leave CF less than itself. 


Now, since 4, B measure Æ, 

and / measures DF, 

therefore 4, B will also measure DF. 
But they also measure the whole CD ; 


therefore they will also measure the remainder CF which is 
less than Æ: 


which is impossible. 
Therefore Æ cannot fail to measure CD ; 
therefore it measures it. 


B 





F 








Q. E. D. 


The Æast common multiple of any two numbers must measure any other 
common multiple. 

The proof is obvious, depending on the fact that, if any number divides a 
and 4, it also divides a — pè. 


PROPOSITION 36. 


Gwen three numbers, to find the least number which they 
measure, 


Let 4, B, C be the three given numbers ; 


thus it is required to find the least 
number which they measure. 

Let D, the least number mea- 
sured by the two numbers 4, B, 
be taken. [vir. 34] 

Then C either measures, or 
does not measure, D. 

First, let it measure it. 





moon > 





22—2 
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But 4, Z also measure D ; 
therefore 4, B, C measure D. 


I say next that it is also the least that they measure. 

For, if not, 4, P, C will measure some number which is 
less than D. 

Let them measure Æ. 

Since 4, B, C measure Æ, 


therefore also 4, 7 measure Æ. 


Therefore the least number measured by 4, Z will also 
measure Æ. [vu 35] 
But Ø is the least number measured by 4, 2; 
therefore D will measure Æ, the greater the less : 
which is impossible. 
Therefore 4, B, C will not measure any number which is 
less than D; 
therefore D is the least that A, 77, C measure. 
Again, let C not measure 2, 
and let Æ, the least number measured by 


C, D, be taken. > x 
Since A, B measure D, S 

and 2 measures Z, D 

therefore also 4, 7! measure Æ. SS E 
But C also measures Æ; IX NER RA 


therefore also 44, B, C measure Æ. 


| say next that it is also the least that they measure. 

For, if not, A, 7, C will measure some number which 
is less than Æ. 

Let them measure 7. 


Since A, B, C measure 7, 
therefore also 4A, 77 measure 7^; 


therefore the least number measured by A, B will also 
measure 7. [vu 35] 


But 2 is the least number measured by A, B; 
therefore D measures 7. 
But C also measures 7; 
therefore D, C measure 7, 
so that the least number measured by D, C will also measure Æ 
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But / is the least number measured by C, D; 
therefore Æ measures Æ, the greater the less: 
which is impossible. 

Therefore 4, B, C will not measure any number which is 
less than Æ. 


Therefore Æ is the least that is measured by 4, 7, C. 
QUETD. 


Euclid's rule for finding the L.c.m. of ‘Aree numbers a, 4, ¢ is the rule with 
which we are familiar. The L.c.M. of a, 4 is first found, say d, and then the 
L.C.M. of d and c is found. 

Euclid distinguishes the cases (1) in which ¢ measures 4, (2) in which c 
does not measure d. We need only reproduce the proof of the general case 
(2) The method is that of reductio ad absurdum. 

Let e be the L.C.M. of d, c. 

Since a, 6 both measure d, and d measures e, 

a, both measure e. 

So does c. 

Therefore e is some common multiple of a, b, c. 

If it is not the Zasz, let f be the 1.c.M. 

Now a, 4 both measure f; 


therefore d, their L.C.M., also measures / [vi 35] 
Thus 4, ¢ both measure /; 
therefore e, their L.C.M., measures f: [vri. 35] 


which is impossible, since / < e. 
Therefore etc. 


The process can be continued ad /ibitum, so that we can find the L.C.M., 
not only of three, but of as many numbers as we please. 


PROPOSITION 37. 


Jf a number be measured by any number, the number which 
ts measured will have a part called by the same name as the 
measuring number. 

For let the number 4 be measured by any number Z; 

I say that 4 has a part called by the same 
name as 7. A 

For, as many times as # measures A, B 
so many units let there be in C. R 

Since # measures A according to the p— 
üni in C, 
and the unit D also measures the number C according to the 
units in it, 
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therefore the unit D measures the number C the same number 
of times as 7! measures 4. 

Therefore, alternately, the unit D measures the number Z 
the same number of times as C measures 4 ; [vir. 15] 
therefore, whatever part the unit D is of the number Ø, the 
same part is C of A also. 

But the unit D is a part of the number Æ called by the 
same name as It; 
therefore C is also a part of A called by the same name as 7, 
so that Æ has a part C which is called by the same name as 2. 

Q. deed. 


I . 
If 6 measures a, then = th of a is a whole number. 


b 


Let a=m.0. 
Now mom... 
Thus 1, ™, 4, a satisfy the enunciation of vil. 15; 
therefore » measures a the same number of times that 1 measures ^. 


But 1 is zth part of 4; 
therefore m is z th part of a. 


PROPOSITION 38. 


Jf a number have any part whatever, it will be measured 
by a number called by the same name as the part. 


For let the number 4 have any part whatever, B, 


and let C be a number called by the same 
name as the part 2; 


I say that C measures A. a 


For, since Z is a part of A called by 
the same name as C, 


and the unit 2 is also a part of C called 
by the same name as it, 


therefore, whatever part the unit D is of the number C, 
the same part is B of A also; 


therefore the unit D measures the number C the same number 
of times that Z measures A. 








—O 
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Therefore, alternately, the unit D measures the number Z 
the same number of times that C measures 4. (vit. 15] 
Therefore C measures A. 
Q. E. D. 


This proposition is practically a restatement of the preceding proposition. 


It asserts that, if ^ is ~ th part of a, 


è . I 
Le, if =>a 
? m , 
then m measures d. 
1 
We have ó-2-—a, 
m 
1 
and 1 — — Pt. 


m 
Therefore 1, » 6, a, satisfy the enunciation of vi. r5, and therefore m 
measures a the same number of times as r measures 2, or 


I 
Jl — « d. 


b 


PROPOSITION 39. 


To find the number which is the least that will have given 
parts. 
Let A, B, C be the given parts; 
thus it is required to find the number which is the least that 
will have the parts 4, B, C. 
A E3 c 


D 








E 


H 


Let D, Æ, F be numbers called by the same name as the 
parts 4, P, C, 

and let G, the least number measured by D, Æ, F, be taken. 

[vir. 36] 

Therefore G has parts called by the same name as 2, £, F. 


[vir. 37] 
But A, B, C are parts called by the same name as D, Æ, F; 


therefore G has the parts 4, 7, C. 
] say next that it is also the least number that has. 
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For, if not, there will be some number less than G which 
will have the parts 4, B, C. 

Let it be 77. 

Since 77 has the parts 4, B, C, 


therefore 77 will be measured by numbers called by the same 
name as the parts 4, B, C. [vu. 38] 


But D, Æ, F are numbers called by the same name as the 
parts-24, B, C; 
therefore /7 is measured by D, £, F. 


And it is less than G: which is impossible. 
Therefore there will be no number less than G that will 
have the parts 4, B, C. 
Q. BED. 


This again is practically a restatement in another form of the problem of 
finding the t.c.M. 
I 


To find a number which has = th, j 


th and = th parts. 
Let d be the L.C.M. of a, 4, c. 


Thus d has = th, ; th and =th parts, [vir 37] 


If it is not the least number which has, let the least such number be e. 
Then, since e has those parts, 


e is measured by a, 4, c; and e« d: 
which is impossible. 


BOOK VIII. 


PROPOSITION 1. 


Jf there be as many numbers as we please in continued 
proportion, and the extremes of them be prime to one another, 
the numbers are the least of those which have the same ratio 
with them. 


Let there be as many numbers as we please, 4, B, C, D, 
in continued proportion, 
and let the extremes of them A 
A, D be prime to one another; | 8— 
[say that 4,45, C, D aee the S~ mt 
least of those which have the 05—————— H- 
same ratio with them. 

For, if not, let £, F, G, 7/7 be less than A, B, C, D, and 
in the same ratio with them. 

Now, since 4, P, C, D are in the same ratio with Æ, Æ, 
G, M, 
and the multitude of the numbers 4, B, C, D is equal to the 
multitude of the numbers Æ, F, G, /7, 


therefore, ex aequat, 





E—— 


F — 








as A is to D, so is Æ to /7. [vir. 14] 
But A, D are prime, 
primes are also least, [vin. 21] 


and the least numbers measure those which have the same 
ratio the same number of times, the greater the greater and 
the less the less, that is, the antecedent the antecedent and 
the consequent the consequent. [vii. 20] 
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Therefore A measures Æ, the greater the less : 
which is impossible. 
Therefore E, F, G, H which are less than 4, 7, C, D 
are not in the same ratio with them. 
Therefore A, P, C, D are the least of those which have 
the same ratio with them. 
Q. E. D. 

What we call a geometrical progression is with Euclid a series of terms “in 
continued proportion” (£s avaAoyov). 

This proposition proves that, if a, 4, e, ... Å are a series of numbers in 
geometrical progression, and if a, Å are prime to one another, the series is in 
the lowest terms possible with the same common ratio. 

The proof is in form by reductio ad absurdum. We should no doubt 
desert this form while retaining the substance. If a’, 6, d, ... 4° be any other 
series of numbers in c.P. with the same common ratio as before, we have, 
ex aequali, 

a:k=a':k, (vir. 14] 
whence, since a, Å are prime to one another, a, $ measure a’, 2’ respectively, so 
that a’, X are greater than a, & respectively. 


PROPOSITION 2. 
To find numbers in continued proportion, as many as may 
be prescribed, and the least that are in a given ratio. 
Let the ratio of A to 7 be the given ratio in least 
numbers ; 


thus it is required to find numbers in continued proportion, 
as many as may be prescribed, and the least that are in the 


ratio of A to 7. 
E c 


B —————D 








Let four be prescribed ; 
let A by multiplying itself make C, and by multiplying Z let 
it make J ; 
let 7 by multiplying itself make Æ; 
further, let 4 by multiplying C. D, & make 7, G, 77, 
and let & by multiplying Æ make A. 
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Now, since 4 by multiplying itself has made C, 
and by multiplying Z has made 2, 
therefore, as A is to Æ, so is C to D. (vir. 17] 

Again, since 4 by multiplying Z has made 2, 
and # by multiplying itself has made Æ, 
therefore the numbers A, B by multiplying Z have made the 
numbers D, Æ respectively. 

Therefore, as A is to Z, so is D to £. (vii. 18] 

But, as Æ is to Z, so is C to D; 
therefore also, as C is to D, so is D to Æ. 

And, since A by multiplying C, D has made 7, G, 
therefore, as C is to D, so is F to G. [vu. 17] 

But, as C is to D, so was A to B; 
therefore also, as 4 is to 7, so is F to G. 

Again, since 4 by multiplying D, Æ has made G, 77, 
therefore, as D is to Æ, so is G to H. [vii. 17] 

But, as D is to Æ, so is A to J. 

Therefore also, as 4 is to B, so is C to 77. 

And, since 4, B by multiplying Æ have made 77, A, 
therefore, as 4 is to P, so is H to K. (vir. 18] 

But, as A is to Æ, so is F to G, aud G ito 77. 

Therefore also, as F is to G, so is C to 77, and 77 to K; 
therefore C, D, E, and Z, G, H, A are proportional in the 
ratio of A to B. 

I say next that they are the least numbers that are so. 

For, since A, Z are the least of those which have the 
same ratio with them, 
and the least of those which have the same ratio are prime 
to one another, [vi. 22] 
therefore 4, B are prime to one another. 


And the numbers 4, 7 by multiplying themselves re- 
spectively have made the numbers C, Æ, and by multiplying 
the numbers C, Æ respectively have made the numbers Æ, K; 
therefore C, £ and Æ, A are prime to one another respectively. 

[vii. 27] 

But, if there be as many numbers as we please in continued 

proportion, and the extremes of them be prime to one another, 
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they are the least of those which have the same ratio with 


them. [vin 1] 
Therefore C, D, £ and Æ, G, H, K are the least of those 
which have the same ratio with A, B. Q. E. D. 


Ponuisw. From this it is manifest that, if three numbers 
in continued proportion be the least of those which have the 
same ratio with them, the extremes of them are squares, and, 
if four numbers, cubes. 


To find a series of numbers in geometrical progression and in the least 
terms which have a given common ratio (understanding by that term ¢he ratio 
of one term lo the next). 

Reduce the given ratio to its lowest terms, say, a : &. (This can be done 
by Vil. 33.) 

Then d*, qt-15, ae, ... 7-7, apt, & 
is the required series of numbers if (» + 1) terms are required. 

That this is a series of terms with the given common ratio is clear from 
Vil. T7, v8. 

That the c.r. is in the smallest terms possible is proved thus. 

a, 6 are prime to one another, since the ratio a : å is in its lowest terms. 


[vir 22] 
Therefore a’, 7^ are prime to one another ; so are a’, & and, generally, 
wt UM. (vin. 27] 


Whence the c.r. is in the smallest possible terms, by vi. 1. 
The Porism observes that, if there are # terms in the series, the 
extremes are (# — 1)th powers. 


PROPOSITION 3. 


Jf as many numbers as we please in continued proportion 
be the least of those which have the same ratio with them, the 
extremes of them are prime to one another. 


Let as many numbers as we please, 4, B, C, D, in con- 
tinued proportion be the least of those which have the same 
ratio with them ; 
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I say that the extremes of them A, D are prime to one 
another. 


For let two numbers Æ, /, the least that are in the ratio 


of A, B, C, D, be taken, [vu. 33] 
then three others G, HÆ, A with the same property ; 
and others, more by one continually, [vin. 2] 


until the multitude taken becomes equal to the multitude of 


the numbers 4, B, C, D. 


Let them be taken, and let them be Z, M, N, O. 
Now, since Æ, F are the least of those which have the 
same ratio with them, they are prime to one another. [vu. 22] 
And, since the numbers Æ, F by multiplying themselves 
respectively have made the numbers G, X, and by multiplying 
the numbers G, A’ respectively have made the numbers Z, O, 
(vit. 2, Por.] 
therefore both G, X and Z, O are prime to one another.  [vii. 27] 


And, since A, B, C, D are the least of those which have 
the same ratio with them, 


while Z, M, N, O are the least that are in the same ratio with 
ATQ m 


and the multitude of the numbers 4, 7, C, D is equal to the 
multitude of the numbers Z, M, N, O, 


therefore the numbers 4, Z, C, D are equal to the numbers 
L, M, N, O respectively ; 


therefore A is equal to Z, and 2 to O. 


And Z, O are prime to one another. 
Therefore 4, D are also prime to one another. 
Q. & D. 


The proof consists in merely equating the given numbers to the terms of 
a series found in the manner of vin. 2. 

If a, b, e, ... & (n terms) be a geometrical progression in the lowest terms 
having a given common ratio, the terms must respectively be of the form 

e a”-?B, ; Mus aget Bv 

found by vin. 2, where a : B is the ratio a : expressed in its lowest terms, so 
that a, B are prime to one another [vit. 22], and hence a"™', 8*^' are prime 
to one another [vit. 27]. 

But the two series must be the same, so that 


= -1 Ne = 
a= a" , Ó : p" r 
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PROPOSITION 4. 


Given as many ratios as we please in least numbers, to find 
numbers in continued proportion which are the least in the 
given ratios. 

Let the given ratios in least numbers be that of 4 to 7, 

s that of C to D, and that of Z to F; 
thus it is required to find numbers in continued proportion 
which are the least that are in the ratio of 74 to 7, in the 
ratio of C to D, and in the ratio of £ to 7. 








A— n.o. 
e — D= 
E —— F 
Re G 
o H 
Bu -————— pr c cM T rere 
| — CDS 


Let G, the least number measured by Ø, C, be taken. 
[vi 34] 
1o And, as many times as 7 measures C, so many times also 
let A measure 77, 
and, as many times as C measures G, so many times also let 
D measure K. 
Now Æ either measures or does not measure A. 
15 First, let it measure it. 
And, as many times as Z measures A, so many times let 
F measure Z also. 
Now, since A measures 7/7 the same number of times that 
B measures G, 
20 therefore, as A is to 2, so is Æ to G. [vu. Def. 20, vir. 13] 
For the same reason also, 
as C is to D, so is G'to X, 
and further, as Z is to 7, so is K to ZL: 
therefore 77, G, A, L are continuously proportional in the 
25 ratio of A to Ø, in the ratio of C to D, and in the ratio of Æ 
to F. 
I say next that they are also the least that have this 


property. 
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For, if Æ, G, X, L are not the least numbers continuously 
3o proportional in the ratios of 4 to 7, of C to D, and of & 
to Æ, let them be N, O, M, P. 
Then since, as 4 is to B, so is M to O, 
while 4, B are least, 
and the least numbers measure those which have the same 
35 ratio the same number of times, the greater the greater and 
the less the less, that is, the antecedent the antecedent and the 
consequent the consequent ; 


therefore Z measures O. [vi1. 20] 
For the same reason 
4o C also measures O; 
therefore 7, C measure O ; 


therefore the least number measured by 7, C will also 
measure O. (vit. 35] 


But G is the least number measured by Z, C; 
4s therefore G measures O, the greater the less: 
which is impossible. 


Therefore there will be no numbers less than ZZ, G, A, L 


which are continuously in the ratio of A to B, of C to D, and 
of £ to F. 


50 Next, let Z not measure A. 

















A — c— E 
B ——- p— E 
G ————— H 
K —————— = Q 
M ————— —— R 
O S 
N T 
P- 


Let M, the least number measured by Æ, A, be taken. 
And, as many times as A’ measures 77, so many times let 
ff, G measure N, O respectively, 


and, as many times as Æ measures M, so many times let Æ 
ss measure FP also. 


Since Æ measures M the same number of times that G 
measures Ó, 


therefore, as Æ is to G, so is N to O. (vi. 13 and Def. 20] 
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But, as M is to G, so is A to 75; 
60 therefore also, as 4 is to B, so is N to O. 
For the same reason also, 
as C is to D, so is O to M. 
Again, since Æ measures M the same number of times that 
F measures P, 
6s therefore, as Æ is to /, so is M to P; [vii 13 and Def. 20] 
therefore VV, O, M, P are continuously proportional in the 
ratios of 4 to B, of C to D, and of £ to 7 
I say next that they are also the least that are in the ratios 
HAD c e ae fo 
70 For, if not, there will be some numbers less than V, O, 
M, P continuously proportional in the ratios 44 : P, C: D, 
E 
Let them be Q, R, S, 7. 
Now since, as Q is to &, so is A to 7, 
75 while A, B are least, 
and the least numbers measure those which have the same 
ratio with them the same number of times, the antecedent the 
antecedent and the consequent the consequent, (vii. 20] 
therefore Z measures KA. 
80 For the same reason C also measures X ; 
therefore 7, C measure K. 
Therefore the least number measured: by 2, C will also 
measure A. [vir 35] 
But G is the least number measured by 7, C; 
85 therefore C measures A. 
And, as G is to Æ, so is A’ to S: (vii. 13] 
therefore A’ also measures .S. 
But Æ also measures S; 
therefore /, A” measure S. 
9o Therefore the least number measured by Æ, A will also 
measure .S. (vu. 35] 
But M is the least number measured by £, A ; 
therefore M measures SS, the greater the less: 
which is impossible. 
o; Therefore there will not be any numbers less than N, O, 
M, P continuously proportional in the ratios of A to B, of 
C to D, and of E tof; 
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therefore VV, O, M, P are the least numbers continuously 
proportional in the ratios 44 : B, C: D, E: F. Q. E. D. 


69, 71, 99. the ratios A: B, C: D, E:F. This abbreviated expression is in the 
Greek of AB, T'A, EZ Adyou. 


The term “in continued proportion” is here not used in its proper sense, 
since a geometrical progression is not meant, but a series of terms each of 
which bears to the succeeding term a given, but not the same, ratio. 

The proposition furnishes a good example of the cumbrousness of the 
Greek method of dealing with non-determinate numbers. The proof in fact 
is not easy to follow without the help of modern symbolical notation. If 
this be used, the reasoning can be made clear enough. 

Euclid takes /4zee given ratios and therefore requires to find four numbers. 
We will leave out the simpler particular case which he puts first, that namely 
in which Æ accidentally measures K, the multiple of D found in the first few 
lines; and we will reproduce the general case with //tee ratios. 

Let the ratios in their lowest terms be 

SAA, 70:89 e 

Take 4, the L.C.M. of 4, ¢, and suppose that 

l, = mb = nc. 
Form the numbers ma, mb |» nd. 
z AC 
These are in the ratios of a to ? and of ¢ to Z respectively. 
Next, let /, be the L.c.m. of nd, e, and let 
A = pnd = ge. 
Now form the numbers 
pma, pmb I» pnd L 9f, 
= pne =ge 
and these are the four numbers required. 
If they are zo the least in the given ratios, let 
X, Y» 4 & 
be less numbers in the given ratios. 
Since a : 2 is in its lowest terms, and 
a:bz: y, 
) measures y. 

Similarly, since €idzy:s, 
¢ measures y. 

Therefore 4, the L.C.M. A 4, c, measures y. 


But 1: Ad[ze:d]- y: s. 
Therefore zd measures s. 
And, since eif -k»N, 


e measures z. 

Therefore 4, the L.C.M. of ad, e, measures z: which is impossible, since 
z«h or pnd. 

The step (line 86) inferring that G: R= A’: S is of course alternando 
fom G: K[2C:D]- A : S. 

It will be observed that viii. 4 corresponds to the portion of vi. 23 which 
shows how to compound two ratios between straight lines. 


H. E. Il. 23 
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PROPOSITION 5. 


Plane numbers have to one another the ratio compounded 
of the ratios of their sides. 


Let A, B be plane numbers, and let the numbers C, D 
be the sides of A, and £, F of B; 
5 I say that 4 has to # the ratio com- 
pounded of the ratios of the sides. p Lm dh 
For, the ratios being given which C ..e =p 
has to Æ and D to F, let the least 
numbers G, /7, A that are continuously 
ic in. the ratios C : Æ, D: F be taken, so 
that, 


A 





G 





as C is to Æ, so is G to M, n 
and, as D is to F, so is 77 to K. [vini. 4] 
And let D by multiplying Z make Z. 


is Now, since D by multiplying C has made A, and by 
multiplying Æ has made Z, 


therefore, as C is to Æ, so is A to L: [ri 17] 
put, as € ito £,'$o is G to 77; 
therefore also, as G is to 77, so is A to L. 


20 Again, since Æ by multiplying D has made Z, and further 
by multiplying 7^ has made 2, 


therefore, as D is to F, so is Z to Z. [vir. 17] 
But, as D is to F, sois H to A; 
therefore also, as 77 is to AK, so is Z to 7. 
25 But it was also proved that, 
as G is to 77, so is Auto L ; 
therefore, ex aequat, 
as G is to K, so is A to 7. (vir. 14] 
But G has to A the ratio compounded of the ratios of the 
3o sides ; 
therefore 4 also has to 7! the ratio compounded of the ratios 
of the sides. Q. E. D. 


1, 5. 29, 31. compounded of the ratios of their sides. Asin vi. 23, the Greek 
has the less exact phrase, ** compounded of their sides.” 


If g uda. 0 =a, 
then a has to å the ratio compounded of c : e and d : f. 
Take three numbers the least which are continuously in the given ratios. 
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If Zis the L.C.M. of e, d and Z= me = nd, the three numbers are 


me me | » nj [viu 4] 
. =nd 
Now dc :de-c:ie (vii. 17] 
= me : me = me : nd. 
Also ed:ef=d:f (vu. 17] 
= wa: nf. 
Therefore, ex aequa, cd: ef= mc; nf 


= (ratio compounded of c : e and d: f). 


It will be seen that this proof follows exactly the method of vi. 23 for 
parallelograms. 


PROPOSITION 6. 


Jf there be as many numbers as we please in continued 
proportion, and the first do not measure the second, neither 
will any other measure any other. 


Let there be as many numbers as we please, 4, B, C, D, £E, 
in continued proportion, and let A not measure # ; 


I say that neither will any other measure any other. 








Now it is manifest that 4, B, C, D, E do not measure 
one another in order; for 4 does not even measure Z. 

I say, then, that neither will any other measure any other. 

For, if possible, let A measure C. 

And, however many 4, B, C are, let as many numbers 
F, G, H, the least of those which have the same ratio with 
A, B, C, be taken. [vn. 33] 

Now, since £, G, H are in the same ratio with 4, P, C, 
and the multitude of the numbers A, B, C is equal to the 
multitude of the numbers 7^ G, /7, 


therefore, ex aequalt, as A is to C, so is F to H. (vit. 14] 


23—2 
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And since, as 4 is to Ø, so is F to G, 
while A does not measure 2, 


therefore neither does 7 measure G ; (vii. Def. 20] 
therefore Æ is not an unit, for the unit measures any number. 
Now 7, H are prime to one another. (vi. 3] 


And, as F is to F, so is A to C; 
therefore neither does 4A measure C. 


Similarly we can prove that neither will any other measure 
any other. 


Q. E. D. 


Let a, 4, c ... Å be a geometrical progression in which a does not measure 7. 
Suppose, if possible, that @ measures some term of the series, as f. 
Take x, y, 2, u, v, w the /eas¢ numbers in the ratio a, 4, 6, d, e, f. 
Since ; x:y=a:b, 

and a does not measure 4, 

x does not measure y ; therefore x cannot be unity. 
And, ex aequalt, x yw =a: 7. 

Now x, w are prime to one another. {viit. 3] 
‘Therefore a does not measure f. 


We can of course prove that an intermediate term, as 4, does not measure 
a later term f by using the series 4, c, d, e, f and remembering that, since 
b:c=a:6, 6 does not measure e. 


PROPOSITION 7. 


Jf there be as many numbers as we please in continued 


proportion, and the first measure the last, it will measure the 
second also, 


Let there be as many numbers as we please, A, B, C, D, 
in continued proportion; and 
let A measure D ; 8—— 
I say that A also measures 7. B 
For, if A does not measure 
B, neither will any other of the 5 
numbers measure any other. [vri 6] 
But A measures D. 
Therefore A also measures Z. 





An obvious proof by reductio ad absurdum from vin. 6. 
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PROPOSITION 8. 


Jf between two numbers there fall numbers in continued 
proportion with them, then, however many numbers fall between 
them in continued proportion, so many will also fall in con- 
tinued proportion between the numbers which have the same 
ratto with the original numbers. 


Let the numbers C, D fall between the two numbers A, 
B in continued proportion with them, and let Æ be made in 
the same ratio to Fas 4 is to D; 


I say that, as many numbers as have fallen between 4, B in 


continued proportion, so many will also fall between Æ, Æ in 
continued proportion. 





ood? 
"n 2E™ 





For, as many as 4, B, C, D are in multitude, let so many 
numbers G, 7/7, A, L, the least of those which have the same 
ratio with A, C, D, B, be taken; (vit. 33] 
therefore the extremes of them C, Z are prime to one another. 

[vi 3] 
- Now, since 4, C, D, B are in the same ratio with G, ZZ, 
I 
and the multitude of the numbers Æ, C, D, B is equal to the 
multitude of the numbers G, ZZ, A, L, 
therefore, ex aequat, as A is to D, so is G to L. [vin 14] 

But, as 4 is to PD, so is £ to F; 
therefore also, as G is to L, so is Æ to F. 

But G, Z are prime, 
primes are also least, (vir. 21] 


and the least numbers measure those which have the same 
ratio the same number of times, the greater the greater and 
the less the less, that is, the antecedent the antecedent and the 
consequent the consequent. [vir 20] 
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Therefore G measures Æ the same number of times as Z 
measures 7. 

Next, as many times as G measures Z, so many times let 
H, K also measure M, N respectively ; 
therefore G, /7, K, L measure Æ, M, N, F the same number 
of times. 

Therefore G, 77, K, L are in the same ratio with Æ, M, 
INE. [vi. Def. 20] 

But G, 77, K, L are in the same ratio with 4, C, D, B; 
therefore 4, C, D, B are also in the same ratio with Z, M, 
N, F. 

But A, C, D, B are in continued proportion ; 
therefore 77, M, N, F are also in continued proportion. 

Therefore, as many numbers as have fallen between 4, B 
in continued proportion with them, so many numbers have also 
fallen between Æ, Æ in continued proportion. 

Q. E. D. 


1. fall. The Greek word is ¿umimrew, '* fall in” =“ can be interpolated.” 


If a:b=e:f, and between a, there are any number of geometric 
means ¢ d, there will be as many such means between e, f. 

Let a, B, y,..., 9 be the least possible terms in the same ratio as a, 
GB. 0 


Then a, à are prime to one another, [vir 3] 
and, ex aequait, iii ma:h 
=e: ki: 
Therefore e = ma, f = md, where m is some integer. [vir 20] 
Take the numbers ma, mB, my, ... ms. 


This is a series in the given ratio, and we have the same number of 
geometric means between ma, md, or e, f, that there are between a, 4. 


PROPOSITION 9. 


Jf two numbers be prime to one another, and numbers fall 
between them in continued proportion, then, however many 
numbers fall between them in continued proportion, so many 
will also fall between each of them and an unit in continued 
proportion. 

Let A, B be two numbers prime to one another, and let 
C, D fall between them in continued proportion, 
and let the unit Æ be set out ; 

I say that, as many numbers as fall between 4, B in con- 
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tinued proportion, so many will also fall between either of 
the numbers A, Z and the unit in continued proportion. 


For let two numbers /, G, the least that are in the ratio 
of A, C, D, B, be taken, 


three numbers 77, A, Z with the same property, 
and others more by one continually, until their multitude is 








equal to the multitude of A, C, D, B. [vini 2] 

A Hos 
C K 
D L 
B 

E- M 

F— N 

G— Oo — 

P 


Let them be taken, and let them be AZ, NV, O, P. 

It is now manifest that / by multiplying itself has made 
H and by multiplying Æ has made 77, while G by multiplying 
itself has made Z and by multiplying Z has made 7. 


(Pitt. 2, Pop. | 
And, since M, N, O, P are the least of those which have 
the same ratio with /, G, 


and 4, C, D, P are also the least of those which have the 
same ratio with /, G, [vin 1] 


while the multitude of the numbers M, N, O, P is equal to the 
multitude of the numbers 4, C, D, B, 


therefore M, N, O, P are equal to 4, C, D, B respectively ; 
therefore M is equal to 4, and P to 7. 

Now, since Æ by multiplying itself has made 77, 
therefore F measures 7/7 according to the units in 7. 

But the unit Æ also measures / according to the units in it; 


therefore the unit Æ measures the number F the same number 
of times as / measures 77. 
Therefore, as the unit Æ is to the number /; so is / to //. 
[vir. Def. 20] 
Again, since 7^ by multiplying 77 has made M, 


therefore Æ measures M according to the units in 7. 
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But the unit Æ also measures the number Æ according to 
the units in it; 
therefore the unit Æ measures the number / the same number 
of times as Æ measures M. 

Therefore, as the unit Æ is to the number Æ, so is Æ to M. 

But it was also proved that, as the unit / is to the number 
F,sois FOH; 
therefore also, as the unit Æ is to the number Æ, so is F to 77, 
and Æ to M. 

But M is equal to A ; 
therefore, as the unit Æ is to the number Æ, so is F to 77, 
and 77 to A. 

For the same reason also, 
as the unit Æ is to the number G, so is G to Z and Z to 7. 

Therefore, as many numbers as have fallen between 4, 
B in continued proportion, so many numbers also have fallen 
between each of the numbers 4, B and the unit Æ in continued 
proportion. 

Q. B. D. 


Suppose there are # geometric means between a, 6, two numbers prime to 
one another ; there are the same number (») of geometric means between t 
and a and between 1 and 7. 

If c, d... are the n means between a, 4, 

GG M IS 
are the least numbers in that ratio, since a, 6 are prime to one another. [viir 1] 
The terms are therefore respectively identical with 


gut a"B, a*—B? ^. MB" NICE 


where a, B is the common ratio in its lowest terms. [viri 2, Por.] 
Thus asa, pg", 
Now I iaza; a? sa: a... =a": ant, 
and 1 B= 8 fmm av. = Br: pun 


whence there are z geometric means between 1, a, and between 1, 4. 


LI 


PROPOSITION 10. 


Jf numbers fall between each of two numbers and an unit 
en continued proportion, however many numbers fall between 
each of them and an unit in continued proportion, so many 
also will fall between the numbers themselves in continued 
proportion. 
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For let the numbers D, Æ and Æ, G respectively fall 

between the two numbers 4, # and the unit C in continued 
proportion ; 
I say that, as many numbers as have fallen between each of 
the numbers 4, P and the unit C in continued proportion, so 
many numbers will also fall between 4, Z in continued pro- 
portion. 


For let D by multiplying F make 77, and let the numbers 
D, F by multiplying Æ make X, Z respectively. 








Cc — A 
B 
p 
E — H 
F— k= 
G L d 





Now, since, as the unit C is to the number 2, so is D to Æ, 


therefore the unit C measures the number J the same number 
of times as D measures Æ. [vir. Def. 20] 


But the unit C measures the number 2 according to the 
units in D; 
therefore the number D also measures Æ according to the units 
in D; 
therefore D by multiplying itself has made £. 

Again, since, as C is to the number 2, so is Æ to A, 


therefore the unit C measures the number 2 the same number 
of times as Æ measures A. 


But the unit C measures the number 2 according to the 
units in D; 


therefore Æ also measures A according to the units in D; 
therefore D by multiplying Æ has made 4. 
For the same reason also 


F by multiplying itself has made G, and by multiplying G has 
made 7. 


And, since D by multiplying itself has made Æ and by 
multiplying 7^ has made 77, 


therefore, as D is to F, so is £ to H. [vir. 17] 
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For the same reason also, 
as D 1s to Ff, so is H to G. [vir. 18] 
Therefore also, as Æ is to 77, so is 77 to G. 
Again, since D by multiplying the numbers Æ, Æ has 
made A, K respectively, 
therefore, as Æ is to Æ, so is A to K. [vii 17] 
But as £ isto ZZ, sous D to; 
therefore also, as D is to Æ so is A to K. 
Again, since the numbers D, F by multiplying Æ have 
made X, Z respectively, 
therefore, as D is to F, so is K to L. [vri 18] 
But, as D is to F, so is A to K; 
therefore also, as Æ is to K, so is K to L. 
Further, since F by multiplying the numbers Æ, G has 
made Z, Z respectively, 
therefore, as 77 is to G, so is Z to B. (vit. 17] 
But, as X is to G, so is D to F; 
therefore also, as D is to Æ, so is L to B. 
But it was also proved that, 
as JD is to Z5 $0 1$ A to KK and A to Z ; 
therefore also, as Æ is to A, so is A to L and Z to Z. 


Therefore A, A, £L, B are in continued proportion. 
Therefore, as many numbers as fall between each of the 
numbers A, Z and the unit C in continued proportion, so 
many also will fall between A, B in continued proportion. 
Q E D. 


If there be # geometric means between 1 and a, and also between 1 and 
é, there will be » geometric means between a and 4, 

The proposition is the converse of the preceding. 

The 4 means with the extremes form two geometric series of the form 


2 % n+l 
I, u Q Q, a’, 


3 
I, B, Bg ses B gp", 
where asa reap. 
By multiplying the last term in the first line by the first in the second, 
the last but one in the first line by the second in the second, and so on, we 


get the series 
hn a"f, grum m ^ api af", a 
and we have the » means between a and 2. 


It will be observed that, when Euclid says “ For the same reason also, as 
D is to Z, so is Z to G,” the reference is really to vir. 18 instead of vil. 17: 
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He infers namely that Dx F: Fx F=D: F But since, by vii. 16, the 
order of multiplication is indifferent, he is practically justified in saying “for 
the same reason." ‘The same thing occurs in later propositions. 


PROPOSITION II. 


Between two square numbers there is one mean proportional 
number, and the square has to the square the ratio duplicate 
of that which the side has to the side. 


Let A, B be square numbers, 
and let C be the side of A, and D of 7; 


I say that between A, B there is one mean proportional 
number, and A has to 7 the ratio 








duplicate of that which C has to D. A 
For let C by multiplying D make E. B 
Now, since 4 is a square and C is c—— | p 


its side, 


therefore C by multiplying itself has 
made 4. 


For the same rcason also 
D by multiplying itself has made 7. 


Since then C by multiplying the numbers C, D has made 
A, E respectively, 


therefore, as C is to D, so is A to £. (vit. 17] 
For the same reason also, 
as C is to D, so is Æ to 7. [vir. 18] 


Therefore also, as 4 is to Æ, so is £ to 7. 
Therefore between A, Z there is one mean proportional 
number. 


I say next that 4 also has to 7 the ratio duplicate of 
that which C has to D. 


For, since 4, Æ, B are three numbers in proportion, 


therefore 4 has to # the ratio duplicate of that which A has 
to £. [v. Def. 9] 
Butas 74 1s to XE, so is. C toD. 
Therefore 4 has to # the ratio duplicate of that which 
the side C has to D. aÈ D. 


According to Nicomachus the theorems in this proposition and the next, 
that two squares have owe geometric mean, and two cubes /wo geometric 
means, between them are Platonic. Cf. Zimacus, 32 ^ sqq. and the note 
thereon, p. 294 above. 
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a’, & being two squares, it is only necessary to form the product aé and 
to prove that 
DoOowb C 
are in geometrical progression. Euclid proves that 
a*:aób-ab:P 
by means of vit. 17, 18, as usual. 

In assuming that, since a? is to 4 in the duplicate ratio of a? to ab, a? is 
to & in the duplicate ratio of a to 4, Euclid assumes that ratios which are 
the duplicates of equal ratios are equal. This, an obvious inference from 
v. 22, can be inferred just as easily for numbers from vil. 14. 


PROPOSITION 12. 


Between two cube numbers there are two mean proportional 
numbers, and the cube has to the cube the ratio triplicate of that 
which the side has to the side. 


Let A, B be cube numbers, 
and let C be the side of 4, and D of B; 


I say that between 4, 7 there are two mean proportional 
numbers, and 4 has to 7 the ratio triplicate of that which C 
has to D. 


A —— Een 








Benn a F 
Cc—— H- ———— G 
D—— K 


For let C by multiplying itself make Æ, and by multiplying 
D let it make F; 
let D by multiplying itself make G, 
and let the numbers C, D by multiplying F make 77, K 
respectively. 

Now, since 4 is a cube, and C its side, 
and C by multiplying itself has made Æ, 


therefore C by multiplying itself has made Æ and by multiply- 
ing Æ has made A. 


For the same reason also 
D by multiplying itself has made G and by multiplying G has 
made 7. 

And, since C by multiplying the numbers C, D has made 
E, F respectively, 
therefore, as C is to D, so is Æ to F. [vir 17] 
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For the same reason also, 
as C is to D, so IS # toG. (vii. 18] 


Again, since C by multiplying the numbers Æ, Æ has 
made A, H respectively, 
therefore, as Æ is to /, so is A to £7. (vii. 17] 
But, as Æ is to /, so is C to D. 
Therefore also, as C is to D, so is A to 77. 
Again, since the numbers C, D by multiplying Æ have 
made 77, Æ respectively, 
therefore, as C is to D, so is 7/7 to K. [vii. 18] 


Again, since D by multiplying each of the numbers F, G 
has made A, 2 respectively, 


therefore, as Æ is to G, so is Æ to 7. (vi. 17] 
But, as F is to G, so is C to D; 

therefore also, as C is to D, so is A to H, H to K, and K to Z. 
Therefore 7/7, X are two mean proportionals between A, B. 


I say next that 74 also has to Z the ratio triplicate of that 
which C has to D. 

For, since 4, /7, A, B are four numbers in proportion, 
therefore 4 has to Æ the ratio triplicate of that which 4 has 
te: 27. ` [v. Def. 10] 

But, as A is to /7, so is C to D; 
therefore 4 also has to Æ the ratio triplicate of that which C 
has to 2. 

QJ s D. 


The cube numbers a’, & being given, Euclid forms the products a4, a^ 
and then proves, as usual, by means of vii. 17, 18 that 


©, a ap, P 
are in continued proportion. 


He assumes that, since à? has to 7! the ratio triplicate of a? : a%, the 
ratio a? : & is triplicate of the ratio a : 6 which is equal to aè: a'b. This 
is again an obvious inference from vil. 14. 


PROPOSITION 13. 


Jf there be as many numbers as we please in continued 
proportion, and each by multiplying itself make some number, 
the products will be proportional; and, if the original numbers 
by multiplying the products make certain numbers, the latter 
will also be proportional. 
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Let there be as many numbers as we please, 4, B, C, in 
continued proportion, so that, as 4 is to B, so is B to C; 


let A, B, C by multiplying themselves make 2, £, F, and by 
multiplying D, E, F let them make G, 77, K; 


I say that D, Æ, Fand G, 77, K are in continued proportion. 











A G 
B H 
Cc K 
E M 
E 

F N 
i P 
Q Q 


For let A by multiplying 7 make Z, 


and let the numbers 4, B by multiplying Z make M, N 
respectively. 


And again let 7 by multiplying C make O, 


and let the numbers Z, C by a O make P, Q 
respectively. 


Then, in manner similar to the foregoing, we can prove 
that 


D, L, E and G, M, N, H are continuously proportional in the 
ratio of A to B, 


and further Æ, O, F and 77, P, Q, K are continuously propor- 
tional in the ratio of Z to C. 


Now, as 4 is to 7, so is 7 to C; 
therefore D, L, £ are also in the same ratio with Æ, O, £F, 
and further G, M, N, H in the same ratio with ZZ, P, Q, K. 


And the multitude of D, £L, Æ is equal to the multitude of 
£, 'O, F, and that of G, Af, V; HM te that of H, POE; 


therefore, ex aegualz, 
as D is to Æ, so is & to F, 
and, as Gis to /7, so is 77 to K. (vin. 14] 
Q. E.. D. 
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If a, 6, c... be a series in geometrical progression, then 
quw... r : : 
aA "wt 4. \ are also in geometrical progression. 
Heiberg brackets the words added to the enunciation which extend the 
theorem to any powers. The words are “and this always occurs with the 
extremes " (xai aei mepi rovs áxpovs Tovro gupBaive). ‘They seem to be rightly 
suspected on the same grounds as the same words added to the enunciation 


of vil. 27. There is no allusion to them in the proof, much less any proof 
of the extension. 

Euclid forms, besides the squares and cubes of the given numbers, the 
products ad, a*5, ab’, be, bc, bc?, When he says that “we prove in manner 
similar to the foregoing," he indicates successive uses of vil. 17, 18 as 
in Vil. 12. 


With our notation the proof is as easy to see for any powers as for squares 
and cubes. 

To prove that a", 2", c"... are in geometrical progression. 

Form all the means between a", 4", and set out the series 


asm wt wt us um, o" 
The common ratio of one term to the next is a : å. 
Next take the geometrical progression 
Be gru Care... sce 
the common ratio of which is å : c. 
Proceed thus for all pairs of consecutive terms. 
Now a:bzbicz... 
Therefore any pair of succeeding terms in one series are in the same ratio as 
any pair of succeeding terms in any other of the series. 


And the number of terms in each is the same, namely (^ + 1). 
Therefore, ex aegua/i, 


a”: "We mig»... 


PROPOSITION 14. 


Jf a square measure a square, the side will also measure 
the side ; and, tf the side measure the side, the square will also 
measure the square. 


Let A, B be square numbers, let C, D be their sides, and 
let A measure 2; 


I say that C also measures Ø. A— 

For let C by multiplying D make Æ; B 
therefore A, Æ, B are continuously pro- —€ PD 
portional in the ratio of C to D. — (viu. 11] E 


And, since A, £, B are continuously 
proportional, and A measures 7, 


therefore A also measures Æ. [vii 7] 
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And, as 4 is to Æ, so is C to D; 
therefore also C measures D. ^ (vit. Def. 20] 


Again, let C measure D ; 
I say that 4 also measures Z. 


For, with the same construction, we can in a similar 
manner prove that A, Æ, B are continuously proportional in 
the ratio of C to D. 

And since, as C is to D, so is A to £, 


and C measures D, 
therefore 4 also measures Æ. (vi. Def. 20] 
And A, Æ, B are continuously proportional ; 
therefore 74 also measures 7. 
Therefore etc. 
QE D. 
If a? measures 2^, a measures 4; and, if a measures 4, a? measures 4%. 


(1) a?, ad, # are in continued proportion in the ratio of a to 4. 


Therefore, since a? measures 2’, ] 

= measures aù. [vit 7] 
But :ab=a: b. 
Therefore a measures 6. 


(2) Since a measures À, a° measures a£. 
And a’, ab, $ are continuously proportional. 


'Thus ab measures 2?, 
And a? measures ab. 
Therefore ' &@ measures &. 


It will be seen that Euclid puts the last step shortly, saying that, since 
a? measures aå, and a’, a^, 4 are in continued proportion, a? measures 2. 
The same thing happens in vi. 15, where the series of terms is one more 
than here. 


PROPOSITION 15. 


Jf a cube number measure a cube number, the side will also 
measure the side; and, if the side measure the side, the cube 
will also measure the cube. 


For let the cube number 4 measure the cube B, 
and let C be the side of A and D of B; 
I say that C measures D. 
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For let C by multiplying itself make Æ, 

and let D by multiplying itself make G ; 

further, let C by multiplying D make 7, 

and let C, D by multiplying F make 77, K respectively. 
A—— 
B 
c- H— — 
D— K- 
E — 
G 


F — 


Now it is manifest that £, F, G and A, 77, K, P are 
continuously proportional in the ratio of C to D. — [vu 11, 12] 
And, since 4, /7, X, B are continuously proportional, 


and A measures 2, 


therefore it also measures 77. (vit. 7] 
And, as 4 is to /7, so is C to D; 
therefore C also measures D. (vit. Def. 20] 


Next, let C measure D ; 

I say that 4 will also measure 2. 

For, with the same construction, we can prove in a similar 
manner that 4, /7, A, B are continuously proportional in the 
ratio of C to D. 

And, since C measures 2, 
and, as C is to D, so is A to /7, 
therefore A also measures 77, (vit. Def. 20] 


so that A measures Æ also. 
Q. E. D. 


If aà measures 4, a measures 4; and vice versa. The proof is, mutatis 
mutandis, the same as for squares. 

(1) à), a°b, al’, & are continuously proportional in the ratio of a to 2; 
and aè measures 2". 

Therefore à? measures a°% ; [vin 7] 
and hence a measures /. 

(2) Since a measures 4, à? measures a7. 

And, a’, ab, ad”, & being continuously proportional, cach term measures the 
succeeding term ; 
therefore a measures &*. 


H. E. II. 24 
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PROPOSITION 16. 


Jf a square number do not measure a square number, neither 
will the side measure the side; and, if the side do not measure 
the side, neither will the square measure the square. 


Let A, B be square numbers, and let C, D be their sides; 
and let ÆA not measure / ; 
I say that neither does C measure D. ^ 
For, if C measures D, A will also 
measure 7. : (vin. 14] C— 
But 4 does not measure # ; D 


therefore neither will C measure D. 








Again, let C not measure D ; 
I say that neither will 4 measure 7. 
For, if 4 measures Ø, C will also measure D. [vi 14] 
But C does not measure D ; 
therefore neither will A measure 7. 
Q. BED. 
If a? does not measure / a will not measure 4; and, if a does not 


measure 2, aè will not measure 27. 
The proof is a mere reductio ad absurdum using vii. 14. 


PROPOSITION 17. 


Jf a cube number do not measure a cube number, neither 
will the side measure the side; and, tf the side do not measure 
the side, neither will the cube measure the cube. 


For let the cube number A not measure the cube 





number 2, 
and let C be the side of 4, and D A 
of B; B— 


Cc — 


I say that C will not measure D. 


For, if C measures D, A will 
also measure 7. [vin 15] 
But A does not measure Z ; 


therefore neither does C measure 2. 


Again, let C not measure D ; 
I say that neither will 4 measure 7. 
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For, if A measures B, C will also measure D. (vin. 15] 
But C does not measure D ; 
therefore neither will 44 measure 7. 
Q. E. D. 


If a does not measure 7), a will not measure 4; and vice versa. 
Proved by reductio ad absurdum employing vui. 15. 


PROPOSITION 18. 


Between two similar plane numbers there is one mean 
Proportional number ; and the plane number has to the plane 
number the ratio duplicate of that which the corresponding 
stde has to the corresponding side. 


Let A, B be two similar plane numbers, and let the numbers 


C, D be the sides of A, and £, F of 2. 


A———— Gm 
E — ————————— ——————— D—— 





G 


Now, since similar plane numbers are those which have 
their sides proportional, (vi. Def. 21] 
therefore, as C is to D, so is Æ to F. 

I say then that between 4, Z there is one mean propor- 
tional number, and 4 has to 7 the ratio duplicate of that 
which C has to Æ, or D to Æ, that is, of that which the corre- 
sponding side has to the corresponding side. 

Now since, as C is to D, so is Æ to F, 


therefore, alternately, as C is to Æ, so is D to 7. [vin 13] 
And, since 4 is plane, and C, D are its sides, 
therefore D by multiplying C has made 4. 
For the same reason also 
£ by multiplying F has made 7. 
Now let D by multiplying Æ make G. 
Then, since D by multiplying C has made 4, and by 
multiplying Æ has made G, 
therefore, as C is to Æ, so is A to G. [vit. 17] 


24—2 
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But, as € is to £, So is D to F; 
therefore also, as D is to 7/5 so is A to G. 


Again, since Æ by multiplying D has made G, and by 
multiplying Æ has made Æ, 


therefore, as D is to Æ, so is G to P. (vir. 17] 


But it was also proved that, 
as D is to 7; so is A to G; 
therefore also, as Æ is to G, so is G to B. 


Therefore A, G, B are in continued proportion. 
Therefore between 4, Z there is one mean proportional 
number. 


| say next that 4 also has to & the ratio duplicate of 
that which the corresponding side has to the corresponding 
side, that is, of that which C has to £ or D to F. 

For, since 4, G, B are in continued proportion, 
A has to # the ratio duplicate of that which it has to G. 

[v. Def. 9] 

And, as 4 is to G, so is C to Æ, and so is D to F. 

Therefore 4 also has to Z the ratio duplicate of that which 
C lasso a or P to 7, 


Q. E. D. 


If ab, «d be “similar plane numbers," i.e. products of factors such that 
a:b=e:d, 


there is one mean proportional between a? and ced; and a? is to cd in the 
duplicate ratio of a to c or of J tod. 


Form the product ¿e (or ad, which is equal to it, by vil. 19). 


Then ab, 4l > cd 
=ad 
is a series of terms in geometrical progression. 
For a:b=e:d, 
Therefore a:cz:d. [vi 13] 
Therefore ab ; be = be: ed. [vit. 17 and 16] 


Thus ġe (or ad) is a geometric mean between aà, cd. 


And a) is to cd in the duplicate ratio of ab to é¢ or of èc to cd, that is, of 
a to c or of ? to 4. 
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PROPOSITION 19. 


Between two similar solid numbers there fall two mean 
proportional numbers; and the solid number has to the similar 
solid number the ratio triplicate of that which the corresponding 
side has to the corresponding side. 


Let A, B be two similar solid numbers, and let C, D, £ 
be the sides of A, and /, G, H of P. 

Now, since similar solid numbers are those which have 
their sides proportional, [vit. Def. 21] 
therefore, as C is to D, so is F to G, 

and, as D is to Æ, so is G to H. 

I say that between A, Z there fall two mean proportional 


numbers, and 74 has to Æ the ratio triplicate of that which C 
has to /, D to G, and also Æ to /7. 








A — 
B = = 
c- F— N 
p= G= o 
E— H—— 

K— 

L 

M—— 


For let C by multiplying D make A, and let F by 
multiplying G make Z. 

Now, since C, D are in the same ratio with X, G, 
and K is the product of C, D, and Z the product of A G, 
K, £ are similar plane numbers ; [vri. Def. 21] 
therefore between A, Z there is one mean proportional number. 

[viri 18] 

Let it be 77. 

Therefore 77 is the product of D, F, as was proved in the 
theorem preceding this. [vin 18] 

Now, since D by multiplying C has made A, and by 
multiplying Æ has made M, 
therefore, as C is to F, so is X to M. (vit. 17] 


But, as X is to M, so is M to L. 
Therefore X, M, L are continuously proportional in the 
ratio of C to £. 


P d 
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And since, as C is to D, so is F to G, 
alternately therefore, as C is to F, so is D to G. [vir. 13] 

For the same reason also, 

as D is to G, so is EF to 77. 

Therefore X, M, L are continuously proportional in the 
ratio of C to Æ in the ratio of D to G, and also in the ratio 
of to H. 

Next, let £, Æ by multiplying 47 make JV, O respectively. 

Now, since 4 is a solid number, and C, 2, £ are its sides, 
therefore Æ by multiplying the product of C, D has made A. 

But the product of C, D is K; 
therefore Æ by multiplying X has made A. 

For the same reason also 

ff by multiplying Z has made 2. 

Now, since Æ by multiplying A has made A, and further 
also by multiplying M has made V, : 
therefore, as A is to M, so is A to N. (vir. 17] 

But, as Æ is to M, so is C to F, D to G, and also E to 77; 
therefore also, as C is to 7, D to G, and Æ to H, so is A to V. 

Again, since Æ, H by multiplying 77 have made N, O 
respectively, 
therefore, as Æ is to Æ, so is N to O. [vir. 18] 

But, as Æ is to M, so is C to F and D to G ; 
therefore also, as C is to F, D to G, and E to Æ, so is A to 
N and N to O. 

Again, since Æ by multiplying M has made O, and further 
also by multiplying Z has made 2, 
therefore, as M is to Z, so is O to 2. [vir. 17] 

But, as M is to Z, so is C to F, D to G, and £ to ZZ. 

Therefore also, as C is to F, D to G, and Æ to 77, so not 
only is O to Z, but also 4 to N and N to O. 

Therefore A, N, O, B are continuously proportional in the 
aforesaid ratios of the sides. 


I say that 4 also has to Æ the ratio triplicate of that which 
the corresponding side has to the corresponding side, that is, 
of the ratio which the number C has to Æ, or D to G, and 
also Æ to 77. 


VIII. 19, 20] PROPOSITIONS 19, 20 375 


For, since A, N, O, P are four numbers in continued 
proportion, 
therefore 4 has to Æ the ratio triplicate of that which 4 has 
to N. [v. Def. 10] 

But,as A is to N, so it was proved that C is to F, D to G, 
and also £ to 77. 

Therefore A also has to Æ the ratio triplicate of that which 
the corresponding side has to the corresponding side, that is, 
of the ratio which the number C has to F, D to G, and also 
E todd, Q. E. D. 


In other words, if a :5:e-d :e: f, then there are two geometric means 
between avc def; and adc is to def in the triplicate ratio of a to d, or 4 to e, 
or ¢ to f. 

Euclid first takes the plane numbers aå, de (leaving out c, f) and forms 
the product og. Thus, as in viu. 18, 

ab, éd), de 
=eaf 
are three terms in geometrical progression in the ratio of a to d, or of å to e. 
He next forms the products of c f respectively into the mean Z4. 


Then abe, cbd, fbd, def 
are in geometrical progression in the ratio of a to d etc. 
For abe: chd=ab:bd=a:d 
cbd : fód =c: f | [vir. 17] 
fid : def - bd ; de - bie 
And gei ume. 


The ratio of abc to def is the ratio triplicate of that of adc to cbd, i.e. of 
that of a to d etc. 


PROPOSITION 20. 


Jf one mean proportional number fall between two numbers, 
the numbers will be similar plane numbers. 

For let one mean proportional number C fall between the 
two numbers 4, B; 

s I say that 4, B are similar plane numbers. 

Let D, Æ, the least numbers of those which have the same 
ratio with A, C, be taken; [vir. 33] 
therefore D measures 4 the same number of times that Æ 
measures C. [vu. 20] 

10 Now, as many times as D measures A, so many units let 
there be.in F; 
therefore F by multiplying D has made 4, 
so that 4 is plane, and D, Fare its sides. 
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Again, since D, Æ are the least of the numbers which have 

is the same ratio with C, B, 
therefore D measures C the same number of times that E 
measures Z. [vit. 20] 





o—— 
E 


o 


p 
G 
As many times, then, as Æ measures Z, so many units let 
there be in G ; 
20 therefore Æ measures Z according to the units in G; 
therefore G by multiplying Æ has made 7. 


Therefore Z is plane, and Æ, G are its sides. 
Therefore A, 7 are plane numbers. 


I say next that they are also similar. 
25 For, tsince / by multiplying D has made A, and by 
multiplying Æ has made C, 
therefore, as J is to Æ, so is 4 to C, that is, C to B. (vir. 17] 
Again,f since Æ by multiplying 7, G has made C, B 
respectively, 
30 therefore, as / is to G, so is C to 2. [vir. 17] 
But, as C is to 7, sois D to E; 
therefore also, as D is to Æ, so is F to G. 


And alternately, as D is to F, so is Æ to G. [vi. 13] 
Therefore 4, B are similar plane numbers; for their sides 
35 are proportional. QESD. 


25. For, since F...... 27. Cto B. The text has clearly suffered corruption here. It 
is not necessary to infer from other facts that, as D is to Æ, so is A to C; for this is part of 
the hypotheses (ll. 6, 7). Again, there is no explanation of the statement (l. 25) that F by 
multiplying Æ has made C. It is the statement and explanation of this latter fact which are 
alone wanted ; after which the proof proceeds as in 1. 28. We might therefore substitute for 
ll. 23—28 the following. 

“For, since E measures C the same number of times that D measures Æ (1l. 8], that is, 
according to the units in FP [l. 10], therefore F^ by multiplying Æ has made C. 

And, since Æ by multiplying Z, G,” etc. etc. 


This proposition is the converse of viir. 18. If a, ¢ $ are in geometrical 
progression, a, ó are “similar plane numbers." 
Let a: B be the ratio a : c (and therefore also the ratio c : 4) in its lowest 
terms. 
Then [virt. 20] 
a=ma, c= mB, where m is some integer, 
c=na, Ó-mnf, where z is some integer. 
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Thus a, 6 are both products of two factors, i.e. plane. 


Again, a: B=a:c=c:6 
=m : n. (vu. 18] 
Therefore, alternately, a:m=B:n, [vu. 13] 


and hence ma, nB are similar plane numbers. 
[Our notation makes the second part still more obvious, for ¢= mB = na.] 


PROPOSITION 21. 


If two mean proportional numbers fall between two numbers, 
the numbers are similar solid numbers. 


For let two mean proportional numbers C, D fall between 
the two numbers 4, B; 


I say that A, B are similar solid numbers. 





A —— a 
SS ue ———————ÉÀÉr— p 
Cs G 
D———————— H- 
N— -i 
o— L— 
M —— 


For let three numbers Æ, Æ G, the least of those which 
have the same ratio with 4, C, D, be taken;  [vu. 33 or vir. 2] 


therefore the extremes of them Æ, G are prime to one another. 


æ [vn 3] 
Now, since one mean proportional number Æ has fallen 
between £, G, 
therefore Æ, G are similar plane numbers. [vin. 20] 
Let, then, Æ, K be the sides of £, and Z, M of G. 
Therefore it is manifest from the theorem before this that 
E, F, G are continuously proportional in the ratio of 77 to Z 
and that of A to M. 
Now, since Æ, F, G are the least of the numbers which 
have the same ratio with A, C, D, 


and the multitude of the numbers Æ, F, G is equal to the 
multitude of the numbers 4, C, D, 


therefore, ex aequali, as E is to G, so is A to D. [vir. 14] 
But Æ, G are prime, 
primes are also least, (vit. 21] 


and the least measure those which have the same ratio with 
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them the same number of times, the greater the greater and 
the less the less, that is, the antecedent the antecedent and the 
consequent the consequent ; [vir. 20] 
therefore Æ measures 4 the same number of times that C 
measures D. 

Now, as many times as Æ measures 4, so many units let 
there be in N. 

Therefore N by multiplying Æ has made A. 

But Æ is the product of H, K ; 
therefore N by multiplying the product of Æ, A has made 4. 

Therefore 4 is solid, and 77, K, N are its sides. 


Again, since £, F, G are the least of the numbers which 
have the same ratio as C, D, B, 
therefore Æ measures C the same number of times that C 
measures 7. 

Now, as many times as Z measures C, so many units let 
there be in O. 

Therefore G measures 7 according to the units in O; 
therefore O by multiplying G has made Z. 

But G is the product of Z, M ; 
therefore O by multiplying the product of Z, M has made Z. 

Therefore Æ is solid, and Z, M, O are its sides ; 
therefore 4, B are solid. 


I say that they are also similar. 
For since N, O by multiplying Æ have made A, C, 
therefore, as Æ is to O, so is A to C, that is, E to Æ. (vir. 18] 
But, as Æ is to F, so is H to Z and X to M; 
therefore also, as Æ is to L, so is K to M and N to O. 
E ow H, K, N are the sides of 4, and O, L, M the sides 
of B. 
Therefore A, B are similar solid numbers. Q. E. D. 
. The converse of virt. 19. If a, c, d, 6 are in geometrical progression, e, 5 


are * similar solid numbers." 
Let a, B, y be the least numbers in the ratio of a, ¢ d (and therefore also 


of e, d, 6). [vir. 33 or vu. 2 
Therefore a, y are prime to one another. [vu 3 
They are also “similar plane numbers.” (viii. 20 
Let a=mn, y=/9, 


where minm-p:g. 
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Then, by the proof of viii. 20, 
i a: B=m:p=n:yg. 
Now, ex aequali, d=, [vir. 14] 
and, since a, y are prime to one another, 
a-ra, d-ry, Where r is an integer. 


But a=mn: 
therefore a = rma, and therefore a is “ solid.” 
Again, ex aequals, c:b=a:y, 
and therefore ¢=sa, b=sy, where sis an integer. 
Thus 6 = spg, and 4 is therefore “solid.” 
Now a: B=a:c=ra:sa 
=r:5. [vir. 18] 
And, from above, a:B=m:p=n:q. 
Therefore r:S= M: þp=n:ĝ, 


and hence a, 4 are similar solid numbers. 


PROPOSITION 22. 
Jf three numbers be in continued proportion, and the first 
be square, the third will also be sguare. 
Let 4, B, C be three numbers in continued proportion, 
and let A the first be square ; 
I say that C the third is also square. 


For, since between 4, C there is one 
mean proportional number, 2, 
therefore 4, C are similar plane numbers. [vit. 20] 


But A is square ; 
therefore C is also square. QPAD: 


A 
B 





A mere application of vill. 20 to the particular case where one of the 
* similar plane numbers" is square. 


PROPOSITION 23. 
Jf four numbers be in continued proportion, and the first be 
cube, the fourth will also be cube. 
Let 4, B, C, D be four numbers in continued proportion, 
and let A be cube ; 
I say that 2 is also cube. 


A 
B 
For, since between 4, D there c 
are two mean proportional numbers p 


B c, 
therefore 4, D are similar solid numbers. [vur 21] 


380 BOOK VIII [vur 23—25 


But A is cube; 
therefore D is also cube. 
Q. E. D. 


A mere application of vit. 21 to the case where one of the “similar solid 
numbers " is a cube. 


PROPOSITION 24. 


Jf two numbers have to one another the ratto which a square 
number has to a square number, and the first be square, the 
second will also be square. 


For let the two numbers 4, B have to one another the 
ratio which the square number C has 
to the square number 2, and let 4 be 
square ; 

I say that Z is also square. 

For, since C, D are square, 

C, D are similar plane numbers. 

Therefore one mean proportional number falls between 


e LI [viri 18] 
And, as C is to D, so is 4 to B; 


therefore one mean proportional number falls between 4, 8 





A 
B 
C 
D 


also. [vin 8] 
And 4 is square ; 
therefore Æ is also square. [virt 22] 
Q.e. Di 
Ifa: 6=¢*: d’, and a is a square, then 4 is also a square. 
For c?, d? have one mean proportional cd. [vur. 18] 
Therefore a, 4, which are in the same ratio, have one mean proportional. 
[vin 8 
And, since a is square, 6 must also be a square. [vir 22 


PROPOSITION 25. 


Jf two numbers have to one another the ratio which a cube 
number has to a cube number, and the first be cube, the second 
will also be cube. 


For let the two numbers 4, 7 have to one another the 
ratio which the cube number C has to the cube number J, 
and let A be cube; 


I] say that B is also cube. 
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For, since C, D are cube, 
C, D are similar solid numbers. 
Therefore two mean proportional numbers fall between 





C, 99. (viri. 19] 
A E£ ————— 
Dh—————— F 
Q ——————— 

D 


And, as many numbers as fall between C, D in continued 
proportion, so many will also fall between those which have 
the same ratio with them ; [vin. 8] 
so that two mean proportional numbers fall between 4, B 
also. 

Let £, F so fall. 

Since, then, the four numbers 4, £, F, B are in continued 


proportion, 

and A is cube, 

therefore Z is also cube. (vit. 23] 

Q. E. D. 

If a: b=: d", and a is a cube, then ? is also a cube. 
For c?, 4? have two mean proportionals. [vun 19 
Therefore a, ? also have two mean proportionals. (vin. 8 
And a is a cube: 

therefore 4 is a cube. [vin. 23] 


PROPOSITION 26. 
Similar plane numbers have to one another the ratio which 
a square number has to a square number. 
Let A, B be similar plane numbers ; 
I say that 4 has to 7 the ratio which a square number has 
to a square number. 
A——— B 
c 
D—— i F 


For, since A, # are similar plane numbers, 


therefore one mean proportional number falls between 4, Z. 
[viii 18] 
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Let it so fall, and let it be C ; 


and let D, Æ, Z, the least numbers of those which have the 
same ratio with A, C, B, be taken ; [vir. 33 or viri. 2] 


therefore the extremes of them Ø, F are square. — [vir 2, Por.] 
And since, as J) is to Æ, so is A to B, i 
and D, F are square, 


therefore A has to Æ the ratio which a square number has to 
a square number. 


Q. £. D. 

If a, 6 are similar “plane numbers,” let ¢ be the mean — rtional 
between them. fram: 18 
Take a, B, y the smallest numbers in the ratio of a,¢,¢. (vii. 33 or v. 2 
Then a, y are squares. [viit. 2, Por. 


Therefore a, 6 are in the ratio of a square to a square. 


PROPOSITION 27. 
Similar solid numbers have to one another the ratio which 
a cube number has to a cube number. 


Let A, B be similar solid numbers ; 
I say that 4 has to Æ the ratio which a cube number has to 
a cube number. 
A—— C 
B nm D 
E= F G——-— H 





For, since A, # are similar solid numbers, 
therefore two mean proportional numbers fall between 4, B. 


[vir 19] 
Kewc, wo fall 
and let Æ, F, G, H, the least numbers of those which have 
the same ratio with A, C, D, B, and equal with them in 
multitude, be taken ; [vir. 33 or vill. 2] 
therefore the extremes of them Æ, H are cube. — (vir. 2, Por.] 
And, as Æ is to 77, so is A to B; 
therefore A also has to Z the ratio which a cube number has 


to a cube number. 
Q. E. D. 
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The same thing as vill. 26 with cubes. It is proved in the same way 
except that vill. 19 is used instead of vi. 18. 

The last note of an-Nairizi in which the name of Heron is mentioned is 
on this proposition. Heron is there stated (p. 194— 5, ed. Curtze) to have 
added the two propositions that, 


1. Lf two numbers have to one another the ratio of a square to a square, the 
numbers are similar plane numbers ; 


2. Lf two numbers have to one another the ratio of a cube to a cube, the numbers 
are similar solid numbers. 

The propositions are of course the converses of vii. 26, 27 respectively. 
They are easily proved. 
(1) Wf a:b=c*: d, 
then, since there is one mean proportional (cd) between ¢?, d°, 

[vui 11 or 18] 

there is also one mean proportional between a, 6. [vii 8] 

Therefore a, 6 are similar plane numbers. [viri 20] 


(2) is similarly proved by the use of vil. 12 or 19, vir. 8, VIIL. 21. 


The insertion by Heron of the first of the two propositions, the converse 
of virt. 26, is perhaps an argument in favour of the correctness of the text of 
IX. 10, though (as remarked in the note on that proposition) it does not give 
the easiest proof. Cf. Heron's extension of vit. 3 tacitly assumed by Euclid 
im vit. 33. 


BOOK IX. 


PROPOSITION 1. 


Jf two similar plane numbers by multiplying one another 
make some number, the product will be square. 


Let A, B be two similar plane numbers, and let 4 by 
multiplying B make C; 
I say that C is square. 

For let 4 by multiplying itself 
make Ø. 


Therefore D is square. 
Since then 4 by multiplying itself has made 2D, and by 


multiplying 7 has made C, 
therefore, as A is to 7, so is D to C. (vin. 17] 
And, since A, Z are similar plane numbers, 


therefore one mean proportional number falls between A, B. 
[vin 18] 
But, if numbers fall between two numbers in continued 
proportion, as many as fall between them, so many also fall 
between those which have the same ratio ; (vin. 8] 
so that one mean proportional number falls between J, C also. 
And D is square ; 
therefore C is also square. [viu. 22] 
Q. E. D. 


oO @ > 


The product of two similar plane numbers is a square. 
Let a, 6 be two similar plane numbers. 


Now a:b=a': ab. (viu. 13] 
And between a, 4 there is one mean proportional. [vit 18 
Therefore between a? : a? there is one mean proportional. [vin 8 


And a? is square ; 
therefore a? is square. (vin. 22] 
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PROPOSITION 2. 
Jf two numbers by multiplying one another make a square 
number, they are similar plane numbers. 


Let A, B be two numbers, and let 4 by multiplying 7 
make the square number C; 


I say that 4, B are similar plane ^ 
numbers. B 

For let A by multiplying itself © 
make J); 9 


therefore D is square. 


Now, since 4 by multiplying itself has made Ø, and by 
multiplying Z has made C, 


therefore, as 4 is to 2, so is D to C. (vi. 17] 
And, since 2 is square, and C is so also, 

therefore D, C are similar plane numbers. 
Therefore one mean proportional number falls between 


P, C. [vur. 18] 
And, as D is to C, so is A to B; 


therefore one mean proportional number falls between 74, B 


also. [viii 8] 
But, if one mean proportional number fall between two 
numbers, they are similar plane numbers ; [vin. 20] 


therefore A, B are similar plane numbers. 
Q. E. D. 


If ab is a square number, a, ? are similar plane numbers. (The converse 
of Ix. 1.) - 


For a:ó-—a! : ab. (vi. 17] 
And a’, ab being square numbers, and therefore similar plane numbers, 
they have one mean proportional. [viu 18] 
Therefore a, 6 also have one mean proportional, (vii. 8] 
whence a, 4 are similar plane numbers. [viu 20] 


PROPOSITION 3. 


Jf a cube number by multiplying itself make some number, 
the product will be cube. 

For let the cube number 4 by multiplying itself make Z ; 
I say that B is cube. 


Hy Bal. 25 
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For let C, the side of A, be taken, and let C by multiplying 
itself make D. 
It is then manifest that C by multiplying | ^— 
D has made 4. B 
Now, since C by multiplying itself has c- D— 
made ØD, 
therefore C measures D according to the units in itself. 
, But further the unit also measures C according to the units 
in it; 
therefore, as the unit is to C, so is C to D. [vir. Def. 20] 
Again, since C by multiplying D has made 4, 
therefore D measures A according to the units in C. 
But the unit also measures C according to the units in it ; 
therefore, as the unit is to C, so is D to A. 
But, as the unit is to C, so is C to D; 
therefore also, as the unit is to C, so is C to D, and D to A. 
Therefore between the unit and the number 4 two mean 
proportional numbers C, D have fallen in continued proportion. 
Again, since A by multiplying itself has made 2, 
therefore A measures Z according to the units in itself. 
But the unit also measures 74 according to the units in it ; 
therefore, as the unit is to 4, so is A to P. [vir. Def. 20] 
But between the unit and 4 two mean proportional numbers 
have fallen; 
therefore two mean proportional numbers will also fall between 
Zo 25. [viu. 8] 


But, if two mean proportional numbers fall between two 
numbers, and the first be cube, the second will also be cube. 


. [vir 23] 
And A is cube; 
therefore 7? is also cube. Oo ED: 


The product of a’ into itself, or a*. a’, is a cube. 

For 1:0-a:à'-a! ; a. 

"Therefore between 1 and a? there are two mean proportionals. 

Also 1: 826 : Pow 

Therefore two mean proportionals fall between a* and a’. a’. [vat 8] 
(It is true that vii. 8 is only enunciated of two pairs of numbers, but the 
proof is equally valid if one number of one pair is unity.) 

And d! is a cube number: 
therefore a? . à? is also cube. [viit. 23] 
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PROPOSITION 4. 


Jf a cube number by multiplying a cube number make some 
number, the product will be cube. 


For let the cube number A by multiplying the cube number 
B make C; 
I say that C is cube. 


For let A by multiplying 
itself make D ; 
therefore D is cube. [ix. 3] 
And, since 4 by multiply- 
ing itself has made Ø, and by multiplying Z has made C, 
therefore, as A is to P, so is D to C. (vir. 17] 
And, since A, B are cube numbers, 
Al, B are similar solid numbers. 
Therefore two mean proportional numbers fall between 


ooo» 


A, B, (vu. 19] 
so that two mean proportional numbers will fall between 2, 
C also. [vit 8] 
And D ts cube; 
therefore C is also cube. [vi. 23] 
Q. E. D. 
The product of two cubes, say à? . 4°, is a cube. 
For a. P26. m. [vu. 17] 
And two mean proportionals fall between a’, & which are similar solid 
numbers. [vitt. 19 
Therefore two mean proportionals fall between e^. a, a? . 6. [vint. 8 
But @°. à? is a cube: fim. 3 
therefore a? . 7? is a cube. [vil 23] 


PROPOSITION 5. 


Lf a cube number by multiplying any number make a cube 
number, the multiplied number will also be cube. 


For let the cube number 4 by multiplying any number Z 
make the cube number C ; 
I say that Z is cube. 


For let A by multiplying 
itself make D ; 


therefore D is cube. — [ix. 3] 


oo0o0» 
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Now, since 4 by multiplying itself has made 2, and by 
multiplying Z has made C, 
therefore, as A is to B, so is D to C. (vir. 17] 
And since D, C are cube, 
they are similar solid numbers. 
Therefore two mean proportional numbers fall between 


1, Or [vit 19] 
And, as D is to C, so is 4 to B; 


therefore two mean proportional numbers fall between 4, 2 


also. [vin 8] 
And 4 is cube; 
therefore B is also cube. [vini 23] 


If the product a? is a cube number, 4 is cube. 
By 1x. 3, the product a’. a is a cube. 


And d. È: h=: b. (vu. 17] 
The first two terms are cubes, and therefore “similar solids"; therefore 
there are two mean proportionals between them. [vini. 19 
Therefore there are two mean proportionals between a’, 2. [vi 8 
And a’ is a cube: 
therefore 4 is a cube number. [vin 23] 


PROPOSITION 6. 


Jf a number by multiplying itself make a cube number, it 
will itself also be cube. 


For let the number 4 by multiplying itself make the cube 
number 7; 
I say that 4 is also cube. A 
For let A by multiplying Z make C. $ 
Since, then, A by multiplying itself — € 
has made Z, and by multiplying Z has 
made C, 
therefore C is cube. 
And, since 4 by multiplying itself has made 2, 
therefore 4 measures Z according to the units in itself. 
But the unit also measures 71 according to the units in it. 
Therefore, as the unit is to 4, so is A to B.  [vir. Def. 20] 
And, since 4 by multiplying 7 has made C, 
therefore Z measures C according to the units in A. 
But the unit also measures A according to the units in it. 
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Therefore, as the unit is to 4, so is 7 to C. (vu. Def. 20] 
But, as the unit is to 4, so is A to B ; 
therefore also, as Æ is to B, so is Z to C. 
And, since Z, C are cube, 
they are similar solid numbers. 
Therefore there are two mean proportional numbers 
between B, C. [vini 19] 


And, as Æ is to C, so is 4 to £. 
Therefore there are two mean proportional numbers 


between A, 2 also. [vui 8] 
And P7 is cube; 
therefore A is also cube. [cf. vii. 23] 
Q. E. D. 
If a? is a cube number, a is also a cube. 
For r:ü-ald'-uwtowt 
Now a’, à? are both cubes, and therefore “similar solids”; therefore there 
are two mean proportionals between them. [vu 19 
Therefore there are two mean proportionals between a, a’. {vin 8 
And a? is a cube: 
therefore a is also a cube number. [vi 23] 


It will be noticed that the last step is not an exact quotation of the result 
of vin. 23, because it is there the /irs/ of four terms which is known to be a 
cube, and the /as¢ which is proved to be a cube; here the case is reversed. 
But there is no difficulty. Without inverting the proportions, we have only 
to refer to viri. 21 which proves that a, a’, having two mean proportionals 
between them, are two similar solid numbers; whence, since a? is a cube, 
a is also a cube. 


PROPOSITION 7. 


Jf a composite number by multiplying any number make 
some number, the product will be solid. 


For let the composite number 4 by multiplying any number 
B make C; 
I say that C is solid. : 

For, since Ais composite, c 
it will be measured by some 
number. (vi. Def. 13] 

Let it be measured by D; 
and, as many times as D measures A, so many units let there 
be in Æ. 





E E 
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Since then D measures A according to the units in Æ, 
therefore Æ by multiplying D has made A. [vir Def. 15] 
And, since A by multiplying Z has made C, 
and A is the product of D, £, 
therefore the product of D, £ by multiplying 7 has made C. 
Therefore C is solid, and D, Æ, B are its sides. 
QE iD. 
Since a composite number is the product of two factors, the result of 


multiplying it by another number is to produce a number which is the 
product of three factors, t.e. a “solid number.” 


PROPOSITION 8. 


Jf as many numbers as we please beginning from an unit be 
in continued proportion, the third from the unit will be square, 
as will also those which successively leave out one ; the fourth 
will be cube, as will also all those which leave out two; and the 
seventh will be at once cube and square, as will also those which 
leave out five. 


Let there be as many numbers as we please, 4, B, C, D, 
E, F, beginning from an unit and in con- 
tinued proportion ; 
I say that Ø, the third from the unit, is 
square, as are also all those which leave 
out one; C, the fourth, is cube, as are 
also all those which leave out two; and 
F, the seventh, is at once cube and 
square, as are also all those which leave out five. 
For since, as the unit is to 4, so is 4 to 2, 
therefore the unit measures the number 4 the same number 
of times that 4 measures 7. [vit. Def. 20] 
But the unit measures the number A according to the 
units in it; -- 
therefore 4 also measures Z according to the units in £. 
Therefore 4 by multiplying itself has made 2; 
therefore Z is square. 
And, since P, C, D are in continued proportion, and 7 is 
square, 
therefore D is also square. (vin. 22] 
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For the same reason 
F is also square. 


Similarly we can prove that all those which leave out one 
are square. 


I say next that C, the fourth from the unit, is cube, as are 
also all those which leave out two. 
For since, as the unit is to A, so is Z to C, 


therefore the unit measures the number A the same number 
of times that Z measures C. 


But the unit measures the number 4 according to the units 
in A: 
therefore Z also measures C according to the units in A. 


Therefore A by multiplying Z has made C. 
Since then A by multiplying itself has made Ø, and by 
multiplying 2 has made C, 
therefore C is cube. 
And, since C, D, E, F are in continued proportion, and C 
is cube, 
therefore / is also cube. (vu. 23] 
But it was also proved square ; 
therefore the seventh from the unit is both cube and square. 


Similarly we can prove that all the numbers which leave 
out five are also both cube and square. 


Q. E. D. 
If 1, à, as, 45, ... be a geometrical progression, then az, a4, ae, ... are 
squares; 
das des dy; ... ate cubes ; 
As, 455, «-. are both squares and cubes. 
Since 1 tira S 
a, = a’. 
And, since «,, à;, a, are in geometrical progression and a, (= a°) is a square, 
d, is a square. [vur 22] 
Similarly a, a,, ... are squares. 
Next, | «bud 
ea ys 


whence a, =a, a cube number. 
And, since @3, da, Gs, 4, are in geometrical progression, and a; is a cube, 
a, is a cube. [vuu 23] 
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Similarly a,, aj, ... are cubes. 

Clearly then as, 2,5, 4,5, ... are both squares and cubes. 

The whole result is of course obvious if the geometrical progression is 
written, with our notation, as 


Lhd,uak ed... d. 


PROPOSITION 9. 


Jf as many numbers as we please beginning from an unit be 
in continued proportion, and the number after the unit be square, 
all the rest will also be square. And, if the number after the 
unit be cube, all the rest will also be cube. 


Let there be as many numbers as we please, 4, B, C, D, 
E, F, beginning from an unit and in con- 
tinued proportion, and let 4, the number 
after the unit, be square ; 


I say that all the rest will also be square. 


Now it has been proved that Z, the 
third from the unit, is square, as are also 
all those which leave out one ; [1x. 8] 


I say that all the rest are also square. 
For, since A, B, C are in continued proportion, 


and A is square, 

therefore C is also square. [vint 22] 
Again, since B, C, D are in continued proportion, 

and Æ is square, 

D is also square. [vir 22] 
Similarly we can prove that all the rest are also square. 


Next, let A be cube; 
I say that all the rest are also cube. 


Now it has been proved that C, the fourth from the unit, 
is cube, as also are all those which leave out two; [1x. 8] 


I say that all the rest are also cube. 
For, since, as the unit is to 4, so is 4 to 7, 


therefore the unit measures 4 the same number of times as 4 
measures 7. 


But the unit measures 4 according to the units in it; 
therefore 4 also measures Z according to the units in itself ; 
therefore A by multiplying itself has made B. 








A 
B 
C 
D 
E 
F 
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And A is cube. 
But, if a cube number by multiplying itself make some 
number, the product is cube. [1x. 3] 
Therefore Z is also cube. 
And, since the four numbers 4, B, C, D are in continued 
proportion, 
and A is cube, 
D also is cube. [vim 23] 
For the same reason 


£ is also cube, and similarly all the rest are cube. 
Q. E. D. 


If 1, a’, ay, a3, a4, ... are in geometrical progression, 4;, a3, «,, ... arc all 
squares ; 
and, if 1, a", a5, a5, 4,, ... are in geometrical progression, a,, 45, ... are all cubes. 
(1) By 1x. 8, a, 44, a, ... are all squares. 
And, a’, à, a; being in geometrical progression, and a* being a square, 
a, ìs a square. [vin. 22] 
For the same reason 4;, @;, ... are all squares. 


(2 By 1x. 8, 4, dg, a5, ... are all cubes. 


Now i: @ =Ë: a. 
Therefore a, = d? . aà*, which is a cube, by ix. 3. 
And, a’, a,, 4;, a, being in geometrical progression, and a being cube, 
a, is cube. (viri. 23] 


Similarly we prove that a, is cube, and so on. 

The results are of course obvious in our notation, the series being 
(y Laws a... ay 
(2) ada a9 Lo m 


PROPOSITION 10. 


Jf as many numbers as we please beginning from an unit be 
zn continued proportion, and the number after the unit be not 
square, netther will any other be square except the third from 
the unit and all those which leave out one. And, tf the number 
after the unit be not cube, neither will any other be cube except 
the fourth from the unit and all those which leave out two. 


Let there be as many numbers as we please, 4, B, C, D, 
E, F, beginning from an unit and in continued proportion, 
and let A, the number after the unit, not be square ; 
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I say that neither will any other be square except the third 
from the unit «and those which 





leave out one >. ie 
For, if possible, let C be square. B 
But Z is also square; — (ix. 8] c 
[therefore 2, C have to one another D 
the ratio which a square number E 
F 


has to a square number]. 

And, as B is to C, so is A to B ; 
therefore 4, B have to one another the ratio which a square 
number has to a square number ; 

[so that 4, # are similar plane numbers]. [viri. 26, converse] 

And Z is square ; 
therefore 4 is also square : 
which is contrary to the hypothesis. 

Therefore C is not square. 

Similarly we can prove that neither is any other of the 


numbers square except the third from the unit and those which 
leave out one. 


Next, let 4 not be cube. 

I say that neither will any other be cube except the fourth 
from the unit and those which leave out two. 

For, if possible, let D be cube. 

Now C is also cube ; for it is fourth from the unit. 1x. 8] 

And, as C is to D, so is B to C; 


therefore B also has to C the ratio which a cube has to a cube. 
And C is cube; 

therefore Z is also cube. [viri 25] 
And since, as the unit is to 74, so is 4 to Z, 

and the unit measures 4 according to the units in it, 

therefore 4 also measures Z according to the units in itself ; 

therefore A by multiplying itself has made the cube number Z. 


But, if a number by multiplying itself make a cube number, 
it is also itself cube. [1x. 6] 
Therefore 4 is also cube: 


which is contrary to the hypothesis. 
Therefore 2D is not cube. 


IX. 16, 11] PROPOSITIONS 10, 11 395 


Similarly we can prove that neither is any other of the 
numbers cube except the fourth from the unit and those which 
leave out two. 

Q.'E. b. 


If 1, 24, ay, az, a, ... be a geometrical progression, then (1), if a is not a 
square, none of the terms will be square except a,, ay, a4, ...; 
and (2), if a is not a cube, none of the terms will be cube except ay, ag, ay, .... 

With reference to the first part of the proof, viz. that which proves that, if 
d, is a square, a must be a square, Heiberg remarks that the words which 
I have bracketed are perhaps spurious; for it is easier to use vill. 24 than 
the converse of viii. 26, and a use of viri. 24 would correspond better to the 
use of vill. 25 in the second part relating to cubes. I agree in this view and 
have bracketed the words accordingly. (See however note, p. 383, on 
converses of vill. 26, 27 given by Heron.) If this change be made, the 
proof runs as follows. 


(1) If possible, let a, be square. 
Now a4 5 ay zu. ds. e 
But a, is a square. [1x. 8] 


Therefore a is to a, in the ratio of a square to a square. 
And a, is square ; 


therefore a is square [viir. 24]: which is impossible. 
(2) If possible, let a, be a cube. 


Now aj td md. 
And a; is a cube. [1x. 8] 
Therefore a, is to a, in the ratio of a cube to a cube. 
And a, is a cube: 
therefore a, is a cube. [vi 25] 
But, since I de. dy 
a= d. 


And, since a? is a cube, 
a must be a cube [1x. 6]: which is impossible. 

The propositions vill. 24, 25 are here not quoted in their exact form in 
that the first and second squares, or cubes, change places. But there is no 


difficulty, since the method by which the theorems are proved shows that 
either inference is equally correct. 


PROPOSITION II. 


Jf as many numbers as we please beginning from an unit be 
in continued proportion, the less measures the greater according 
to some one of the numbers which have place among the propor- 
tional numbers. 
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Let there be as many numbers as we please, B, C, D, £, 
beginning from the unit 4 and in con- 








tinued proportion ; A 

I say that Z, the least of the numbers Z, e 

C, D, E, measures Æ according to some c 

one of the numbers C, D. D 
For since, as the unit A is to Ø, so E 

is D to £, 


therefore the unit 4A measures the number Æ the same number 
of times as D measures £ ; 


therefore, alternately, the unit 4 measures D the same number 
of times as Z7 measures Æ. (vu. 15] 


But the unit 4 measures D according to the units in it ; 
therefore Z also measures Æ according to the units in 7): 


so that Z the less measures Æ the greater according to some 
number of those which have place among the proportional 
numbers.— 


Porism. And it is manifest that, whatever place the 
measuring number has, reckoned from the unit, the same 
place also has the number according to which it measures, 
reckoned from the number measured, in the direction of the 
number before it.— 

ORB. D. 


The proposition and the porism together assert that, if 1, a, a, ... a, be a 
geometrical progression, a, measures a, and gives the quotient a,., (7 « 7). 
Euclid only proves that a, — a . à, ,, as follows. 
1 34% 4... tity. 
Therefore 1 measures a the same number of times as @,_, measures a,- 
Hence 1 measures a,., the same number of times as a measures 4, ; 


(vu. 15] 
that is, Hou des. 
We can supply the proof of the porism as follows. 
I :8-2d, n Gp, 
9 | A= Arey pan, 
, Oy po) $ Tor = 04 $ yy 
whence, ex aequali, 
I: apr =a, indy. (vir. 14] 


It follows, by the same argument as before, that 
"0. A su. 

With our notation, we have the theorem of indices that 
queue. qu. qu 
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PROPOSITION 12. 


Jf as many numbers as we please beginning from an unit be 
zn continued proportion, by however many prime numbers the 
last 1s measured, the next to the unit will also be measured by 
the same. 


Let there be as many numbers as we please, 4, B, C, D, 
beginning from an unit, and in continued proportion ; 
I say that, by however many prime numbers Ø is measured, 
A will also be measured by the same. 








A—— F 
B G 
= H 
D 

E— 


For let D be measured by any prime number £ ; 
I say that Æ measures 4. 

For suppose it does not ; 
now Æ is prime, and any prime number is prime to any which 
it does not measure ; (vi. 29] 
therefore Æ, A are prime to one another. 

And, since Æ measures Ø, let it measure it according to 7, 
therefore E by multiplying / has made Ø. 


Again, since 4 measures D according to the units in C, 
[ix. 11 and Por.] 
therefore A by multiplying C has made Ø. 
But, further, Æ has also by multiplying 77 made D; 


therefore the product of A, C is equal to the product of £, Z. 


Therefore, as 4 is to £, so is / to C. [vu. 19] 
But A, £ are prime, 
primes are also least, [vu. 21] 


and the least measure those which have the same ratio the 
same number of times, the antecedent the antecedent and the 
consequent the consequent ; (vi. 20] 
therefore Æ measures C. 

Let it measure it according to G ; 
therefore £ by multiplying G has made C. 

But, further, by the theorem before this, 
A has also by multiplying Z made C. (ix. 11 and Por.] 
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Therefore the product of A, B is equal to the product of 
ust. 


Therefore, as A isto Æ, sois Gto B. ~ [vit. 19] 
But 4, £ are prime, 
primes are also least, (vir. 21] 


and the least numbers measure those which have the same 
ratio with them the same number of times, the antecedent the 
antecedent and the consequent the consequent : (vu. 20] 


therefore Æ measures ZB. 
Let it measure it according to 7/7 ; 
therefore Æ by multiplying Æ has made 2. 
But further 4 has also by multiplying itself made 2 ; 


[1x. 8] 
therefore the product of Æ, 77 is equal to the square on A. 
Therefore, as Æ is to A, sois A to H. - [vi1. 19] 
But A, £ are prime, 
primes are also least, (vir. 21] 


and the least measure those which have the same ratio the 
same number of times, the antecedent the antecedent and the 
consequent the consequent ; [vu. 20] 


therefore Æ measures A, as antecedent antecedent. 
But, again, it also does not measure it : 
which is impossible. | 
Therefore Æ, A are not prime to one another. 
Therefore they are composite to one another. 
But numbers composite to one another are measured by 
some number, [vi Def. 14] 
And, since Z is by hypothesis prime, 
and the prime is not measured by any number other than itself, 
therefore Æ measures A, Æ, 
so that Æ measures Z. 
[But it also measures D ; 
therefore Æ measures A, D.] 
Similarly we can prove that, by however many prime 
numbers 2 is measured, A will also be measured by the same. 
Q. E. D. 


If 1, a, a5, ... a, be a geometrical progression, and a, be measured by any 
prime number ^, a will also be measured by ^. 
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For, if possible, suppose that ? does not measure a; then, ? being prime, 


2, a are prime to one another. [vit. 29] 
Suppose d, — HL. f. 

Now ap =A. aui’ (re 11] 
Therefore a. Gaci M.P, 

and ee: p A [vit. 19] 
Hence, a, ? being prime to one another, 

p measures 4,_,. (vit. 20, 21] 


By a repetition of the same process, we can prove that # measures dq,.s 
and therefore a,.,, and so on, and finally that ^ measures a. 

But, by hypothesis, ? does not measure a: which is impossible. 

Hence f, a are not prime to one another : l 


therefore they have some common factor. [vu. Def. 14] 
But ? is the only number which measures £ ; 
therefore p measures a. 


Heiberg remarks that, as, in the &@eo.s, Euclid sets himself to prove that 
E measures 4, the words bracketed above are unnecessary and therefore 
perhaps interpolated. 


PROPOSITION 13. 


Jf as many numbers as we please beginning from an unit be 
zn continued proportion, and the number after the unit be prime, 
the greatest will not be measured by any except those which have 
a place among the proportional numbers. 


Let there be as many numbers as we please, 4, 2, C, D, 
beginning from an unit and in continued proportion, and let 4, 
the number after the unit, be prime ; 


I say that Ø, the greatest of them, will not be measured by any 
other number except 4, 7, C. 





A- ---——— E—— 
B F 
Ce —— ————————— GQ 
D H 


For, if possible, let it be measured by Æ, and let Æ not be 
the same with any of the numbers 4, B, C. 

It is then manifest that Æ is not prime. 

For, if Æ is prime and measures 2, 
it will also measure A (ix. 12], which is prime, though it is not 
the same with it : 


which is impossible. 
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Therefore Æ is not prime. 

Therefore it is composite. 

But any composite number is measured by some prime 
number ; [vi 31] 
therefore Æ is measured by some prime number. 


I say next that it will not be measured by any other prime 
except A. 
For, if £ is measured by another, 


and Æ measures 2, 
that other will also measure D ; 


so that it will also measure A [ix. 12], which is prime, though 
it is not the same with it : 


which is impossible. 


Therefore A measures £. 

And, since Æ measures Ø, let it measure it according to Z. 

I say that Æ is not the same with any of the numbers 
zd, 2, e 

For, if F is the same with one of the numbers 4, B,C, 
and measures D according to Æ, 


therefore one of the numbers 4, B, C also measures D according 
to Æ. 


But one of the numbers 4, 4, C measures D according to 
some one of the numbers 4, B, C; fix. 11] 
therefore Æ is also the same with one of the numbers 4, B, C: 
which is contrary to the hypothesis. 

Therefore F is not the same as any one of the numbers 
yl» a GE 

Similarly we can prove that Æ is measured by 4, by 
proving again that F is not prime. 

For, if it is, and measures D, 
it will also measure 74 [ix. 12], which is prime, though it is not 
the same with it: 
which is impossible ; 
therefore F is not prime. 

Therefore it is composite. 

But any composite number is measured by some prime 
number ; [vu. 31] 
therefore / is measured by some prime number. 


ix. x3] PROPOSITION 13 401 


I say next that it will not be measured by any other prime 
except A. | 

For, if any other prime number measures 7, 
and F measures 2, 


that other will also measure 2D ; 


so that it will also measure A [1x. 12], which is prime, though it 
is not the same with it : 


which is impossible. 

Therefore 4 measures Æ. 

And, since Æ measures D according to 7, 
therefore Æ by multiplying F has made D. 

But, further, 4 has also by multiplying C made 2 ; (ix. 11] 
therefore the product of 4, C is equal to the product of Æ, F. 


Therefore, proportionally, as 4 is to Æ, so is F to C. 


[vir 19] 
But A measures £; 


therefore F also measures C. 


Let it measure it according to G. 

Similarly, then, we can prove that G is not the same with 
any of the numbers A, B, and that it is measured by A. 

And, since F measures C according to G, 


therefore F by multiplying G has made C. 
But, further, 4 has also by multiplying 7 made C ; (ix. 11] 
therefore the product of 4, B is equal to the product of 7, G. 


Therefore, proportionally, as 44 is to Æ, so is G to Z. 


[vir. 19] 
But 4 measures F^; 


therefore G also measures 7. 


Let it measure it according to 77. 

Similarly then we can prove that /7 is not the same 
with A. 

And, since G measures /? according to 77, 


therefore G by multiplying 77 has made 7. 
But further 4 has also by multiplying itself made 2 ; 


[1x. 8] 
therefore the product of 77, G is equal to the square on A. 
Therefore, as 77 is to A, so is A to G. (vu. 19] 


H. E. I. 26 
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But A measures G ; 


therefore // also measures A, which is prime, though it is not 
the same with it : 


which is absurd. 


Therefore D the greatest will not be measured by any 
other number except 4, B, C. 
Q. E. D. 


If 1, a, a,, ... a, be a geometrical progression, and if a is prime, a, will not 
be measured by any numbers except the preceding terms of the series. 

If possible, let a, be measured by 4, a number different from all the 
preceding terms. j 

Now ? cannot be prime, for, if it were, it would measure a. [1x. 12] 

Therefore 4 is composite, and hence will be measured by some prime 
number [vir. 31], say ^. 

Thus ? must measure a, and therefore a [1x. 12]; so that # cannot be 
different from a, and ^ is not measured by any prime number except a. 


Suppose that a, b.c. 
Now c cannot be identical with any of the terms a, a,, ... @,-,; for, if it 
were, 4 would be identical with another of them: [1x. 11] 


which is contrary to the hypothesis. 


We can now prove (just as for 4) that ¢ cannot be prime and cannot be 
measured by any prime number except a. 
Since b.¢6=,=4.4,-1, [1x. 11] 
a: b=t aiy 
whence, since a measures 4, 
¢ measures d,.,. 
Let An-1 = € . d. 
We now prove in the same way that 4 is not identical with any of the terms 
d, ds, ... Ang IS not prime, and is not measured by any prime except a, and 
also that 
d measures a, .,. 


Proceeding in this way, we get a last factor, say 4,.which measures a 
though different from it: 


which is absurd, since a is prime. 


Thus the original supposition that @, can be measured by a number 2 
different from all the terms a, az, ... an-ı must be incorrect. 
Therefore etc. 


PROPOSITION 14. 


Jf a number be the least that is measured by prime numbers, 
wt will not be measured by any other prime number except those 
originally measuring it. 


For let the number 4 be the least that is measured by the 
prime numbers Z, C, D; 
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I say that 4 will not be measured by any other prime number 
exept Z, C, D. 

For, if possible, let it be measured by the prime number 
£, and let Æ not be the same with any one of the numbers 
D CW. 


A ————————— B— 


E£——— c—— 
D 





Now, since Æ measures A, let it measure it according 
fo JI. 

therefore Æ by multiplying Æ has made 4. 

And 4 is measured by the prime numbers 2, C, D. 


But, if two numbers by multiplying one another make some 
number, and any prime number measure the product, it will 
also measure one of the original numbers ; [vir. 30] 


therefore Z, C, D will measure one of the numbers Z, F. 


Now they will not measure Æ ; 
for £ is prime and not the same with any one of the numbers 
B,C, 

Therefore they will measure Z, which is less than 4 : 


which is impossible, for 4 is by hypothesis the least number 
measured by 7, C, D. 
Therefore no prime number will measure 74 except 


2, C I. 
QE. fD: 


In other words, a number can be resolved into prime factors in only 


one way. 
Let a be the least number measured by each of the prime numbers 


; ^t hessibie, suppose that a has a prime factor / different from 4, e, d, ... È. 
Let a — p.m. 
Now 4, e, d, ... k, measuring a, must measure one of the two factors P, m. 
VH. 30 
They do not, by hypothesis, measure 2; sd 
therefore they must measure » a number less than a : 
which is contrary to the hypothesis. 
Therefore a has no prime factors except 2, c, d, ... 4. 
26—2 
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PROPOSITION 15. 


Jf three numbers in continued proportion be the least of 
those which have the same ratio with them, any two whatever 
added together will be prime to the remaining number. 


Let 4, B, C, three numbers in continued proportion, be 
the least of those which have the same 





ratio with them ; AC B 
I say that any two of the numbers c 
A, B, C whatever added together are -E 


prime to the remaining number, namely 
A, BtoC; B, Cto; and further 4, C to Z. 
For let two numbers DE, £F, the least of those which 
have the same ratio with 4, B, C, be taken. [vin. 2] 
It is then manifest that DZ by multiplying itself has made 
A, and by multiplying E has made 2, and, further, EF by 


multiplying itself has made C. [viu 2] 
Now, since DE, EF are least, 

they are prime to one another. (vit. 22] 
But, if two numbers be prime to one another, 

their sum is also prime to each ; [vu. 28] 


therefore DF is also prime to each of the numbers DZ, EF. 
But further DZ is also prime to EZ; 
therefore DF, DE are prime to EF. 
But, if two numbers be prime to any number, 
their product is also prime to the other ; [vi 24] 
so that the product of FD, DE is prime to £F; 
hence the product of FD, DE is also prime to the square 


on EF, [vu. 25] 
But the product of FD, DE is the square on DE together 
with the product of DE, EF; (a1. 3] 


therefore the square on VE together with the produes of DE, 
EF is prime to the square on E. 


And the square on DE is A, 
the product of DE, EF is D, 
and the square on EF is C; 
therefore 4, 4 added together are prime to C. 
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Similarly we can prove that 8, C added together are 
prime to A. 


I say next that 4, C added together are also prime to 2. 
For, since DF is prime to each of the numbers DE, EF, 


the square on DF is also prime to the product of DE, EF. 


[vit. 24, 25] 
But the squares on DE, EF together with twice the pro- 
duct of DE, EF are equal to the square on DF; (11. 4] 


therefore the squares on DE, £F together with twice the 
product of DE, EF are prime to the product of DE, EF. 
Separando, the squares on DE, £F together with once 
the product of DZ, EF are prime to the product of DE, EF. 
Therefore, separando again, the squares on DE, EF are 
prime to the product of DE, EF. 
And the square on DF is A, 
the product of DE, EF is D, 
and the square on ZF is C. 


Therefore 4, C added together are prime to Z. 
Qa D. 
If a, 6, c be a geometrical progression in the least terms which have a 
given common ratio, (^ + ¢), (c * a), (a +4) are respectively prime to a, 4, c. 


Let a : B be the common ratio in its lowest terms, so that the geometrical 
progression is 


a’, ag, P (vé 2] 
Now, a, fj being prime to one another, 
a * B is prime to both a and f. [vir. 28] 
Therefore (a + B), a are both prime to £. 
Hence (a + B) a is prime to B, [vit 24] 
and therefore to 8? ; [vir 25] 
1.€. a? 4 afl is prime to f’, 
or a +b is prime to c. 
Similarly, aß + B? is prime to a’, 
or b+c is prime to a. 
Lastly, a + being prime to both a and £, 
(a + BY is prime to af, (vii. 24, 25] 
Or a* + 8? + 2aß is prime to af: 
whence a? + [P is prime to aß. 


The latter inference, made in two steps, may be proved by reductio ad 
absurdum as Commandinus proves it. 

If a? + 8? is not sme to af, let x measure them ; 
therefore x measures a’ + 8? + 2aß as well as af; 


hence a’ + 8* + 2a8 and af are not prime to one — which is contrary 
to the hypothesis. 


406 BOOK IX fix: 15r 17 


PROPOSITION 16. 


Jf two numbers be prime to one another, the second will not 
be to any other number as the first ts to the second. 


For let the two numbers 4, B be prime to one another ; 
I say that # is not to any other number as 





A is to P. m — 
For, if possible, as 4 is to Z, so let B be B = 
to C. c 
Now 4, B are prime, 
primes are also least, [vn. 21] 


and the least numbers measure those which have the same 
ratio the same number of times, the antecedent the antecedent 
and the consequent the consequent ; [vir. 20] 
therefore A measures 7! as antecedent antecedent. 

But it also measures itself ; 
therefore 4 measures 4, B which are prime to one another: 
which is absurd. 

Therefore Z will not be to C, as A is to B. 

b. BF D. 

If a, ? are prime to one another, they can have no integral third 
proportional. 

If possible, let a:beb:as 


Therefore [vit. 20, 21] a measures 6; and a, 6 have the common measure 
a, which is contrary to the hypothesis. i 


PROPOSITION 17. 


If there be as many numbers as we please in continued 
proportion, and the extremes of them be prime to one another. 
the last will not be to any other number as the first to the 
second. 


For let there be as many numbers as we please, 4, B,C, D, 
in continued proportion, 











and let the extremes of them, 4, ‘ : 
D, be prime to one another ; G 
I say that D is not to any other E 





number as 4 is to B. 
For, if possible, as 4 is to Ø, so let D be to £; 
therefore, alternately, as A is to D, so is B to Æ. [vi. 13] 
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But A, D are prime, 
primes are also least, [vit. 21] 


and the least numbers measure those which have the same 
ratio the same number of times, the antecedent the antecedent 
and the consequent the consequent. [vi1. 20] 


Therefore A measures 7. 
And, as A is to B, so is B to C. 
Therefore Æ also measures C ; 


so that 4 also measures C. 
And since, as Æ is to C, so is C to D, 
and B measures C, 
therefore C also measures 2. 
But A measured C; 
so that 4 also measures D. 
But it also measures itself ; 
therefore A measures A, D which are prime to one another: 
which is impossible. 


Therefore D will not be to any other number as 4 is to 7. 
Q. E. D. 


If a, da, a5, ... à, be a geometrical progression, and a, a, are prime to one 
another, then a, a+, a, can have no integral fourth proportional. 


For, if possible, let a: z= ap: F., 
Therefore a i Gh: % 
and hence [vil. 20, 21] @ measures az. 
Therefore a, measures a;, [vit. Def. 20] 


and hence a measures a,, and therefore also ultimately a,. 
Thus a, a, are both measured by a: which is contrary to the hypothesis. 


PROPOSITION 18. 


Given two numbers, to investigate whether it is possible to 


find a third proportional to them. 


Let 4, B be the given two numbers, and let it be required 
to investigate whether it is possible to find a third proportional 
to them. 

Now 4, B are either prime to one another or not. 

And, if they are prime to one another, it has been proved 
that it is impossible to find a third proportional to T 

IX. 16 
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Next, let 4, B not be prime to one another, 
and let B by multiplying itself make C. 
Then 4 either measures C or does not measure it. 





A D 
8 








C 


First, let it measure it according to D; 
therefore A by multiplying D has made C. 
But, further, Z has also by multiplying itself made C; 
therefore the product of 4, D is equal to the square on 7. 
Therefore, as A is to B, so is B to D; [vit. 19] 


therefore a third proportional number 2 has been found to 
AN B. 


Next, let £ not measure C: 


I say that it is impossible to find a third proportional number 
to A, B. 


For, if possible, let D, such third proportional, have been 
found. 
Therefore the product of 4, D is equal to the square on B. 
But the square on Z is C; 
therefore the product of A, D is equal to C. 
Hence 4 by multiplying D has made C ; 
therefore 4 measures C according to D. 
But, by hypothesis, it also does not measure it : 
which is absurd. 
Therefore it is not possible to find a third proportional 
number to 4, B when 4 does not measure C. Q. E. D. 


Given two numbers a, 4, to find the condition that they may have an 
integral third proportional. 
(1) a, 6 must not be prime to one another. ` [1x. 16] 
(2) a must measure 7. 
For, if a, 4, « be in continued proportion, 
dcc B. 
Therefore a measures 0”. 
Condition (1) is included in condition (2) since, if 6 = ma, a and 6 cannot 
be prime to one another. 
The result is of course easily seen if the three terms in continued 
proportion be written 
b b\? 
a, a-, a\-). 
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PROPOSITION 19. 


Given three numbers, to investigate when it is possible to 
find a fourth proportional to them. 


Let 4, B, C be the given three numbers, and let it be 
required to investigate when it is 4 
possible to find a fourth proportional 
to them. 

Now either they are not in con- 
tinued proportion, and the extremes 
of them are prime to one another ; 
or they are in continued proportion, and the extremes of them 
are not prime to one another ; 
or they are not in continued proportion, nor are the extremes 
of them prime to one another ; 
or they are in continued proportion, and the extremes of them 
are prime to one another. 

If then A, B, C are in continued proportion, and the 
extremes of them 4, C are prime to one another, 
it has been proved that it is impossible to find a fourth pro- 
portional number to them. [1x 17] 

tNext, let 4, B, C not be in continued proportion, the 
extremes being again prime to one another; 

I say that in this case also it is impossible to find a fourth 
proportional to them. 

For, if possible, let D have been found, so that, 

as A is to Z, so is C to D, 
and let it be contrived that, as P is to C, so is D to Æ. 

Now, since, as 4 is to &, so is C to D, 

and, as # is to C, so is D to Æ, 





— 


moo o 


therefore, ex aegua/t, as A is to C, so is C to £. [vir. 14] 
But A, C are prime, 
primes are also least, [vin. 21] 


and the least numbers measure those which have the same 

ratio, the antecedent the antecedent and the consequent the 

consequent. [vit 20] 
Therefore 4 measures C as antecedent antecedent. 
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But it also measures itself ; 
therefore 4 measures 4, C which are prime to one another : 
which is impossible. 

Therefore it is not possible to find a fourth proportional 
to 4, B, Ct 

Next, let 4, B, C be again in continued proportion, 
but let 4, C not be prime to one another. 

: I say that it is possible to find a fourth proportional to 
them. 

For let 7 by multiplying C make D; 
therefore 4 either measures D or does not measure it. 

First, let it measure it according to Æ; 
therefore 4 by multiplying Æ has made Ø. 

But, further, 7 has also by multiplying C made D ; 
therefore the product of A, Æ is equal to the product of 
therefore, proportionally, as 4 is to P, so is C to Æ; [vir 19] 
therefore Æ has been found a fourth proportional to 4, B, C. 

Next, let 4 not measure D; 

I say that it is impossible to find a fourth proportional number 
to A Bec. 

For, if possible, let Æ have been found ; 
therefore the product of A, Æ is equal to the product of B, C. 


[vu. 19] 

But the product of B, C is D; 
therefore the product of 4, Æ is also equal to D. 

Therefore A by multiplying Æ has made D; 
therefore 4 measures D according to Æ, 
so that 4 measures ØD. 

But it also does not measure it : 
which is absurd. 

Therefore it is not possible to find a fourth proportional 
number to 4, B, C when A does not measure D. 

Next, let 4, B, C not be in continued proportion, nor the 
extremes prime to one another. 

And let Z by multiplying C make D. 

Similarly then it can be proved that, if 4 measures 2, 
it is possible to find a fourth proportional to them, but, if it 
does not measure it, impossible. 9 E, WD: 
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Given three numbers a, 4, ¢, to find the condition that they may have an 
i : y may 
integral fourth proportional. 

The Greek text of part of this proposition is hopelessly corrupt. Accord- 
ing to it Euclid takes four cases. 
(1) a, 4, c not in continued proportion, and a, ¢ prime to one another. 
(2) a, 4, c in continued proportion, and a, c not prime to one another. 
(3) a, 4, c not in continued proportion, and a, ¢ not prime to one another. 
(4) a, b, c in continued proportion, and a, ¢ prime to one another. 


(4) is the case dealt with in 1x. 17, where it is shown that on hypothesis 
(4) a fourth proportional cannot be found. 


The text now takes case (1) and asserts that a fourth proportional cannot 
be found in this case either. We have only to think of 4, 6, 9 in order to see 
that there is something wrong here. The supposed proof is also wrong. If 
possible, says the text, let 7 be a fourth proportional to a, 4, ¢, and let e 
be taken such that 

b:c=d:e. 

Then, ex aeguati, a: eae uw 
whence «a measures c : (vit. 20, 21] 
which is impossible, since a, ¢ are prime to one another. 

But this does not prove that a fourth proportional @ cannot be found ; it 
only proves that, if 7 is a fourth proportional, no integer e can be found to 
satisfy the equation 


b:ezdie. 
Indeed it is obvious from 1x. 16 that in the equation 
&:CmCIÉ 


e cannot be integral. 


The cases (2) and (3) are correctly given, the first in full, and the other as 
a case to be proved *'similarly" to it. 

These two cases really give all that is necessary. 

Let the product 4¢ be taken. 

Then, if a measures óc, suppose 4c = ad ; 


therefore ge: d, 
and d is a fourth proportional. 


But, if a does nof measure 4c, no fourth proportional can be found. 
For, if x were a fourth proportional, ax would be equal to 4¢, and a would 
measure x. 

The sufficient condition in any case for the possibility of finding a fourth 
proportional to a, 4, c is that « should measure £c. 

Theon appears to have corrected the proof by leaving out the incorrect 
portion which I have included between daggers and the last case (3) dealt 
with in the last lines. Also, in accordance with this arrangement, he does not 
distinguish four cases at the beginning but only two. *“ Either 4, B, C are 
in continued proportion and the extremes of them 4, C are prime to one 
another; or not" Then, instead of introducing case (2) by the words 
* Next let 4, B, C...to find a fourth proportional to them," immediately 
following the second dagger above, Theon merely says “ But, if not,” [i.e. 
if it is not the case that a, 4, c are in G.P. and a, ¢ prime to one another] “let 
B by multiplying C make D,” and so on. 
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August adopts Theon’s form of the proof. Heiberg does not feel able to 
do this, in view of the superiority of the authority for the text as given above 
(P); he therefore retains the latter without any attempt to emend it. 


PROPOSITION 20. 


Prime numbers are more than any assigned multitude of 
prime numbers. 


Let A, B, C be the assigned prime numbers ; 
| say that there are more 
prime numbers than 4, B, C. | A— 


For let the least number  8— G 
measured by 4, B, C be ¢-—— $ 
taken, E ——————————————————- EF 
and let it be DE; 
let the unit DF be added to DE. 

Then £F is either prime or not. 

First, let it be prime; 
then the prime numbers A, B, C, EF have been found which 
are more than 4, B, C. 

Next, let EF not be prime; 
therefore it is measured by some prime number. [vir 31] 

Let it be measured by the prime number G. 

I say that G is not the same with any of the numbers 
A. B,C. 

For, if possible, let it be so. 

Now A, B, C measure DE ; 
therefore G also will measure DZ. 

But it also measures EF. 

Therefore G, being a number, will measure the remainder, 
the unit DF: 
which is absurd. 

Therefore G is not the same with any one of the numbers 
A, B, C. 

And by hypothesis it is prime. 

Therefore the prime numbers 4, B, C, G have been found 
which are more than the assigned multitude öl A s E uc. 

Or Es D. 
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We have here the important proposition that /Ae number of prime numbers 
is Infinite. 

The proof will be seen to be the same as that given in our algebraical 
text-books. Let a, 4, c, ... k be any prime numbers. 

Take the product ac ... k and add unity. 

Then (abc ... A + 1) is either a prime number or not a prime number. 

(1) If it /s, we have added another prime number to those given. 

(2) If it is xof, it must be measured by some prime number [vi1. 31], say 2. 

Now P? cannot be identical with any of the prime numbers a, 4, c, ... &. 

For, if it is, it will divide asc ... 4. 
Therefore, since it divides (ac... + 1) also, it will measure the difference, 
or unity : 
which is impossible. 

Therefore in any case we have obtained one fresh prime number. 

And the process can be carried on to any extent. 


PROPOSITION 21, 


Jf as many even numbers as we please be added together, 
the whole is even. 


For let as many even numbers as we please, AB, BC, CD, 
DE, be added together ; 


I say-that the Whole AF ~e © am UF 
is even, 

For, since each of the numbers AB, BC, CD, DE is even, 
it has a half part ; [vii. Def. 6] 


so that the whole 74 Æ also has a half part. 

But an even number is that which is divisible into two 
equal parts ; [ia] 
therefore AZ is even. 

Q. E. D 


In this and the following propositions up to 1X. 34 inclusive we have a 
number of theorems about odd, even, * even-times even" and “ even-times 
odd” numbers respectively. ‘They are all simple and require no explanation 
in order to enable them to be followed easily. 


PROPOSITION 22. 


Jf as many odd numbers as we please be added together, and 
their multitude be even, the whole will be even. 

For let as many odd numbers as we please, 42, BC, CD, 
DE, even in multitude, be added together ; 
I say that the whole 74 Æ is even. 
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For, since each of the numbers 4B, BC, CD, DE is odd, 
if an unit be subtracted from each, each of the remainders will 
be even ; [vir. Def. 7] 
so that the sum of them will be even. [ix. 21] 


A B Oo D E 
M 


But the multitude of the units is also even. 
Therefore the whole 4£ is also even. (re 21] 
g. E. b. 


PROPOSITION 23. 


Jf as many odd numbers as we please be added together, 
and (their multitude be odd, the whole will also be odd. 


For let as many odd numbers as we please, 447, BC, CD, 
the multitude of which is odd, 


be added together ; x F " éb 
hasy that be wüole 2g? i — lc o 


also odd. 
Let the unit DE be subtracted from CD ; 


therefore the remainder CZ is even. [vi. Def. 7] 
But C4 is also even ; [ix. 22] 
therefore the whole A Æ is also even. [1x. 21] 
And DE is an unit. 
Therefore 4D is odd. (vir. Def. 7] 
QE Te 


3. Literally “ let there be as many numbers as we please, of which /e/ the multitude ^e 
odd." This form, natural in Greek, is awkward in English. 


PROPOSITION 24. 


Lf from an even number an even number be subtracted, the 
remainder will be even. 


For from the even number 447 let the even number BC 
be subtracted : 
I say that the remainder CA is even. A o B 
For, since 4 Z is even, it has a half 2 
part. (vi. Def. 6] 
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For the same reason ZC also has a half part ; 


so that the remainder [CA also has a half part, and] AC is 
therefore even. 


Q. E. D. 


PROPOSITION 25. 


Jf from an even number an odd number be subtracted, the 
remainder will be odd. 


For from the even number 48 let the odd number ZC be 
subtracted ; 
I say that the remainder CA is odd. 4 CD B 


For let the unit CD be sub- 
tracted from BC; 





therefore DZ is even. [vii. Def. 7] 
But AB is also even; 
therefore the remainder 74D is also even. [1x. 24] 
And CD is an unit; l 
therefore CA is odd. (vi. Def. 7] 
Q. E. D. 


PROPOSITION 26. 


Jf from an odd number an odd number be subtracted, the 
remainder will be even. 


For from the odd number 4 B let the odd number ZC be 
subtracted ; 
I say that the remainder C4 is even. A C DB 


For, since AZ is odd, let the unit 
BD be subtracted ; 


therefore the remainder 4D is even. (vii. Def. 7] 
For the same reason CZ is also even ; (vir. Def. 7] 
so that the remainder CA is also even. [1x. 24] 


Q. E. D. 
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PROPOSITION 27. 
Jf from an odd number an even number be subtracted, the 
remainder will be odd. 
For from the odd number 48 let the even number AC be 
subtracted ; 
I say that the remainder C4 is odd. 





Let the unit AD be subtracted ; ap Ç : 
therefore DZ is even. [vii. Def. 7] 
But AC is also even ; 
therefore the remainder C2 is even. (1x. 24] 
Therefore CA is odd. (vit. Def. 7] 
Q. E. D. 


PROPOSITION 28. 
Jf an odd number by multiplying an even number make 
some number, the product will be even. 
For let the odd number 4 by multiplying the even number 
B make C; 
I say that C is even. 
For, since 4 by multiplying Z has c 


A— 


made C, 
therefore C is made up of as many numbers equal to Z as 
there are units in A. (vu. Def. 15) 


And 7 is even ; 
therefore C is made up of even numbers. 
But, if as many even numbers as we please be added 
together, the whole is even. [1x. 21) 
Therefore C is even. 
0. & D. 
PROPOSITION 29. 


Jf an odd number by multiplying an odd number make 
some number, the product will be odd. 


For let the odd number 4 by multiplying the odd number 
B make C; 


I say that C is odd. AE 
For, since 4 by multiplying Z has & 
made 
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therefore C is made up of as many numbers equal to 7 as 
there are units in A. [vri. Def. 15] 
And each of the numbers 4, B is odd ; 


therefore C is made up of odd numbers the multitude of which 
is odd. 


Thus, C is odd. [ix. 23] 
Q, E D. 
PROPOSITION 30. 


Tf an odd number measure an even number, it will also 
measure the half of it. 


For let the odd number A measure the even number 4; 
I say that it will also measure the half 


of it. A — 
For, since 4 measures 7, B 
let it measure it according to C ; e 





I say that C is not odd. 

For, if possible, let it be so. 

Then, since 4 measures B according to C, 
therefore 4 by multiplying C has made Z. 

Therefore 7 is made up of odd numbers the multitude 
of which is odd. 

Therefore # is odd : [1x. 23] 
which is absurd, for by hypothesis it is even. 

Therefore C is not odd ; 
therefore C is even. 

Thus A measures 7 an even number of times. 

For this reason then it also measures the half of it. 

QE: D. 


PROPOSITION 31. 


Jf an odd number be prime to any number, it will also be 
prime to the double of tt. 


For let the odd number 4 be prime to any number Z, 
and let C be double of B; 
I say that 4 is prime to C. 
For, if they are not prime 
to one another, some number 
will measure them. 


A 





C —— 


— 


H. E. d. 27 
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Let a number measure them, and let it be D. 


Now 4 is odd; 
therefore D is also odd. 
And since D which is odd measures C, 
and C is even, 
therefore [D] will measure the half of C also. © (ix. 30] 
But Z ie half of € ; 
therefore measures 7. 
But it also measures 4 ; 


therefore D measures 4, Z which are prime to one another: 
which is impossible. 

Therefore A cannot but be prime to C. 

Therefore A, C are prime to one another. 


Q. E. D. 


PROPOSITION 32. 


Each of the numbers which are continually doubled beginning 
from a dyad ts even-times even only. 


For let as many numbers as we please, B, C, D, have been 
continually doubled beginning 
from the dyad 4 ; 


I say that B, C, D are even- 
times even only. 
Now that each of the 


numbers Z, C, D is even-times even is manifest; for it is 
doubled from a dyad. 


I say that it is also even-times even only. 
For let an unit be set out. 
Since then as many numbers as we please beginning from 
an unit are in continued proportion, 
and the number 4 after the unit is prime, 
therefore D, the greatest of the numbers 4, B, C, D, will not 
be measured by any other number except 4, B, C. [1x. 13] 
And each of the numbers A, B, C is even; 
therefore D is even-times even only. (vir, Def. 8] 


Similarly we can prove that each of the numbers Ø, C is 
even-times even only. 





00 BD > 





Q. E. D. 
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See the notes on vit. Deff. 8 to 11 for a discussion of the difficulties 
shown by Iamblichus to be involved by the Euclidean definitions of “ even- 
times even," *even-times odd” and **odd-times even.” 


PROPOSITION 33. 


Jf a number have tts half odd, it is even-times odd only. 


For let the number 4 have its half odd ; 
I say that 4 is even-times odd only. 


Now that it is even-times odd is — ee 
manifest; for the half of it, being odd, 
measures it an even number of times. [vir. Def. 9] 


I say next that it is also even-times odd only. 
For, if A is even-times even also, 


it will be measured by an even number according to an even 
number ; (vit. Def. 8] 


so that the half of it will also be measured by an even number 
though it is odd : 


which is absurd. 
Therefore 4 is even-times odd only. QR. D: 


PROPOSITION 34. 


Jf a number neither be one of those which are continually 
doubled from a dyad, nor have its half odd, it is both even- 


limes even and even-times odd. 
For let the number 4 neither be one of those doubled 
from a dyad, nor have its half odd; 


I say that 4 is both even-times even A 
and even-times odd. 


Now that 4 is even-times even is manifest ; 
for it has not its half odd. [vir. Def. 8] 

I say next that it is also even-times odd. 

For, if we bisect 74, then bisect its half, and do this con- 
tinually, we shall come upon some odd number which will 
measure ⁄ according to an even number. 

For, if not, we shall come upon a dyad, 
and A will be among those which are doubled from a dyad : 
which is contrary to the hypothesis. 


27—2 
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Thus A is even-times odd. 

But it was also proved even-times even. 

Therefore A is both even-times even and even-times odd. 
Q. E. D. 


PROPOSITION 35. 


Jf as many numbers as we please be in continued proportion, 
and there be subtracted from the second and the last numbers 
egual to the first, then, as the excess of the second is to the 
first, so will the excess of the last be to all those before it. 


Let there be as many numbers as we please in continued 


proportion, 4, BC, D, EF, 


beginning from 4 as least, x 
and let there be subtracted BC 
from AC and ZZF the numbers ——— 
BG, FH, each equal to A ; E t TU 





I say that, as GC is to A, so 
is LH to A, BC, D. 
For let FX be made equal to BC, and FL equal to D. 
Then, since LK is equal to BC, 
and of these the part FH is equal to the part BG, 
therefore the remainder Æ is equal to the remainder GC. 
And since, as ZF is to D, so is D to BC, and BC to A, 
while 2D is equal to ZZ, BC to FK, and A to FH, 
therefore, as ZF is to FL, so is LE to FK, and FK to FH. 
Separando, as EL is to LF, sois LK to FK, and KZ 
tos Z2 [vu. 11, 13] 
Therefore also, as one of the antecedents is to one of the 
consequents, so are all the antecedents to all the consequents; 
(vi. 12] 
therefore, as AV is to Meso are EL, LK, KH to LF, 
FK, HF. 
But AZ is equal to CG, £77 to A, and LF, FK, HF to 
D WI: 
therefore, as CG is to A, so is EH to D, BC, A. 
Therefore, as the excess of the second is to the first, so is 
the excess of the last to all those before it. 
Q. F. D. 
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This proposition is perhaps the most interesting in the arithmetical Books, 
since it gives a method, and a very elegant one, of summing any series of 
terms in geometrical progression. 


Let 4;, d, d5,...0,, Ang be a series of terms in geometrical progression. 
Then Euclid's proposition proves that 
(a441—4) : (a+ Gy t+... + dn) = (a3 — a,) :4. 
For clearness’ sake we will on this occasion use the fractional notation of 


algebra to represent proportions. 
cuclid’s method then comes to this. 


: a a a 
Since Stee" = we =, 
ye Wa; a, 
we have, separando, 
Anti T An An UH. s= d3 _ 0d4—4d, 
—— 3$ —-— zz o... =e om —À 
y, Anny ay, a, 


whence, since, as one of the antecedents is to one of the consequents, so is 
the sum of all the antecedents to the sum of all the consequents, — [vir. 12] 
"EL cw EL d 
Kd alt. F9 A 
which gives a, + d, * ... + a,, OT Sy. 
If, to compare the result with that arrived at in algebraical text-books, we 
write the series in the form 
a, ar, ar, ar’ (n terms), 
9g -2 ar-a 
UMS PT ACE 3 


, 


we have 





f a 
a (7* - 1) 


or S. Eu 
: r-i 


PROPOSITION 36. 


Jf as many numbers as we please beginning from an unit 
be set out continuously in double proportion, until the sum of all 
becomes prime, and if the sum multiplied into the last make 
some number, the product will be perfect. 


For let as many numbers as we please, 4, B, C, D, 


beginning from an unit be set out in double proportion, until 
the sum of all becomes prime, 


let Æ be equal to the sum, and let Æ by multiplying D 
make FG ; 


I say that FG is perfect. 


For, however many 4, B, C, D are in multitude, let so 
many Æ, HK, L, M be taken in double proportion beginning 
from £ ; 


therefore, ex aequali, as A is to D, so is £ to M. [vir. 14] 
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Therefore the product of Æ, D is equal to the product of 
4d, JP. [vir 19] 


And the product of £, D is FG; 
therefore the product of 4, M is also FG. 
Therefore A by multiplying 77 has made FG ; 
therefore M measures FG according to the units in 4. 
And 4 is a dyad; 
therefore FG is double of 77. 








—A ——— B 
C 
D 
E E 
T H K 
—— uà €—— 
F Or oe T. s G N 
P— a 


But M, L, HK, E are continuously double of each other; 


therefore £, HK, L, M, FG are continuously proportional in 
double proportion. 


Now let there be subtracted from the second Æ and the 
last FG the numbers ÆN, FO, each equal to the first £; 


therefore, as the excess of the second is to the first, so is the 
excess of the last to all those before it. [1x. 35] 


Therefore, as VK is to Æ, so is OG to M, L, KH, EF. 
And VA is equal to £; 


therefore OG is also equal to M, L, HK, E. 
But FO is also equal to Æ, 
and £ is equal to A, B, C, D and the unit. 


Therefore the whole FG is equal to £, HK, L, M and 
A, B, C, D and the unit; 


and it is measured by them. 


I say also that FG will not be measured by any other 
number except 4, B, C, D, E, HK, L, M and the unit. 

For, if possible, let some number P measure FG, 
and let P not be the same with any of the numbers 4, B, C, 
DLEHAGL, AA 

And, as many times as P measures FG, so many units let 
there be in Q; 
therefore Q by multiplying P has made FG. 
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But, further, Æ has also by multiplying D made FG ; 
therefore, as Æ is to Q, so is P to D. [vit. 19] 


And, since 4, B, C, D are continuously proportional 
beginning from an unit, 
therefore D will not be measured by any other number except 
a, 5C. [1x. 13] 
And, by hypothesis, P is not the same with any of the 
numbers A, B, C; 
therefore P will not measure D. 
But, as P is to D, so is £ to Q; 


therefore neither does Æ measure Q. [vir. Def. 20] 
And Æ is prime ; 

and any prime number is prime to any number which it does 

not measure. [vit. 29] 
Therefore -£, Q are prime to one another. 
But primes are also least, [vu 21] 


and the least numbers measure those which have the same 
ratio the same number of times, the antecedent the antecedent 
and the consequent the consequent ; (vir. 20] 
and, as £ is to Q, so is P to D; 

therefore Æ measures P the same number of times that Q 
measures J). 


But D is not measured by any other number except 
A'B. C: 
therefore Q is the same with one of the numbers Z, P, C. 


Let it be the same with 7. 


. And, however many Ø, C, D are in multitude, let so many 
E, HK, L be taken beginning from Æ. 
Now £, /7K, L are in the same ratio with Z, C, D; 


therefore, ex aeguali, as B is to D, so is Æ to £L. (vir. 14] 
Therefore the product of B, Z is equal to the product of 
B E. [vin 19] 


But the product of D, Æ is equal to the product of Q, P ; 
therefore the product of Q, P is also equal to the product of 
DL. 

Therefore, as Q is to 7, so is Z to P. [vit. 19] 

And Q is the same with Z; 


therefore Z is also the same with Z: 
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which is impossible, for by hypothesis P is not the same with 
any of the numbers set out. 

Therefore no number will measure FG except A, P, C, 
D, E, HK, L, M and the unit. 

And FG was proved equal to 4, D, C, D, E, HK, L, M 
and the unit ; 
and a perfect number is that which is equal to its own parts ; 

(vir. Def. 22] 
therefore FG is perfect. 
Q. E. D. 


If the sum of any number of terms of the series 
Ios... oom 
be prime, and the said sum be multiplied by the last term, the product will be 
a "perfect" number, i.e. equal to the sum of all its factors. 
Let 1 4 2 4 213 ... + 2^! (= Sa) be prime; 
then shall S, . 2^"! be “ perfect." 
Take (» — 1) terms of the series 
NUNC ANE nue ee le 
These are then terms proportional to the terms 
2; a, Og. 
Therefore, ex aequa/t, 


3 9909 Lat Se [vit 14] 
Or gat d" s. [vit. 19] 
(This is of course obvious algebraically, but Euclid's notation requires him to 


prove it.) 
Now, by iX. 35, we can sum the series Sa + 2.5, +... + 277? S, 


and (2:5. > Su) 2 Sa (A Sy — SQ) GS, + 2S erus ode 3s). 
Therefore Sa 005, eS ae... Hed at S us 
or 2°58, mu. guck 258. deus Ba DS, S 
= Sy + 254 +... + 2" 38, + (1-2 27+... 4 2*7), 
and 2"~' S, is measured by every term of the right hand expression. 
It is now necessary to prove that 2""4S, cannot have any factor except 


those terms. 
Suppose, if possible, that it has a factor x different from all of them, 


and let a STE SE 
Therefore Sen Sox sh", [vir. 19] 
Now 2"" can only be measured by the preceding terms of the series 
1, 2 25... Q5 (1x. 13] 


and x is different from all of these ; 
therefore x does not measure 2"^!, 


that S, does not measure m. [vi1. Def. 20] 
And S, is prime; therefore it is prime to m. [vu. 29] 
It follows a 20, 21] that 


m measures 2" !, 
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Suppose that "pc 3*. 
Now, ex aequali, gg ust ts 
Therefore gf 29°?" Sle" Ss, [vu. 19] 


=x. m, from above. 
And m= 2"; 
therefore x= 2"7*, one of the terms of the series 1, 2, 2°... 2*-?: which 
contradicts the hypothesis. 
Therefore 2"-1S, has no factors except 


* s - 3 - 
Ve aon, I T LR EON, NS *. 
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INDEX OF GREEK WORDS AND FORMS. 


Axpos, extreme (of numbers in a series) 328, 
367: &xpor xal uéaov Mryor rerujo0at, ‘to 
be cut in extreme and mean ratio" 189 

&Xoyos, irrational 117-8 

dyadoyia, proportion: definitions of, inter- 
polated L 

dráXoyor = dvà Myor, proportional or in pro- 
portion: used as indeclinable adj. and as 
adv. 129, 165: péon åváňoyov, mean pro- 
portional (of straight line) 129, similarly 
pégos áváXoyor of numbers 295, 363 etc.: 
tplrn (rplros) dvddoyov, third proportional 
214, 407-8: rerdprn (rérapros) áváXoyor, 
aan proportional 215, 409 : é£js dváXovyor 
in continued proportion 346 

dydwadsy (Adyos), inverse (ratio), inversely 134 

dvacrpépyarrt, convertendo 135 

dvacrpoph Adyou, conversion of a ratio 135 

drwráxis dvtodacs [oos, unequal by unequal 
by equal (of solid numbers) = scalene, 
e $mrlakos, o¢nxlaxos or Bwyloxos 290 

dvopolws rerayudvwr raw Abyuw (of perturbed 
proportion) in Archimedes 136 

dvravalpeccs, 7) arh, definition of same ratio 
in Aristotle (dvOupaipeocs Alexander) 120: 
terms explained 121 

dyrimerovObra oxhuara, reciprocal (= reci- 
procally related) figures, interpolated def. 
of, 18 

"m — (of prime numbers) 285 

droxaracrarwós, recurrent (= spherical), of 
numbers 291 

árrecÓa«,, to meet, occasionally to fouch 
(instead of é$árres0a)) 2: also=to pass 
through, to lie on 19 

åpðuós, number, definitions of, 280 

dpridxcs dprioóvvauor (Nicomachus) 282 

dpriáxis dprios, ecen-fimes even 281-3 

dpriánis weptoods, cven-limes odd 282-4 

dpriowéprros, even-odd (Nicomachus etc.) 282 

&prios. (ápiÓuós), even (number) 281 

dovvOeros, (prime and) incomposite (of 
numbers) 284 


BeBnkévau to stand (of angle standing on 
circumference) 4 

Bwploxos, altar-shaped (of * scalene” solid 
numbers) 290 


yeyovérw (in constructions), “let it be made” 
248 


yeyouds Gy eln rò érirax0év, “what was en- 
joined will have been done” 8o, 261 

yevduevos, à é£ abray, “their product” 316, 
326 ctc.: ò éx rod évòs yevópevos = ' the 
square of the one” 327 

yropw»r, gnomon: Democritus repl iago- 
pis yvópovos (yvópns or yawins?) 7 rept 
Pavoos kxUkXov kal opaipns 40: (of numbers) 
28 

ypaupakós, linear (of numbers in one dimen- 
sion) 287: (of prime numbers) 285 

ypdderOa, ‘to be proved” (Aristotle) 120 


Seérepos, secondary (of numbers): in Nico- 
machus and Iamblichus a subdivision of 
odd 286, 287 

Sexdpuevor, "admitting" (of segment of circle 
admitting or containing an angle) 5 

diacpetoOa (used of *'separation" of ratios): 
dcarpeOdvra, separando, opp. to avyxelpera, 
componendo 168 

Sialpeors Mryov, separation, literally division, 
of ratio 135 

defevypévn (dvadoyla), disjoined, = discrete 
(proportion) 293 

debri, sefparande, literally dividendo (of 
proportions) 135 

Sippnuevy (dvadroyia), discrete pemoh ie. 
in four terms, as distinct from continuous 
(cuvexys, avroujévg) in fhree terms 131, 


293 

Buy ue (Scd-yew), **let it be drawn through” 
or * across" 7 

&' loov, ex aequali (of ratios) 136: õe Isov ev 
rerapayuévg dvadoylg, “ex aeguali in per- 
turbed proportion" 136 

QuóXovpos, fiwice-fruncated (of pyramidal 
numbers) 291 

QurAácios Ayos, double ratio: draclwy 
Abyos, duplicate ratio, contrasted with, 133 

óvrajyus, power: =actual value of a sub- 
multiple in units (Nicomachus) 282: side 
of number not a complete square (i.e. roof 
or surd) in Plato 288, 290: =sguare in 


Plato 294-5 
elóos, figure 234: =form 254 


fx«acros, each: curious use of, 79 

OXAXeagaa, defect (in application of areas) 261 

é\Nelwew, “fall short" (in application of 
areas) 262 


428 


(rire, fall in (=be interpolated) 358 
iva melo, *'several ones" (def. of number) 


280 

évardae (byos), alternate (ratio): alternately, 
alternando 134 

évapuójew, to fit in (active), 1v. Def. 7 and 
Iv. 1, 79, 80, 81 

évrés, within (of internal contact of circles) 


13 

é£fs dráXoyorv, in continued proportion (of 
terms in geometrical progression) 346 

émiuópiot Abyos,  suferparticularis ratio, 
=the ratio (n + 1): 5 295 

éwlwedos (ápiÓuós), plane (number) 287-8 

éróueva, consequents (= “following” terms) 
in a proportion 134, 238 

érepouskys, oblong (of numbers): in Plato 
= mpoujkgs, which however is distinguished 
from érepoufjkys by Nicumachus etc. 289- 
9o, 293 : 

«éÜvypaujukós, rectilinear (term for prime 
numbers) 285 

evOuperpixés, cuthymetric (of primes) 285 


iryobuerva, antecedents (‘‘ leading” terms) in 


a proportion 134 
f ep, than: construction after ó«rNacíor etc. 


133 


idcouyys, of square number (Iamblichus) 293 

igduts lodxis Coos, equal multiplied by equal 
and again by equal (of a cube number) 
290, 291 

iadxis tos, equal multiplied by equal (of 
a square number) 291 

ladxis laos éXNarrovdxis (uetfovdars), species of 
solid numbers, =mM»ôis (oxis or ergAs) 


291 


xaħeigĝw, * let it be called,” indicating origi- 
nality of a definition 12 

x«arayerpei», measure 112: without remainder, 
completely (wAnpotyrws) 280 

xaracxevdjw, construct: Tw» a/Trü» raTa- 
oxevacbévruw, ‘with the same construc- 
tion" rt 

xararouh xavdvos, Sectio canonis of Euclid 
295 

xéyrpov, centre: 3) éx Tov x.— radius 2 

xeparoadns ywrla, hornlike angle 4. 39, 40 

Kâr, to break off, inflect: xexdacOw 57) radu 
47: xexdAdoOa, def. of, alluded to by 
Aristotle 47 

xédoupos, fruncated (of pyramidal number 
minus vertex) 291 

xuxdxds, cyclic, a particular species of square 
number 291 


Aéyos, ratio: meaning 117: definition of, 
116-9: original meaning (of something 
expressed) accounts for use of dXoyos, 
having no ratio, irrational 117 


peporasbar, to be isolated, of words (Theon 
of Smyrna) 279 


INDEX OF GREEK WORDS AND FORMS 


népos, part: two meanings 115: generally = 
submultiple 280: j4épm, parts (= proper 
fraction) 115, 28a 

ulon dvddoyor (eb0cia), uécos dráXovyor (&p«6- 
pós), mean proportional (straight line or 
number) 129, 295, 363 etc. 

un yap, "sup it is not” 7 

pikos, length arma ben in one dimension) : 
=side of complete square in Plato 258 

povás, unit, monad: supposed ctymological 
connexion with pévos, solitary, porh, rest 


219 


Suoos, similar: (of rectilineal figures) 188: 
(of plane and solid numbers) 293 

óuoiórgs Ayo», “similarity of ratios" (inter- 
polated def. of proportion) e 

$uóXoyos, homologous, corresponding 134: 
exceptionally **in the same ratio with” 
238 

ópos, ferm, in a proportion 131 


xapafáNXew amo, used, exceptionally, instead 
of wapaSad\ew wapa or dvaypdperw ávà 262 

rapaMárro, ''fall sideways” or “awry” 54 

TevTdypapujor 

mepalvovra A- "limiting quantity " 
(Thymaridas' definition. of unit) 279 

wepioadks prios, odd-times even 282- 

repisodxts mepioods, odd-times odd 284 

wepiocaprios, odd-even (Nicomachus etc.) 283 

wepioads, odd 281 

»Mxos, how great: refers to continuous 
(geometrical) magnitude as woods to discrete 
(multitude) 116- 

7Mxórgs, used in v. Def. 3, and spurious 
Def. 5 of vi.: = size (not guantuplicity as it 
is translated by De Morgan) 116-7, 189- 

: supposed multiplication of myXxóryres 

en. Def. §) 132: distinction between 
myrcxdrys and péyeĝos 117 

mAáros, breadth: (of numbers) 288 

mAevpá, side: (of factors of “plane” and 
* solid " numbers) 288 

xAf6os wproueror or merepacauévor, defined or 
finite multitude (definition of number) 280: 
éx noráów» awvykeluevor whos (Euclid's 
def.) 280 

ToXAasAacid(ew, multiply : defined 287 

oM ar Aactacyuós, multiplication : xaf’ òroiopr- 
ob» ToANamAaciacuór ** (arising) from any 
multiplication whatever" 120 

oM as Aácios, multiple: icáxis ro\NawAdoca, 
equimultiples 120 etc. 

wokvmdevpoy, multilateral: excludes rerpd- 
mXevpor, quadrilateral 239 

woplaacdat, to find 248 

mocáxis mocáxu rogol, ''so many times so 
many times so many" (of solid numbers, 
in Aristotle) 286, 290 

Tocákis mogol, **so many times so many” (of 
plane numbers, in Aristotle) 286 

mocóv, guantity, in Aristotle 115: refers 
to multitude as myàiko» to magnitude 
116-7 
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xpoudkvys, oblong (of numbers): in Plato 
érepouyxys, but distinguished by Nico- 


machus etc. 28 +2 
v pog ara^ypáyat, to ina ks (of a circle) to 
complete, when s ent is given 56 
wpogeupeiy, to find in addition (of "finding 
third and fourth proportionals) 214 
*puros, prime 284-5 
wporo. mpds áXXjÀovs, (numbers) prime to 
one another 285-6 


pnrós, rational (literally ** expressible?) 117 


cuvexns, continuous: guvexhs dvadoyia, '* con- 
tinuous proportion " (in three terms) 131 

cvvoupévy dvadoyla, connected (i.e. con- 
tinuous) proportion 131, 293: ournpudvos, 
of compound ratio in Archimedes 133 

ouwOdrri, componendo 134-5 

avvdeots Adyov, composition of a ratio, dis- 
tinct from compounding of ratios 134- 

ovvGeros, composite (of numbers): in Nico- 
machus and lamblichus a subdivision of 
odd 286 

cuwloracOa, construct: ob avoTadnoerat 53 

ouvrlOnus, ovyxeuac (of ratios) 135, 18 : 
ovyxelueva and diatpeOdvra (componendo an 
separando) u:ed relatively to one another 
168, 170 

oternua porddwy, ‘collection of units” (def. 
of number) 280 

ovornparixés, collective 279 

a $oípuós, spherical (of a particular species of 
cube number) 291 

odyxtoxos, or odyvlexos, of solid number 
with all three sides unequal (= ** scalene ") 


290 


429 


oxéois, " relation": wrod oxéois, “a sort of 
relation" (in def. of ratio) 116-7 


ravrouyKns, of square number (Nicom.) 293 
rabrórys Adywr, “sameness of ratios” 119 


TéXetos, perfect (of a class of numbers) 293- 
rera'yuévy (ávaXoyla), '* ordered (proportion) $ 


I 

rerapayute draXoyla, perlurbed proportion 
136 

rerpámAevpor, quadrilateral, not a ” polygon” 
239 

Tujya (rúxňov), segment (of circle): runuaros 
ywvla, angle of a segment 4: éw rapat 
ywvía, angle in a segment 4 

Tout)s (xvxXov), sector (of circle): exvroro- 
puxds rouets, “ shoemaker's knife” & 

ropoedns (of figure), seclor-dike s 

rocavraxMicio», “the same multiple" 146 

tplywrov: Tò TpurAXoUr, rò de’ dAAHAWY, triple, 
interwoven triangle, =pentagram 99 

rpurAdciot, triple, rpurAacíwr, triplicate (of 
ratios) 1 

rvyxárew, happen: ddAa, d Ervyer, lodxius 
xoMarAdeia, ‘other, chance, equimulti- 
ples" 143-4: rvxobca ywrla, “any angle" 
212 


bwepredys or inrepréAets, **over-perfect" (of 
a class of numbers) 293-4 

brodtrdacws, sub-dupitcate, = half (Nico- 
machus) 280 

ùroroMariágios, subinultiple (Nicomachus) 
280 

Üyos, height 189 


xwploy, area 254 
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Adrastus 292 

Alcinous 98 

Alternate and alternately (of ratios) 134 

Alternative proofs, interpolated (cf. iti. 9 
and following) 22: that in LLL 10 claimed 
by Heron 23- 

Amaldi, Un D 124 

Ambiguous case of VI. 7, 208-9 

Anaximander 11 

Anaximenes i11 

Angle: angles not less than two right angles 
not recognised as angles (cf. Heron, 
Proclus, Zenodorus) 47-9: Aollow-aneled 
figure (the re-entrant angle was exterior) 
48: did Euclid extend "angle" to angles 
greater than two right angles in vi. 33? 
275-6: ‘‘angle of semicircle” and ‘‘ of 
segment” 4: Aornlike angle 4. 39, 40: 
controversies about “ angle of semicircle 
and hornhke angle 39-42 (see also Horntike) 

Antecedents (leading terms in proportion) 134 

Antiparallels : may be used for construction 
of vi. 12, 215 

Apollonius: Plane vetoes, i from, 81, 
lemma by Pappus on, 64-5: Plane Loci, 
theorem from (arising out of Eucl. vi. 3), 
also found in Aristotle 198-200: 75, 190, 


z 

Application of areas (including exceeding and 
falling short) corresponding to solution of 
quadratic equations 187, 258-60, 263-5, 
266-7 

MR : 7/5 as approximation to 4/2 
(Pythagoreans and Plato) 119: approxi- 
mations to 4/3 in Archimedes and (in 
sexagesiinal Kronen) in Ptolemy 119: to 
v (Archimedes) 119: to N 4500 (Theon of 
Alexandria) 119 

Archimedes: new fragment of, 40: Liber 
assumplorum, Se ge from, 65: ap- 
proximations to 4/3, square roots of large 
numbers, and to r 119: extension of a 
proportion in commensurables to cover in- 
commensurables 193: 136, 190 

Archytas: proof that there is no numerical 

cometric mean between » and 2 +1 29% 

Aristotle: indicates proof (pre- Euclidean) that 
angle in semicircle is right 63: on def. of 
same ratio (=same åvravalpecis) 120-1 : 
on proportion as “ equality of ratios” 119: 
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on theorem in proportion not proved 
generally till his time 113: on proportion 
in three terms (evrex?s, continuous), and 
in four terms (denpyudvn, discrete) 131,293: 
on alternate ratios 134: on inverse ratio 
iit 149: on similar rectilineal figures 188: 
s locus-theorem (arising out of Eucl. v1. 

3) also given in Apollonius’ Plane Loci 
198-200: on unit 179: on number 280: 
on non-applicability of arithmetical proofs 
to magnitudes if these are not numbers 
113: on definitions of odd and even by one 
another 281: on prime numbers 284-5: 
on composite numbers as plane and solid 
286, 288, 290: on representation. of 
nunibers by pebbles forming figures 288 

Arithmetic, Z/ements of, anterior to Euclid 
295 

August, E. F. 23, 25: 149, 238, 256, 412 

Austin, W. 172, 188, 281, 259 

Axioms tacitly assumed: in Book v. 137: 
in Book vti. 294 


Babylonians 112 

Baermann, G. F. 213 

Baltzer, R. 30 

Barrow: on Eucl. v. Def. 3, 117: on v. 
Def. s, 121: 56, 186, 238 

Billingsley, H. 56, 238 

Boethius 295 

Borelli, G. A. 2, 84 

Breadth (of numbers) = second dimension or 
factor 288 

Briggs, LL 143 


Camerer, J. G. 22, 25, 28, 33. 34: 40, 67 
121, 131, 189, 213, 244 

Campanus.28, 41, 56, 90, 116, 119, 111, 

211, 2341 235, 253 275, 320, 321, 

Candalla 189 

Cantor, Moritz 5, 40, 97 

Cardano, Hieronimo 41 

Case: Greeks did not infer limiting cases, 
but proved them separately 75 

Casey, J. 227 

tt Chance equimultiples" in phrase ‘‘ other, 
chance, equimultiples" 143-4 

Circle: definition of equal circles 2: circles 
touching, meaning of definition, 3: “circle” 
in sense of “circumference” 23: circles 


EB E 
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intersecting and touching, difficulties in 
Euclid’s treatment of, 25-7, 28-9, modern 
treatment of, 30-2 

Clavius 2, 41, 42, 47: 49» £35 56, 67) 10: 23: 
130, £70, 190, 231, 235, 244, 171 

Commandinus 47, 130, 1 

Componendo (ovvOérri), denoting **composi- 
tion" of ratios g.v.: componendo and 
sefarando used relatively to each other 
168, 170 

Composite numbers, in Euclid 286: with 
Eucl. and Theon of Smyrna may be even, 
but with Nicom. and Iambl. are a sub- 
division of od4 286: plane and solid 
numbers species of, 286 

* Composite to one another” (of numbers) 
286-7 

Composition of ratios (eúrĝeois Nóyov), de- 
noted by comfonendo (ovvôévri), distinct 
from compounding ratios 134-5 

Compound ratio: explanation of, 132-3: 
interpolated definition of, 18 : com- 
pounded ratios in v. 20-21, A 

Conseguents (“ following” terms in propor- 
tion) 134, 238 

Continuous proportion (cvrex?s or avrgunér 
dvadoyia) in three terms 131 

Conversion of ratio (draerpo$i] Xóyov), de- 
noted by convertendo (áraarpéarvri) 135: 
convertendo theorem not established by v. 
Ea Por. 174-5, but proved by Simson's 

rop. E 175 

Convertendo denoting ‘‘conversion” of ratios, 
gv. 

Corresponding magnitudes 134 

Cube: duplication of, reduced by Hippo- 
crates to problem of two mean pro- 
portionals 133: cube number, def. of, 291: 
two nee proportionals between two cube 
numbers 294, 364- 

Cyclic, of a =E kind of square number 


291 
Cyclomathia of Leotand 42 


Data of Euclid: Def. 2, 248: Prop. 8, 249- 
&0: Prop. 24, 246-7: Prop. 58, 254: 
Props. 56 and 68, 249: Prop. 58, 263, 265: 
Props. s9 and 84, 2 : Prop. 67 assumes 
part of converse of Simson's Prop. B (Book 
VI.) 224: Prop. 7o, 2:0: Prop. 85, 264: 
Prop. 87, 228: Prop. 93, 227 

Dechales 25 

Dedekind's theory of irrational numbers 
corresponds exactly to Eucl. v. Def. s, 
124-6 

Democritus: On difference of gnomon etc. 
(? on "angle of contact") 40: on parallel 
and infinitely near sections of cone 40: 
stated, without proving, propositions about 
volumes of cone and pyramid 40 

De Morgan, A. : on definition of ratio 116-7: 
on extension of meaning of ratto to cover 
incommensurables 118; means of express- 
ing ratios between incommensurables by 
approximation to any extent 118-9: de- 
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fence and explanation of v. Def. z, 122-4: 
on necessity of proof that tests for greater 
and less, or greater and equal, ratios can- 
not coexist 130-1, 157: on compound ratio 
132-3, 234: sketch of proof of iaai of 
fourth proportional (assumed in v. 18) 171: 
proposed lemma about duplicate ratios as 
alternative means of proving v1.22. 246-7: 
5, 2: 9710, 11, 15, 20, 22, 29, 56, 76-7, 
83, LO, 104, 116-9, 120, 130, 139, 148, 
197, 202, 217-8, 232, 233: 234) 272, 275 

Dercyllides ut 

Diorismus for solution of a quadratic 259 

Discrete proportion, ó«pgguévo or bce Ferryuern 
dvadoyia, in four terms, 131, 2 

** Dissimilarly ordered" proportion (dvopolws 
rerayydvwr Trav Moywv) in Archimedes 
z'*ferturbed proportion” 136 

Dividendo (of ratios), see Separation, separ- 
ando 

'* Division (of ratios)," see Separation 

Divisions (of figures), On, treatise by Euclid, 
proposition from, § 

Dodecahedron: decomposition of faces into 
elementary triangles, 98 

Dodgson, C. L. 48, 275 

Duplicate ratio 133: diwAaclwy, duplicate, 
distinct from écrAdows, double (= ratio 
2 : 1), though use of terms not uniform 133: 
* duplicate" of given ratio found by v1. 
u, 214: lemma on duplicate ratio as al- 
ternative to method of v1. 22 (De Morgan 
and others) 242-7 

Duplication of cube: reduction of, by Hippo- 
crates, to problem of finding two mean 
»oportionals 133: wrongly supposed to 

alluded to in Zimaeus 33 A, B, 294-5 a. 


Egyptians 112: Egyptian view of number 280 

Enriques (F.) and Amaldi (U.) 3o, 126 

Equimultiples: ‘‘any equimultiples what- 
ever," (cáxus moAAaxmAdoia caf!’ éraovoty 
wod\amhactacpdv 120: stereotyped phrase 
** other, chance, equimultiples" 143-4: 
should include ose each magnitude 145 

Eratosthenes: measurement of obliquity of - 
ecliptic (23° 51° 30") 111 

Escribed circles of triangle 85, 86-7 

Eudemus 99, 111 

Eudoxus 99, 280, 298: discovered general 
theory of proportionals covering incom- 
mensurables 112-3: was first to prove 
scientifically the propositions about volumes 
of cone and pyramid 40 

Eutocius: on *'vi. Def. 5” and meaning of 


*9Xwóry9gs 116, 132, 18 : gives locus- 
theorem from woollen? Plane Loci 198- 
200 

Even (number) : definitions by Pythagoreans 
and in Nicomachus 281: definitions of odd 
and even by one another unscientific 
(Aristotle) 281: Nicom. divides even into 
three classes (1) even-£/mes even and (2) ever- 


times odd as extremes, and -limes 
even as intermediate 282-3 
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Even-times even: Fuclid's use differs from 
use by Nicomachus, Theon of Smyrna and 
lamblichus 281-2 

Even-times odd in Euclid different from even- 
odd of Nicomachus and the rest 282- 

Ex aequali, of ratios, 136: ex aequali pro- 
positions (v. 20, 22), and ex aequali *'in 
perturbed proportion" (v. 21, 23) 176-8 


Faifofer 126 

Fourth proportional: assumption of existence 
of, in v. 18, and alternative methods for 
avoiding (Saccheri, De Morgan, Simson, 
Smith and Bryant) 170-4: Clavius made 
the assumption an axiom 170: sketch of 
proof of assumption by De Morgan 171: 
condition for existence of number which 
is fourth proportional to thice numbers 


409-11 


Galileo Galilei: on angle of contact 42 

Geometric means 357 5qq.: one mean between 
square numbers P: 363, or between 
similar plane numbers 371-2: two means 


between cube numbers 294, 364-5, or 
between similar solid numbers 373-5 


Geometrical progression 346 sqq.: summation 
of zt terms of (IX. 35) 420-1 

Gherard of Cremona 47 

Gnomon (of numbers) 289 

Golden section (sectionyin extreme and mean 
ratio), discovered by Pythagoreans : 
theory carried further by Plato and Es 
doxus 

Greater ratio: Euclid's criterion not theonly 
one 130: arguments from greater to less 
ratios etc. unsafe unless they go back to 
original definitions (Simson on v. to) 156-7: 
test for, cannot coexist with test Tor equal 
or less ratio 130-1 

Greatest common measure: Euclid’s method 
of finding corresponds exactly to ours 118, 
299: Nicomachusgives thesame method 300 

Gregory, D. 116, 143 


Habler, Th. 294». 

Hankel, H. 116, 117 

Hauber, C. F. 244 

Heiberg, J. L. passim 

Henrici and Treutlein 30 

Heron of Alexandria: Eucl. 111. 12 interpo- 
lated from, 28: extends UL 20, 21 to angles 
in segments less than semicircles 47-8: does 
not recognise angles equal to or greater than 
two right angles 47-8: proof of formula for 
area of triangle, A —'s(s - a)is- b) (s c) 
87-8: & 16-17, 24, 28, 34, 36, 44, 116, 

Hippasus 97 

Hippocrates of Chios 133 

Hornlike angle («eparoedns yarla) 4. 39; 40: 
hornitke angle and angle of semicircle, con- 
troversies on, 39-42: Proclus on, 39-40: 
Democritus may have written on hornlike 
angle 40: Campanus (“not angles in same 
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sense") 41: Cardano (quantities of different 
orders or kinds): Peletier (Aerz/i£e angle 
no angle, no quantity, nothing; angles of 
all semicircles right angles and equal) 41: 
Clavius 42: Vieta and Galileo (‘angle of 
contact no angle”) 42: Wallis (angle of 
contact not inclination at all but degree of 
curvature) 42 
Hultsch, F. 133 


Iamblichus 97, 116, 279, 280, 281, 283, 284, 

285, 286, 287, 288, 289, 290, 291, 291, 293» 
I 

Icosahedron 98 

Anhana A method of testing incom- 
mensurability (process of finding G.C.M.) 
L18: means of expression consist in power 
of approximation without limit s Morgan) 
mi: approximations to 4/2 (by means of 
side- and diagonal-numbers) 119, to 4/3 
and to =w, 119: to M/4500 by means of 
sexagesimal fractions 119 

Incomposite (of number) z prime 284 

Ingrami, G. 30, 

Inverse (ratio), inversely (avdwadww) 134: in- 
version is subject of v. 4, Por. (Theon) 
144, and of v. 7, Por. 149, but is not 
property put in either place 149: Simson's 

rop. B on, directly dedaiitile from v. 
Def. 5, 144 

Isosceles triangle of tv. La: construction of, 

by Pythagoreans 97-9 


Jacobi, C. F. A. 188 


Lachlan, R. 226, 227, 245-6, 247, 256, 272 
Lardner, D. 58, 259, 271 


Least common multiple 336-41 

Legendre 30: proves VI. 1 and similar pro- 
positions in two parts (1) for commen- 
surables, (2) for incommensurables 193-4 

Lemma assumed in Vt. 22, 242-3: alternative 
propositions on duplicate ratios and ratios 
of which they are duplicate (De Morgan 
and others) 242-7 

Length, 42«os (of numbers in one dimension) 
287: Plato restricts term to side of com- 
plete square 287 

Leotaud, Vincent 42 

Linear (of numbers) =(1) in one dimension 
287, (2) prime 285 

Logical inferences, not made by Euclid 22, 29 

Lucian 99 


Means: three kinds, arithmetic, geometric 
and harmonic 292-3: geometric mean is 
t‘ proportion par excellence" (xuplws) 292-3 : 
one geometric mean between two square 
(Pie) two between two cube numbers 
(Plato) 294, 363-5: one geometric mean 
Besoin. eni plane ditiis, two be- 
tween similar solid numbers 371-5: no 
numerical geometric mean between # and 
n * 1 (Archytas and Euclid) 298 

Moderatus, a Pythagorean 280 
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Multiplication, definition of 287 
Musici Scriptores Graeci 295 


an-Nairlzi 3, 16, 28, 34. 36, 44, 47. 302. 320, 
383 

Nasiraddin at-Tüsi 28 

Nesselmann, G. LL F. 287, 293 

Nicomachus 116, 119, 131, 279, 280, 281, 
282, 283, 284, 285, 286, 287, 288, 289, 290, 


291, 292, 293, 294, 300, 6 

Nem x Cus n 

Number: defined by Thales, Eudoxus, 
Moderatus, Aristotle, Euclid 280: Nico- 
machus and Iamblichus on, 280: repre- 
sented by lines 288, and by points or dots 


288-9 


Oblong (of number): in Plato either mpouh«ns 
or érepouyjxns 288; but these terms denote 
two distinct divisions of plane numbers iu 
P ew Theon of Smyrna and lam- 
jlichus 28 

Octahedron 5 

Odd (number): defs. of in Nicomachus 281 : 
Pythagorean definition 281: def. of odd 
and even by one another unscientific 
(Aristotle) 281: Nicom. and Iambl. dis- 
tinguish three classes of odd numbers 
(1) prime and incomposite, (2) secondary 
and composite, as extremes, (3) secondary 
and composite in itself but prime and in- 
composite to one another, which is inter- 
mediate 287 

Odd-times even (number) : definition in Eucl. 
spurious 283-4, and differs from definitions 
by Nicomachus etc. ibid. 

Odd-times odd (number): defined in Eucl. but 
not in Nicom. and Iambl. 284: Theon of 
Smyrna applies term to prime numbers 
284 

Oenopides of Chios 111 

" Ordered " proportion (rerayuévy dvadoyia), 
interpolated definition of, 137 


Pappus : lemma on Apollonius’ //ane veses 
Lo. problem from same work 81: assumes 
case of VI. 3 where external angle bisected 
(Simson's v1. Prop. A) 197: theorem from 
Apollonius’ //ane Loci 198: theorem that 
ratio compounded of ratios of sides is equal 
to ratio of rectangles contained by sides 
250: 4, 271 29) 67, 79. 8L 113) 133. 211, 
250, 251, 191 

“ Parallelepipedal” (solid) numbers: two of 
the three cm differ by unity (Nicoma- 
chus) 2 

Poles rr (excitus) on anyle of contact and 
angle of semicircle 41: 47, 56, 84, 146, 190 

Pentagon : decomposition of regular pentagon 
into 3o elementary triangles 98: relation to 
pentagram 99 

l'entagonal numbers 289 

“Perfect” (of a class of numbers) 293-4, 
421-5: Pythagoreans applied term to 10, 
294: 3 also called “perfect” 294 
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eiu roportion (rerapa-yuéry dvadoyla) 

139, 170-7 

Pfleiderer, é. PF. 

Philolaus 97 

Philoponus 234, 282 

Plane numbers, product of two factors 
( sides” or "length" and ‘ breadth”) 
287-8: in Plato either square or oblong 
287-8: similar plane numbers 293: one 
mean proportional between similar plane 
numbers 371-2 

Plato: construction of regular solids from 
triangles 97-8: on golden section 99: 7[5 
as approximation to 4/2, 119: on square 
and oblong numbers 288, 293: on dvrdues 
(square roots or surds) 388, 390: theorem 
that between square numbers one mean 
suffices, between cube numbers two means 


necessary 294, 364 
Playfair, John 2 


Plutarch 98, 2 

Porism (ofla) to proposition precedes 
Q.E.D.” or "Q.E.F." 8,64: Porism to Iv. 
14 mentioned by Proclus 109: Porism to 
VI. 19, 2 

Polygonal numbers 2 

Prime (number): definitions of, 284-5: Aris- 
totle on two senses of “prime” 288: 
2 admitted as prime by Eucl. and Aristotle, 
but excluded by Nicomachus, Theon of 
Smyrna and lamblichus, who make prime 
a subdivision of od4 184-5: ''prime and 
incomposite (aeó»0eros)" 284: different 
names for prime, '*odd-times odd" (Theon), 
“linear” (Theon), * rectilinear” (Thy- 
maridas), '* euthymetric" (lamblichus) 285: 
prime absolutely or in themselves as dis- 
tinct from prime to one another (Theon) 
283 : definitions of ‘‘ prime to one another "' 
285-6 

l'roclus: on absence of formal divisions of 
proposition in certain cases, e.g. IV. 10, 
too: on use of ‘‘quindecagon” for as- 
tronomy 111; 4, 39, 40: 193, 247; 1 

Proportion: complete theory applicable to 
incommensurables as well as commen- 
surables is due to Eudoxus 112: old 
(Pythagorean) theory practically repre- 
sented by arithmetical theory of Eucl. vin. 
113: in giving older theory as well Euclid 
simply followed tradition 113: Aristotle 
on general proof (new in his time) of 
theorem (alternando) in proportion 113: 
X. § as connecting two theones 113: De 
Morgan on extension of meaning of ratio 
to cover incommensurables 118: power of 
expressing incommensurable ratio is power 
of approximation without limit 119: in- 
terpolated definitions of proportion as 
'"*sameness " or *'similarity of ratios" 119: 
definition in v. Def. § substituted Ne 
of vii. Def. 20 because latter found inade- 
JUMP not vice versa 121: De Morgan's 
defence of v. Def. 5 as necessary and 
sufficient 122-4: v. Def. § corresponds to 
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Weierstrass’ conception of number in 
general and to Dedekind's theory of ir- 
rationals 124-6: alternatives for v. Def. 5 
by a geometer-friend of Saccheri, by 
Faifofer, Ingrami, Veronese, Enriques and 
Amaldi 126: proportionals of vii. Def. 20 
(numbers) a particular case of those of v. 
Def. 5 (Simson's Props. C, D and notes) 
136-9: proportion in three terms (Aristotle 
makes it four) the ‘‘least” 131: '*con- 
tinuous” proportion (avrex?s or avrgupuév 
dvadoyla, in Euclid é£5s dvdXovyov) 131, 293: 
three “ proportions" 292, but proportion 
par excellence or primary is continuous or 
geometric 292- " discrete'" or ** dis- 
joined” (dcypnudrn, à fevynévn) 131, 293: 
** ordered" proportion (reravyuéry), inter- 
polated definition of, 137: ‘* perturbed” 
proportion (rerapa-yuérn) 136, 176-7: ex- 
tensive use of proportions in Greek 
geometry 187: proportions enable any 
quadratic equation with real roots to be 
solved 187: supposed use of propositions of 
Book v. in arithmetical Books 314, 320 

Psellus 234 

Ptolemy, Claudius: lemma about quadri- 
lateral in circle (Simson's v1. Prop. D) 
225-7: (81, 117, IIQ 

Pyramidal numbers 290: pyramids truncated, 
twice-truncated etc. 291 

Pythagoras: reputed discoverer of construc- 
tion of five regular solids 97: introduced 
** the most perfect i ire in four terms 
and specially called *harmonic'" into 
Greece 112: construction of figure equal 
to one and similar to another rectilineal 
figure 254 

Pythagoreans: construction of dodecahedron 
in sphere 97: construction of isosceles 
triangle of 1v. 10 and of regular pentagon 
due to, 97-8: possible method of discovery 
of latter 97-9: theorem about only three 
regular ponens filling space round a 
point 98: distinguished three sorts of 
means, arithmetic, geometric, harmonic 
112: had theory of proportion applicable 
to commensurables only 112: 7/5 as ap- 
proximation to 4/2, 119: definitions of 
unit ^19: of even and odd 281: called 1a 
" perfect " 294 


Quadratic equations: solution by means of 
proportions 187, 263-5, 266-7: dropiopds 
or condition of possibility of solving 
equation of Eucl. vi. 28, 259: one solution 
only given, for obvious reasons 260, 264, 
267: but method gives both roots if real 
258 : exact correspondence of geometrical 
to algebraical solution 263-4, 266-7 

Quadrilateral: inscribing in circle of quadri- 
lateral equiangular to another 91-2: con- 
dition for inscribing circle in, 93, 95: 
quadrilateral in circle, Ptolemy's lemma 
on (Simson's vi. Prop. D), 225-7: quadri- 
lateral not a “ polygon" 239 
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** Quindecagon” (fifteen-angled figure): use- 
ful for astronomy 111 


Radius: no Greek word for, 2 

Ratio: definition of, 116-9, no sufficient 
ground for regarding it as spurious 117, 
Barrow's Prises of it dins radioed at 
transition from arithmetical to more general 
sense covering incommensurables 118: 
means of expressing ratio of incommen- 
surables is by approximation to any degree 
of accuracy 119: def. of greater ratio only 
one ari riai Thais are others) 130: tests 
for greater equal and less ratios mutually 
exclusive 130-1: test for greater ratio 
easier to apply than that for equal ratio 
129-30: arguments about greater and less 
ratios unsafe unless they go back to original 
definitions (Simson on v. 10) 156-7: com- 
pound ratio 132-3, 189-90, 234: operation 
of compounding ratios 234: ‘ratio com- 
pounded of their sides” (careless expres- 
sion) 248: duplicate, triplicate etc. ratio 
as distinct from double, triple etc. 133: 
alternate ratio, alternando 134: inverse 
ratio, inversely 134: composition of ratio, 
componendo, different from compounding 
ratios 134-5: separation of ratio, separando 
(commonly dividendo) 135: conversion of 
ratio, convertendo 135: ratio ex aequali 
136, ex aequali in perturbed proportion 
130: division of ratios used in Dafa as 
general method alternative to compounding 
249-50: names for particular arithmetical 
ratios 292 

Reciprocal or reciprocally related figures: 
definition spurious 189 

Reductio ad absurdum, the only possible 
method of proving 1. 1, 8 

** Rule of three": vi. 12 equivalent to, 215 


Saccheri, Gerolamo 126, 130: proof of ex- 
istence of fourth proportional by vt. 1, 2, 
12, 170 

Savile, H. 190 

Scalene, a class of solid numbers 2 

Scholia: iv. No. 2 ascribes Book Iv. to 
Pythagoreans 9r: v. No. 1 attributes 
Book v. to Eudoxus 112 

Scholiast to Clouds of Aristophanes 99 

Sectio canonis of Euclid 293 

Sector (of circle): explanation of name: two 
kinds (1) with vertex at centre, (2) with 
vertex at circumference § 

Sector-like (figure) &: bisection of such a 
figure by straight line 5 

Segment of circle: angle of, 4: similar seg- 
ments & 

Semicircle: angle of, 4, 1 (sce Angle): 
angle in semicircle a right angle, pre- 
Euclidean proof 63 

Separation of ratio, dsalpeois Adyou, and 
separando (étedXbvr:) 135: separando and 
componendo used relatively to one another, 
not to original ratio 168, 170 
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Sides of plane and solid numbers 287-8 

Similar plane and solid numbers 293: one 
mean between two similar plane numbers 
371-2, two means between two similar 
solid numbers 294, 373-5 

Similar rectilineal figures: def. of, given in 
Aristotle 188: def. gives at once too little 
and too much 188: similar figures on 
straight lines which are proportional are 
themselves proportional and conversely 
(VI. 22), alternatives for proposition 242-7 

Similar segments of circles 5 

Simon, Max 124, 134 

Simpson, Thomas 121 

Simson, R.: Props. C, D (Book v.) connect- 
ing proportionals of vtt. Def. 20 as par- 
ticular case with those of v. Def. 5, 126-9: 
Axioms to Book v. 137: Prop. B (inver- 
sion) 144: Prop. E (convertendo) 175: 
shortens v. 8 by compressing two cases 
into one 152-3: important note showing 
flaw in v. 10 and giving alternative 156-7 : 
Book vi. Prop. A extending VI. 3 to case 
where external angle bisected 197 : Props. 
B, C, D 222-7: remarks on Vi. 27-9, 
258-9: 2, 3, 8, 22, 23, 33» 34) 37» 43> 49 
83, 7% 73. 79. 90, 117, 131, 132, 140, 
14374. 145, 146, 148, 154, 161, 162, 163, 
165, 170-2, 177, 179, 180, 182, 183, 184, 
185, 186, 189, 193, 195, 209, 211, 212, 
230-1, 238, 252, 269, 270, 271-3 

Size, proper translation of wXxórgs in v. 
Def. 3, 116-7, 189-90 

Smith and Bryant, alternative proofs of v, 16, 
17, 18 by means of v1. 1, where magnitudes 
are straight lines or rectilineal areas 165-6, 
169, 173-4 f 

Solid numbers, three varieties according to 
relative length of sides 290-1 

Spherical number, a particular kind of cube 
number 291 

Square number, product of equal numbers 
289, 291: one mean between square 
numbers 294, 363-4 

Stobaeus 280 

deal of any ratio found by vi. 13, 
21 

Swinden, J. H. van 188 


Tacquet, A. 121, 258 
Tannery, P. 112, 113 
Tartaglia, Niccolò 2, 47 


INDEX 


Taylor, H. M. 16, 22, 29, 56, 75, £02, 227, 
244, 247, 272 

Tetrahedron 98 

Thales 111, 280 

Theodosius 37 

Theon of Alexandria: interpolation in v. 13 
and Porism 144: interpolated Porism to 
VI. 20, 239: additions to vi. 33 (about 
sectors) 274-6: 43, 109, 117, 119, 149, 152, 
161, 186, 190, 234, 235, 240, 242, 286, 262, 
311, 322, 412 

Theon of Smyrna: 115, 119, 279, 280, 281, 
284, 285, 286, 288, 289, 290, 291, 292, 
293. 294 

Thrasyllus 292 

Thymaridas 279, 285 

Timaeus of Plato 97-8, 294-5, 363 

Todhunter, I., 3, 7, 22, 49, 51, 52,57, 73:90, 
99; 172, 195, 202, 204, 208, 259, 271, 271, 


oo 

Tapin: name applied to truncated 
pyramidal numbers (Theon of Smyrna) 
291 

Triangle: Heron’s proof of expression for 
area in terms of sides, v/s (s — a) (s - 6)(5 - c) 
87-8: right-angled triangle which is half 
of equilateral triangle used for construction 
of tetrahedron, octahedron and icosahedron 
(Timaeus of Plato) 98 

Triangular numbers 289 

Triplicate, distinct from triple, ratio 133 

at-Tüsl, see Nasiraddin 


Unit: definitions of, by Thymaridas, ** some 
Pythagoreans," Chrysippus, Aristotle and 
others 279: Euclid's definition was that 
of the ** more recent ” writers ue: povds 
connected etymologically by Theon of 
Smyrna and Nicomachus with aóros (soli- 
tary) or povy (rest) 279 


Veronese, G. 30, 126 
Vieta: on angle of contact 42 


Walker 204, 208, 259 

Wallis, John: on angle of contact (** degree 
of curvature”) 42 

Weierstrass 124 

Woepcke 5 


Zenodorus 276 
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